
Engineering applications of sum of squares

In this lecture, we consider applications of sum of squares polynomials to different areas in engineering
and applied mathematics. The focus of the lecture will be on applications in dynamical systems and con-
trol, probability, and statistics. Other applications arise in optimization, packing problems, automated
theorem proving, and quantum physics, but are not covered in these notes.

1 Dynamical systems and control

A dynamical system is a system whose state varies over time. Broadly speaking, a state is a vector
x(t) ∈ Rn that describes the system at time t with enough information that one can predict future values
of the state if the system is left to its own devices. For example, if we consider a physical system such
as a rolling ball, then one could, e.g., consider the position of its center as a 3-dimensional state vector.
Or, if the problem at hand is a study of the evolution of the population of wolves and sheep in a certain
area, the state vector would simply encompass the current number of wolves and sheep in that area.

As the state vector contains enough information that one can predict its evolution if there is no
outside interference, we are able to relate future states back to the current state via so-called state
equations. Their expression varies depending on whether the system is discrete time or continuous time.
In a discrete-time system, the state x(k) is defined for discrete times k = 0, 1, 2, . . ., and we have

x(k + 1) = f(x(k)), (1)

where f is some function from Rn to Rn. In a continuous-time system, the state x(t) varies continuously
with time t ≥ 0 and we have

dx(t)

dt
= f(x(t)), (2)

where again f is some function from Rn to Rn. The goal is generally to understand how the trajectory
{x(k)}k, solution to (1), or t 7→ x(t), solution to (2), behaves over time. Sometimes such solutions can
be computed explicitly and then it is easy to infer their behavior: this is the case for example when f
is linear, that is, when f(x) = Ax where A ∈ Rn×n; see, e.g., [10]. However, when f is more complex,
computing closed-form solutions to (1) or (2) can be hard, even impossible, to do. The goal is then to get
insights as to different properties of the trajectories without ever having to explicitly compute them. For
example, it may be enough to know that the ball we were considering earlier avoids a certain puddle, or
that our wolf population always stays within a certain range. This is where sum of squares polynomials
come into play—as algebraic certificates of properties of dynamical systems. In Sections 1.1.1 and 1.1.2,
for example, we will see how we can certify stability and collision avoidance of polynomial dynamical
systems (i.e., dynamical systems as in (1) and (2) where f is a polynomial) using sum of squares.

We will also review more complex models that better describe the dynamics of our system than what is
given in (1) and (2). For example, we have assumed here that our dynamical system is autonomous. This
means that the function f only depends on x(t) or x(k). But this need not be the case. The function f
could also depend on, say, an external input u(t) ∈ Rp. This is a well-studied class of dynamical systems
and the vector u(t) is termed a control. We will briefly touch upon an example of such a system in
Section 1.1.1. Another alternative to (1) and (2) could be a direct dependency of f on time on top of its
dependency on x(t) or x(k). In this case, such a system is called time-varying. We will see an example
of such a system in Section 1.2. In its most general setting, f can be a function of all three: time, state,
and control, but we do not cover problems of this type in their full generality here. If this is of interest
to the reader, we recommend reading, e.g., [34].

1.1 Certifying properties of a polynomial dynamical system

Unless otherwise specified, we consider here a continuous-time polynomial dynamical system:

ẋ = f(x), (3)

where ẋ is the derivative of x(t) with respect to t and f : Rn → Rn is a vector, every component of which
is a polynomial.
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1.1.1 Stability

Let x̄ be an equilibrium point of (3), that is f(x̄) = 0. Note that by virtue of the latter definition, any
system that is initialized at its equilibrium point will remain there indefinitely. For convenience, we will
assume without loss of generality that the equilibrium point is the origin: this can indeed always be
achieved by simply performing a change of variables y = x − x̄ in (3). Our goal is to study how the
system behaves around its equilibrium point.

Definition 1. The equilibrium point x̄ = 0 of (3) is said to be stable if, for every ε > 0, there exists
δ(ε) = δ > 0 such that

||x(0)|| < δ ⇒ ||x(t)|| < ε, ∀t ≥ 0.

This notion of stability is known as stability in the sense of Lyapunov, in honor of the Russian
mathematician Aleksandr Lyapunov (1857-1918), who died tragically at the age of 61, shooting himself
in the head a few hours after the death of his wife.

Intuitively, this notion of stability corresponds to what we would expect it to be: if we can allow
for (up to) ε-magnitude deviations in our trajectory from the equilibrium point overall, then our system
can always withstand some amount of initial perturbation (the magnitude of which is specified by δ). In
other words, there always exists a ball around the equilibrium point from which trajectories can start
with the guarantee that they will remain close to the equilibrium in the future, where the notion of
“close” can be defined as needed.

Definition 2. The equilibrium point x̄ = 0 of (3) is said to be locally asymptotically stable if it is stable
around 0 and if there exists δ′ such that

||x(0)|| < δ′ ⇒ lim
t→∞

x(t) = 0.

Definition 3. The equilibrium point x̄ = 0 of (3) is said to be globally asymptotically stable (GAS) if it
is stable around 0 and if, ∀x(0) ∈ Rn, limt→∞ x(t) = 0.

We will focus on how one can show global asymptotic stability of an equilibrium point in the rest of
this section. Analogous results to the ones discussed here exist for both stability and local asymptotic
stability and can be found in [34, Chapter 4]. The key element to show global asymptotic stability as we
will see next is the existence of a function with certain properties, called a Lyapunov function. The idea
of searching for such functions to show properties of dynamical systems was first developed by Lyapunov
in his thesis [44]. The theorem we give below appears in, e.g., [34].

Theorem 1. Let x̄ = 0 be an equilibrium point for (3). If there exists a function V : Rn → R in C1

such that

(i) V is radially unbounded, i.e., ||x|| → ∞ ⇒ V (x)→∞

(ii) V is positive definite, i.e., V (x) > 0, ∀x 6= 0 and V (0) = 0

(iii) V̇ (x) := ∇V (x)T f(x) < 0 for all x 6= 0 and V̇ (0) = 0 (here, ∇V (x) is the gradient of V )

then x̄ is globally asymptotically stable.

Such a function is called a Lyapunov function and can be viewed as the generalization of an energy
function. Similarly V̇ can be viewed as the generalization of a dissipation function. Note that V̇ is also
the derivative of V with respect to its trajectory as it is equal to d

dtV (x(t)) where x(t) is a solution to
(3). The proof of the theorem is omitted but can be found in [34, Chapter 4].

As we just saw, the theorem above states a sufficient condition for the equilibrium point to be GAS.
Is it the case that whenever the system is GAS, such a Lyapunov function exists? These type of questions
give rise to what is known as converse theorems. The one given below comes from [36] but this precise
formulation appears in [11].

Theorem 2. Let f be continuous. If x̄ = 0 is globally asymptotically stable for (3) then there exists a
function V : Rn → R in C∞ satisfying properties (i)-(iii) of Theorem 1.
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Similar theorems to Theorem 2 exist for stability and local asymptotic stability; see [11]. Theorems
such as these do not help us however in finding such a function V , as they simply claim its existence within
the C∞ class. To compute Lyapunov functions, we search over the class of polynomial functions. In the
context of polynomial dynamical systems, this would seem like an appropriate choice. They are finitely
parameterized when their degree is fixed, and so searching for them amounts to searching for a finite
number of scalars. Furthermore, polynomials approximate to arbitrary accuracy any continuous function
on a compact set. But how restrictive is it in practice to consider polynomial Lyapunov functions? Can
we hope for a Theorem such as Theorem 2 with C∞ replaced by “the set of polynomial functions”? The
answer to this is no, as is made clear by the converse theorem that we give now.

Theorem 3. [6] Consider the polynomial vector field

ẋ = −x+ xy

ẏ = −y.
(4)

The origin is a globally asymptotically stable equilibrium point, but the system does not admit a polynomial
Lyapunov function.

The proof of this theorem is omitted here but can be found in [6]. The crux of it relies on showing
global asymptotic stability via a non polynomial Lyapunov function V (x, y) = ln(1 + x2) + y2, and then
showing that no polynomial Lyapunov function could exist due to the exponential growth rates of the
trajectories (see Figure 1).

Figure 1: Representation of the polynomial vector field given in (4) with some trajectories

Though this result is negative in nature, it is worth noting that some positive results do exist.
In particular, in [55] it is shown that exponentially stable polynomial dynamical systems always have
polynomial Lyapunov functions on compact sets (we do not define exponential stability here but, at
a high level, it is a stronger notion than asymptotic stability as it requires rates of convergence of
trajectories to the equilibrium point rather than simply convergence).

Restricting ourselves to polynomial functions does not make the task of searching for Lyapunov
functions satisfying (i)-(iii) any easier. Indeed, conditions (ii)-(iii) involve constraining polynomials to be
positive over Rn and we know that simply testing whether a quartic is nonnegative globally is NP-hard
[49]. As expected, this is where sum of squares polynomials come into play. A few references on the use of
sum of squares optimization in showing asymptotic stability of a polynomial system include [53, 30, 51].
We present a condensed version of these references below.

Definition 4. A polynomial function V is a sum of squares Lyapunov function for the polynomial system
in (3) if

(i’) V is sos

(ii’) −V̇ is sos.
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Note that as V (0) = 0 and V̇ (0) = 0, we must set the constant and linear terms to zero. It is clear
that requiring V to be sos and −V̇ to be sos implies that they will be nonnegative. This is not however
what is required in Theorem 1: there, V and −V̇ need to be positive definite. Furthermore, V has to be
radially unbounded. How can positive definiteness and radial unboundedness be enforced in practice?
One suggestion to enforce positive definiteness of V and −V̇ is given in [52, Proposition 5], that we
repeat here.

Proposition 1. Given a polynomial V (x) of degree 2d, let φε(x) =
∑n

i=1

∑d
j=1 εijx

2j
i where εij ≥ 0 for

all i and j and
d∑
j=1

εij > γ, for all i = 1, . . . , n

with γ some fixed positive number. Then, if there exists some ε = (εij)ij verifying the previous conditions
and V − φε is sos, it follows that V is positive definite.

In the case where V is taken to be a homogeneous polynomial of degree 2d1, then one need only keep
the monomials of degree 2d in φε(x). In other words, we constrain V (x)−

∑n
i=1 εix

2d
i to be sos.

For radial unboundedness, it is well known that a polynomial V is radially unbounded if its top
homogeneous component, i.e., the homogeneous polynomial formed by the collection of the highest order
monomials of V , is positive definite. This can be enforced as described in the paragraph above.

In practice however, as discussed in [2, page 41], these conditions are unwieldy and can usually be
done away with. Indeed, finding a feasible polynomial V that satisfies conditions (i’)-(ii’) is a sum of
squares program. When solving programs of this type with interior point methods, the solution returned
is at the analytical center of the feasible set, which is generally far from the boundary. Hence, the
solution cannot be a nonnegative (but not positive definite) polynomial as these lie on the boundary.
This implies that overall, one would obtain polynomials V that satisfy conditions (i)-(iii). This should
be checked numerically however. For (i)-(ii), this can be done by checking the eigenvalues of the Gram
matrices associated to V and to −V̇ ; for (iii), this can be done by checking the eigenvalues of the Gram
matrix associated to the top homogeneous component of V .

We saw that being a sum of squares polynomial is a sufficient, but not necessary, condition for being
nonnegative (under certain conditions on the number of variables and degree) . It does not automatically
follow however that conditions (i’)-(ii’) are more conservative than (ii)-(iii) for polynomial V . Indeed,
there may be many polynomials satisfying conditions (ii)-(iii), some of which not having a sum of squares
certificate, but as long as one of them does, then (i’)-(ii’) should not be more conservative than (ii)-(iii),
with the technical details considered above in mind.

Hence, we now turn our attention to converse questions around the existence of sum of squares
Lyapunov functions if a polynomial Lyapunov function is known to exist. The first result is a negative
one: if a polynomial Lyapunov function of degree 2d exists, it does not follow that an sos Lyapunov
function of degree 2d exists; see an example in [8, Section 3.1]. The related question as to whether
an sos Lyapunov function of higher degree exists if a polynomial Lyapunov function exists is unknown
for general polynomial dynamical systems. When we restrict ourselves to homogeneous polynomial
dynamical systems (i.e., f is homogeneous) however, it is known to hold, see [8].

The specific case of linear systems. In the particular case where the dynamical system is linear,
that is

ẋ = Ax (5)

where A ∈ Rn×n, the previous results simplify considerably. Indeed, x̄ = 0 is a GAS equilibrium point
for (5) if and only if a quadratic Lyapunov function V exists. As V is quadratic, it can be parametrized
as V (x) = xTPx where P ∈ Rn×n is positive semidefinite. Enforcing conditions (i)-(iii) then simply
amounts to searching for a matrix P such that

P � 0 and ATP + PA � 0.

1A function f of degree 2d is said to be homogeneous if f(λx) = λ2df(x), for any scalar λ.
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This is a semidefinite program to solve. If x̄ is GAS then such a system will be feasible; see [22, Chapter
5] and [16, Section 2.2] for the discrete-time case.

Example 1. As an illustrative example of what we have seen so far, we consider a model of a jet engine
given in [35] and revisited in [16]. The dynamics of the engine are given by

ẋ = −y − 3

2
x2 − 1

2
x3

ẏ = 3x− y.
(6)

We wish to show that the origin is globally asymptotically stable. Using MATLAB and YALMIP[43],
we search for a polynomial Lyapunov function V for this system satisfying (i’) and (ii’). We start by
capping the degree of V at 2, then 4. The solver returns V = 0 for degree 2 but a nonzero solution for
degree 4. It is easy to check numerically that V is positive definite and radially unbounded, and that −V̇
is positive definite too. Hence, the origin is GAS for (6). The vector field as well as trajectories of the
system and level sets of V are plotted in Figure 2.

Figure 2: Plot of the vector field given in (6) together with some trajectories (thin lines) and some level
sets of the Lyapunov function (dashed thick lines)

Control. So far, we have seen systems of the type ẋ = f(x), i.e., autonomous dynamical systems. As
mentioned briefly in the introduction, it can be the case that the dynamics depend on the state x(t) but
also on an external output u(x(t)), called a control, i.e.

ẋ = f(x(t), u(x(t))).

One can study many properties of such systems, but if one wants to focus on stability, a natural question
to answer is how can one go about designing the controller u in such a way that the size of the region
of stability (i.e., the set of initial states from which a trajectory can start and be GAS around its
equilibrium) is maximized? We briefly present the results given in [32, 46]. We consider a polynomial
control affine system

ẋ = f(x) + g(x)u(x),

where x is the state variable and u(x) is the control. If we can find a Lyapunov function V (x) and a
sublevel set Bρ = {x | V (x) ≤ ρ} of V such that:

x ∈ Bρ, x 6= 0⇒ V (x) > 0 and V̇ (x) < 0, (7)

then Bρ is a subset of the true region of attraction. To do this, we solve

max
ρ,L(x),u(x),V (x)

ρ

s.t. V (x) sos

− V̇ (x) + L(x)(V (x)− ρ) sos

L(x) sos

V (
∑
j

ej) = 1,
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where ej is the jth standard basis vector for the state space Rn, and V̇ (x) = ∂V (x)
∂x

T
(f(x) +g(x)u(x)). To

see this, note that (7) is implied by the first, second, and third constraint. The last constraint is simply a
normalization constraint which prevents ρ from getting arbitrarily big by scaling of the coefficients of V .
Solving this problem is not quite an sos program: indeed, the problem is not even convex as we multiply
decision variables together (e.g., L(x)V (x)). However by alternating optimization over V and ρ, with
u and L(x) fixed, and optimization over ρ, u and L with V fixed (using bisection on ρ), we are able to
solve this problem using sum of squares optimization. Examples of successful implementations of such
techniques can be found in the two papers [32, 46] mentioned above.

1.1.2 Collision avoidance

When Lyapunov theory was first developed, its goal was purely to certify stability of systems. Thus,
Lyapunov functions originally referred to those functions whose properties certified stability of equilib-
rium points (such as the ones defined in Theorem 1). Now, however, the notion of a Lyapunov function
has come to englobe any function that is able to certify properties of a system without requiring explicit
computation of its trajectories. Following this definition, we will present another category of Lyapunov
functions in this paragraph, called barrier functions, which prove that systems are collision-avoidant.

Throughout, we will consider a polynomial dynamical system as in (3). We define X0 and Xu to
be two sets in Rn. We assume that the trajectories of our system start in X0, i.e., x(0) ∈ X0. We
would like to guarantee that all trajectories of (3) whose initial states x(0) are in X0 do not enter the
unsafe region Xu. Such a system is called collision-avoidant. A sufficient condition for the system to be
collision-avoidant is the existence of a barrier certificate, as we describe below.

Theorem 4. [56] Suppose there exists a barrier certificate, namely a function B : Rn → R in C1 that
satisfies the following conditions:

(i) B(x) > 0 for all x ∈ Xu

(ii) B(x) ≤ 0 for all x ∈ X0

(iii) Ḃ(x) = ∇B(x)T f(x) ≤ 0 for all x ∈ Rn

then there exists no trajectory of (3) that starts from an initial state in X0 and reaches another state in
Xu.

Proof. Assume that a barrier certificate satisfying the conditions above can be found. Let x(t) be a
trajectory in Rn starting at a point x(0) in X0 and consider the evolution of B(x(t)) along this trajectory.
By (ii), B(x(0)) ≤ 0. Furthermore, the derivative of B along the trajectory is nonpositive from (iii).
This implies that B(x(t)) decreases with t and hence B(x(t)) can never become positive. As any x ∈ Xu
satisfies B(x) > 0, it follows that any such trajectory can never reach Xu.

Just as was done previously, we can search for a barrier certificate within the set of polynomial
functions. Under the assumption that the sets Xu and X0 are basic semialgebraic sets, i.e., can be
written as the intersection of a finite number of polynomial equalities or inequalities, we can rewrite
constraints (i)-(iii) using sum of squares polynomials.

Definition 5. Let Xu = {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0} and X0 = {x ∈ Rn | g̃1(x) ≥ 0, . . . , g̃p(x) ≥
0}, where g1, . . . , gm, g̃1, . . . , g̃p are polynomials. A sum of squares (sos) barrier function is a multivariate
polynomial B such that

(i) B(x) = ε + σ0(x) +
∑m

i=1 σi(x)gi(x), where ε > 0 fixed and σi, i = 0, . . . ,m are sum of squares
polynomials

(ii) −B(x) = τ0(x) +
∑p

i=1 τi(x)g̃i(x), where τi, i = 0, . . . , p are sum of squares polynomials

(iii) −Ḃ is sos.

Note that searching for such a polynomial is a semidefinite program and that if such a polynomial
exists, then it follows that it is a barrier certificate, and hence that the system is collision avoidant.
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Example 2. We illustrate the ideas in this paragraph via an example given in [56, 34]. Consider the
two dimensional polynomial dynamical system

ẋ = y

ẏ = −x+
1

3
x3 − y

(8)

and the sets X0 = {(x, y) | (x − 1.5)2 + y2 ≤ 0.25} and Xu = {(x, y) | (x + 1)2 + (y + 1)2 ≤ 0.16}. We
wish to show that this system is collision avoidant. With this goal in mind, we search for an sos barrier
function as defined in Definition 5 using YALMIP [43] and find one of degree 4. In Figure 3, we have
plotted the two sets X0 and Xu as well as some trajectories initialized within X0 and the 0-level set of
our barrier function, which truly is a physical barrier in this case.

Figure 3: Vector field corresponding to the dynamical system given in (8). The initial set is the light
blue circle whereas the unsafe set is the black circle. Some trajectories are plotted in dark blue. The
thick green line represents the 0-level set of B. Note that we are guaranteed that no trajectory initialized
in the light blue circle will cross the green line.

1.2 Stability of switched linear systems

We now transition from a continuous dynamical system to a discrete dynamical system: in this section,
we consider discrete linear systems which are both uncertain and time-varying. More specifically, let Σ
be a set of m real n× n matrices A1, . . . , Am and define the convex hull of Σ to be

conv(Σ) =

{
m∑
i=1

λiAi | λi ≥ 0, i = 1, . . . ,m,
m∑
i=1

λi = 1

}
.

Define the following discrete-time dynamical system

x(k + 1) = Mkx(k), where k = 0, 1, 2 . . . is the time index and Mk ∈ conv(Σ). (9)

Note that this dynamical system is linear, but time-varying as the matrix Mk changes with time, and
uncertain as we only know that Mk belongs to the convex hull of a set of fixed matrices, without knowing
precisely which one it is. As done previously for continuous polynomial dynamical systems, we are
interested in knowing whether the equilibrium point x̄ = 0 is absolutely asymptotically stable (AAS) for
(9), i.e., whether limk→∞ x(k) = 0 for any x(0) ∈ Rn and any sequence of matrices {Mk |Mk ∈ conv(Σ)}k.
As an example of where such a problem and system may arise, consider, e.g., the task of checking whether
a drone is stable in a windy environment. By linearizing its dynamics around a desired equilibrium point,
the behavior of the drone can be modeled locally by a linear dynamical system. However, as this linear
dynamical system is unknown due to parameter uncertainty and modeling error, and time-varying due
to the effect of the wind, the drone’s behavior is better modeled by a system of the type given in (9).
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Define now, for the same family of m matrices Σ, the following dynamical system, called a switched
linear system:

x(k + 1) = Aσ(k)x(k), (10)

where k = 0, 1, 2, . . . is the time index and σ : N → {1, . . . ,m}. It so happens that the origin is AAS
for (9) if and only if it is asymptotically stable under arbitrary switching (ASUAS) for (10). This means
that limk→∞ x(k) = 0 for any x(0) ∈ Rn and any sequence of matrices Aσ(1), Aσ(2), . . . In the following,
we will study ASUAS for (10) but of course, all our conclusions will naturally hold for AAS of (9).

First, when m = 1, the set Σ is reduced to one matrix A1 and (10) becomes a discrete-time linear
system. It is a well-known fact (see, e.g., [16, Section 2.2]) that a discrete-time linear system is asymp-
totically stable if and only if the spectral radius of A1 is strictly less than one. This can be checked in
polynomial-time. When m ≥ 2, an analogous characterization holds but with a generalization of the
notion of spectral radius from one matrix to a family of matrices called the joint spectral radius.

Definition 6. [59] Let Σ = {A1, . . . , Am} be a family of m matrices of size n × n. The joint spectral
radius (JSR) of Σ is given by

ρ(Σ) = lim
k→∞

max
σ∈{1,...,m}k

||Aσ(1) . . . Aσ(k)||1/k, (11)

where ||.|| is any matrix norm.

Note that when m = 1, this definition collapses into

ρ(A1) = lim
k→∞

||Ak1||1/k.

The right hand side is the spectral radius of A1 from Gelfand’s formula, hence the joint spectral radius is
equal to the spectral radius when m = 1. As previously mentioned, ASUAS can be characterized using
the JSR, which is what we make explicit now.

Theorem 5. The origin is ASUAS for the system given in (10) if and only if ρ(Σ) < 1.

Unlike the setting of linear systems, where one can decide whether the spectral radius of a matrix
is less than one in polynomial time, it is not known whether the problem of testing if ρ(Σ) < 1 is even
decidable. The related question of testing whether ρ(Σ) ≤ 1 is known to be undecidable, already when
A contains only 2 matrices [20]. We refer the reader to [21] for more computational complexity results
relating to the JSR. With the previous result in mind, it comes as no surprise that, e.g., stability of a
switched linear system is not implied by all individual matrices in Σ having spectral radius less than one.
This is easy to see on an example: consider the set of matrices Σ given by

A1 =

[
0 2
0 0

]
and A2 =

[
0 0
2 0

]
.

Observe that the spectral radii of A1 and A2 are zero, which is less than one. However

A1A2 =

[
4 0
0 0

]
and so ρ(A) is lower bounded by 2 > 1, and the switched linear system is not stable.

As a consequence, it is of interest to compute upperbounds on the JSR: if these bounds are strictly
less than 1, then it will follow that the JSR is as well and the system will be asymptotically stable.
A first theorem in this direction, which provides a stepping-stone towards the use of sum of squares
polynomials, is given below.

Theorem 6. [54, Theorem 2.2] Let p(x) be a strictly positive homogeneous polynomial of degree 2d that
satisfies

p(Aix) ≤ γ2dp(x),∀x ∈ Rn, ∀i = 1, . . . ,m.

Then, ρ(A1, . . . , Am) ≤ γ.
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Proof. If p(x) is strictly positive, then by compactness of the unit ball in Rn and continuity of p, there
exists constants 0 < α ≤ β such that

α||x||2d ≤ p(x) ≤ β||x||2d for all x ∈ Rn.

Then

||Aσ(k) . . . Aσ(1)|| ≤ max
x

||Aσ(k) . . . Aσ(1)x||
||x||

≤
(
β

α

)1/2d

max
x

p(Aσ(k) . . . Aσ(1)x)1/2d

p(x)1/2d

≤
(
β

α

)1/2d

γk.

From the definition of the joint spectral radius given in (11), by taking kth roots and the limit k → ∞,
we immediately have the upper bound ρ(A1, . . . , Am) ≤ γ.

This theorem clues us into how to use sum of squares polynomials to compute upper bounds on the
JSR. We define, as is done in [54], the following quantity:

ρSOS,2d :=

 infp of degree 2d,γ γ
s.t. p sos

γ2dp(x)− p(Aix) sos, i = 1, . . . ,m.

 (12)

Note that for fixed d and fixed γ, the computation of ρSOS,2d is a semidefinite program. Similarly to
Section 1.1.1, constraining p and γ2dp(x) − p(Aix) to be sos implies that these polynomials will be
nonnegative, and not positive as needed in Theorem 6. In practice, as described in Section 1.1.1, if
these semidefinite programs are solved using interior point methods, then positiveness is likely to occur.
Consequently, we proceed as above and check a posteriori that positivity is obtained by computing the
eigenvalues of the Gram matrices associated to the sos conditions. To obtain the smallest γ such that p
sos and γ2dp(x) − p(Aix) sos, we proceed by bisection on γ. Indeed, one cannot optimize outright over
γ and p as the decision variables multiply in the second constraint, making it a nonconvex optimization
problem. As a consequence, we typically fix d and then solve a sequence of semidefinite programs as we
bisect over γ. If the optimal value of γ found for that d is satisfactory for our purposes, we stop there;
otherwise, we move on to a higher degree.

The quality of the bound on the JSR obtained using the sum of squares relaxation described in (12)
can be quantified via the following theorem; interestingly, it is independent of the number m of matrices.

Theorem 7. [54, Theorem 3.4] The sos relaxation in (12) satisfies(
n+ d− 1

d

)−1/2d

ρSOS,2d ≤ ρ(A1, . . . , Am) ≤ ρSOS,2d.

We finish with an illustrative example of the previously-developed techniques.

Example 3. Consider a modification of Example 5.4. in [5]. We would like to show that the switched
linear system defined by the following two matrices

A1 =
1

α

[
−1 −1
4 0

]
and A2 =

1

α

[
3 3
−2 1

]
,

where α = 3.92 is stable under arbitrary switching. We are able to show using YALMIP that for 2d = 6
and γ = 0.9999, we recover a feasible polynomial p for the SDP given in (12). (It can be checked that
all three polynomials appearing in the sos program are positive.) It follows that ρ(A1, A2) ≤ 0.9999 < 1
and hence the system is ASUAS. We showcase this in Figure 4 where we have plotted the 1-level set of
p together with three random trajectories of the switched system initalized at the same point. Note that
all three trajectories flow towards the origin and remain within the 1-sublevel set of p.

9



Figure 4: Random trajectories of the switched linear system described in Example 3 together with the
1-sublevel set of the function p obtained (in green)

Using the dual of (12) to generate unstable trajectories As seen above, Theorem 7 provides a
lower bound on the JSR. Another way of obtaining a lower bound on the JSR is by simply computing

||Aσ(1) . . . Aσ(k)||
1/k
2 for some sequence σ(1), . . . , σ(k). Can one find ways of generating such sequences so

that ||Aσ(1) . . . Aσ(k)||
1/k
2 is arbitrarily close to the JSR as k → ∞? In particular, if the JSR is strictly

greater than one, is it always possible to generate unstable trajectories? This is what we consider next.
To do this, we will present the results given in [41], but specialized to the case of arbitrary switching, as
what is considered in the paper is more general and relates to switching governed by automata.

We first explain the process by which such a sequence is generated before presenting the theorem. Let
d be an integer and γ be fixed such that γ < ρSOS,2d where ρSOS,2d is as defined in Problem (12). The key
idea here is to use the dual of the feasibility problem given in (12) and the concept of pseudo-expectation
which is defined in Section 2.1. As a quick reminder, the dual to the cone of sum of squares polynomials
is the set of linear functionals L that map the polynomials of degree less than or equal to 2d to the reals,
in such a way that L(s) ≥ 0 for any sum of squares polynomial s of degree less than or equal to 2d.
These functionals are also given the name of pseudo-expectations and are denoted by Ẽ, as they have the
property that Ẽ[s(x)] ≥ 0 for all s sos, when it should in fact be the case, if Ẽ were truly an expectation,
that Ẽ[s(x)] ≥ 0 for all nonnegative s. Hence, for fixed γ, the dual to the feasibility problem of (12) can
be written as:

min
Ẽ1,...,Ẽm

0

s.t.

m∑
i=1

Ẽi[p(Aσ(i)x)] ≥ γ2d
m∑
i=1

Ẽi[p(x)] for all p sos

m∑
i=1

Ẽi

[
n∑
i=1

x2d
i

]
= 1.

The algorithm then proceeds as follows. Let p0(x) be a polynomial in the interior of the sum of squares
cone. Pick an integer σ in {1, . . . ,m} such that Ẽσ[p0(x)] > 0 and set p0(x) to be p1(x). This can
be done due to the second constraint of the previous optimization problem. Then, at iteration k, do
the following: compute σ(k) = arg maxσ∈{1,...,m} Ẽσ[pk(Aσx)] and replace pk+1(x) by pk(Aσ(k)x). The
following theorem can then be shown.

Theorem 8. [41, Theorem 6] For any positive integer d and having solved the dual problem with γ <
ρSOS,2d, the previously-described algorithm generates a sequence σ(1), σ(2), . . . such that:

lim
k→∞

||Aσ(1) . . . Aσ(k)||
1/k
2 ≥ γ

m1/2d
.

As ρ(A1, . . . , Am) ≥ limk→∞ ||Aσ(1) . . . Aσ(k)||
1/k
2 and ρSOS,2d ≥ ρ(A1, . . . , Am), together with the

theorem’s result, it follows that as d→∞, limk→∞ ||Aσ(1) . . . Aσ(k)||
1/k
2 gets arbitrarily close to the JSR.
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Other areas of application of the JSR. The JSR naturally appears when one wishes to determine
whether a switched linear system is asymptotically stable. But this is far from the only application where
it is a relevant quantity. In fact, the concept first started gaining notoriety in the context of the study
of wavelets [17]. It also appears in economics [19], coding theory [33], combinatorics on words [33], and
agent consensus [18], to name a few. We give a brief overview of its role in economics and multi-agent
consensus here.

In 1973, Wassily Leontief won a Nobel prize in economics for his work on input-output analysis and
how changes in one sector of the economy can impact other sectors. In his model of inputs and outputs,
Leontief divides the economy into n sectors and postulates the following relationship between production
and demand:

x = Ax+ d, (13)

where d is a vector in Rn+ where each component corresponds to demand for the sector i, x is also a
vector in Rn where each component describes the production of sector i and A is a nonnegative n × n
matrix, called the consumption matrix, that relates the production of a sector i to the production of
other sectors. In other words, if one wants to produce one unit for sector i, then one would need Aij units
from sector j. The economy is called productive if there exists a nonnegative vector x satisfying (13). For
this to occur, the spectral radius of A must be strictly less than one. However, it can be expected that
our knowledge of the consumption matrix is uncertain. It may then be the case that instead of exactly
knowing the value of A, we simply know that it belongs to the convex hull of matrices {A1, . . . , Am}.
In this case, to determine whether the economy is productive, one needs to consider the joint spectral
radius of {A1, . . . , Am} instead; see [19] for more details.

The JSR also crops up in the context of multi-agent consensus as we will see now. Our description
of the problem comes from [18]. We consider a set N = {1, . . . , n} of agents that try to reach agreement
on a common scalar value by exchanging tentative values and combining them. More specifically, each
agent i starts with a specific value xi(0) assigned to him or her. The vector x(t) = (x1(t), . . . , xn(t)) with
the values held by the agents at time t = 0, 1, 2, . . . is then updated thus

x(t) = A(t)x(t),

where A(t) is a stochastic matrix. The goal of [18] is to establish conditions under which xi(t) converges
to a constant c independent of i when t → ∞. It so happens that a measure of the convergence rate
of x(t) to the vector of constants (c, . . . , c) is given by the joint spectral radius of a set of matrices
corresponding to a projection of the matrices A(s), s = 0, 1, . . . , t onto the space orthogonal to the all
ones vector; see [18] for more details.

2 Probability and measure theory

2.1 The moment problem

Let (Rn,B, µ) be a measure space where B is the Borel σ-algebra over Rn and µ is a measure on (Rn,B),
called a Borel measure. We remind the reader that a σ-algebra over Rn is simply a collection of subsets
of Rn that is closed under complement, as well as countable unions and intersections, and that the Borel
σ-algebra is the σ-algebra generated by the open sets of Rn. A measure is a function µ : B → R+∪{+∞}
such that µ(∅) = 0 and µ(∪+∞

i=1Bi) =
∑+∞

i=1 µ(Bi) for any pairwise disjoint sets Bi in B. An important
particular case of a measure is a probability measure, which is the set of measures that have the property
µ(Rn) = 1.

Let α := (α1, . . . , αn)T be a vector of integers of size n and denote by |α| :=
∑n

i=1 αi. For a vector
of variables x = (x1, . . . , xn)T , we can write in shorthand xα to mean xα1

1 . . . xαnn . We are now ready to
define the moment of order α of a measure µ on Rn:

yα :=

∫
Rn
xαdµ(x).

The moment problem is then simply an inverse problem: given a sequence {yα}α∈Nn , when is it the case
that this sequence is actually a sequence of moments from a measure µ? One can ask a similar question
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when the sequence is a truncated sequence, i.e., when we have access to a sequence {yα}α∈Nn,|α|<c where
c is a constant: the problem is then called the truncated moment problem. When y is a sequence of
moments of a measure µ, we say that µ is a representing measure for y.

Though there may seem to be no link a priori between this problem and sum of squares polynomials,
they are in fact intimately related via duality. We will focus on the truncated moment problem for
simplicity, but very similar results can be found in, e.g., [39] for the moment problem.

Let Nn2d := {α ∈ Nn | |α| ≤ 2d} and define

Mn,2d := {{yα}α∈Nn2d | ∃ a measure µ on Rn such that yα =

∫
Rn
xαdµ, ∀α ∈ Nn2d}, (14)

i.e.,Mn,2d is the set of truncated sequences {yα} for which {yα} has a representing measure µ. It is easy
to see that Mn,2d is a convex cone and that the truncated moment problem is exactly the problem of
understanding which sequences belong to Mn,2d.

To give us a better sense of what Mn,2d looks like, we study its dual cone (Mn,2d)
∗. By definition,

(Mn,2d)
∗ = {{pα}α∈Nn2d |

∑
α

pαyα ≥ 0, ∀{yα} ∈ Mn,2d}. (15)

It so happens that this cone is exactly the cone of nonnegative polynomials of degree less than or
equal to 2d and in n variables. This is what we show next.

Theorem 9. Let Pn,2d denote the cone of nonnegative polynomials in n variables and of degree less than
or equal to 2d. We have Pn,2d = (Mn,2d)

∗.

Proof. Throughout this proof, we will identify a polynomial p in Pn,2d by its coefficients pα in the standard
monomial basis, i.e.,

Pn,2d , {{pα}α∈Nn2d | p(x) =
∑
α

pαx
α ≥ 0}.

We first show that Pn,2d ⊆ (Mn,2d)
∗. Let {pα}α ∈ Pn,2d. For any {yα} in (Mn,2d)

∗, we have:∑
α

pαyα =
∑
α

pα

∫
xαdµ =

∫ ∑
α

pαx
αdµ =

∫
p(x)dµ ≥ 0

as p(x) is nonnegative and the inclusion follows.
We now show that Pn,2d ⊇ (Mn,2d)

∗. Let p /∈ Pn,2d. Then, there exists x0 such that p(x0) < 0. Let
µ be the Dirac measure at point x0, δx0 and let {yα}α∈Nn2d be the sequence of moments associated to µ.
We have ∑

α

pαyα =

∫ ∑
α

pαx
αdδx0(x) =

∫
p(x)dδx0(x) = p(x0) < 0.

Hence {pα} /∈ (Mn,2d)
∗ and we have shown the converse direction.

Corollary 1. It follows that (Pn,2d)
∗ = cl(Mn,2d) where cl denotes the closure of the set.

Theorem (9) gives us a strategy for coming up with necessary conditions for membership to Mn,2d.
Indeed, let Σn,2d denote the cone of sum of squares polynomials of degree 2d and in n variables. We have
Σn,2d ⊆ Pn,2d and so it follows that (Pn,2d)

∗ ⊆ (Σn,2d)
∗, and hence:

Mn,2d ⊆ (Σn,2d)
∗.

As a consequence, a necessary condition for membership to Mn,2d is membership to (Σn,2d)
∗. It so

happens that the latter can be tested using semidefinite programming as we will see now.

Definition 7. Given an integer d, and a truncated sequence y = (yα)α∈Nn2d, its moment matrix is the

symmetric matrix Md(y) with rows and columns labeled by α ∈ Nnd and where the (α, β)th entry is yα+β

for α, β ∈ Nnd .
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Theorem 10. Let
M�,n,2d := {{yα}α∈Nn2d | Md(y) � 0}.

We have (Σn,2d)
∗ =M�,n,2d.

Proof. We first show that Σn,2d ⊆ (M�,n,2d)∗. By taking the dual, it will follow thatM�,n,2d ⊆ (Σn,2d)
∗.

Note that by definition of (M�,n,2d)∗, we have

(M�,n,2d)∗ = {{pα}α∈Nn2d |
∑
α

pαyα ≥ 0, ∀{yα} ∈ M�,n,2d} (16)

First, let p ∈ Σn,2d: there exists σ such that p(x) = σ(x)2. Once again, we identify any poly-
nomial p ∈ Σn,2d with its coefficients. Let ~σ = (σβ)β∈Nnd be the coefficients of σ. It follows that
pα =

∑
{β,γ | β+γ=α} σβσγ for any α, and hence for any {yα} ∈ M�,n,2d,∑

α

pαyα =
∑
α

yα
∑

β+γ=α

σβσγ =
∑
β

∑
γ

σβσγyβ+γ = ~σTMd(y)~σ ≥ 0

as Md(y) � 0. So p ∈ (M�,n,2d)∗.
We now show that (Σn,2d)

∗ ⊆ M�,n,2d. Suppose that {yα} /∈ M�,n,2d, this means that Md(y) � 0.
This implies that there exists a vector σ0 such that uTMd(y)u < 0. Let σ be a polynomial with coefficients
u and let p = σ2. Clearly, p ∈ Σn,2d. However, by reprising a similar computation as above,

∑
α pαyα < 0.

This means that {yα} /∈ (Σn,2d)
∗.

Note that, given a sequence of numbers yα, one can construct the matrix Md(y) and check its positive
semidefiniteness. If it is not positive semidefinite, then yα does not have a representing measure. To
construct stronger necessary conditions for membership to Mn,2d, one can simply consider well-known
hierarchies of inner approximations to Pn,2d based on sum of squares and then compute their dual cones;
see [16, Section 3.5] for more details around this topic.

Remark 1. One can rework this section taking into account measures over arbitrary basic semialgebraic
sets K. The dual of the set of truncated sequences who have a representing measure µ over K will then
simply be the set of polynomials nonnegative over K and so on; see [39] for more information.

Remark 2. Recently, Barak et al. introduced the concept of pseudoexpectation; see, e.g., [12]. This
can be interpreted in the context of what we have seen so far. In our results and the proofs of these
results, we identified the cone Σn,2d and the set of coefficients of sos polynomials of degree 2d and in n
variables. Thus the cone Σn,2d we considered was a cone over RNn2d. In reality, Σn,2d is a cone over the
space of polynomials of degree less than or equal to 2d, denoted by R2d[x]. The dual cone (Σn,2d)

∗ is then
the set of linear functionals L : R2d[x] → R such that L(s) ≥ 0 for any s ∈ Σn,2d. Note that there is an
isomorphism between this set and M�,n,2d via the correspondence L(xα) = yα.

The pseudoexpectation as defined in [12] is simply another name for these linear functionals, with
the added constraint that L(1) = 12. We give the formal definition that appears in [12] to contrast: A
degree-l pseudoexpectation operator Ẽ is a linear operator L that maps polynomials in Rl[x] into R and
satisfies that L(1) = 1 and L(P 2) ≥ 0 for every polynomial p of degree at most l/2.

The intuition behind the name is easy to explain. As Mn,2d is the dual (up to closure) of Pn,2d, it
follows that for a measure µ, we should have

E[p(x)] =

∫
p(x)dµ =

∑
α

pα

∫
xαdµ ≥ 0,

for any nonnegative polynomial p. Instead, we have

Ẽ[p(x)] ≥ 0

for any sum of squares polynomial p. Though it resembles its counterpart, Ẽ is not actually an expecta-
tion: it may be the case that Ẽ[p(x)] < 0 for a nonnegative polynomial p, which would not happen if it
were truly an expectation.

2This latter constraint is because E[1] =
∫
dµ = 1 for a probability measure.
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The univariate case. The case where n = 1 is a special case (along with the cases 2d = 2 and
(n = 2, 2d = 4)) in the sense that the set of nonnegative and sum of squares polynomials coincide. In
other words, when n = 1, Σ1,2d = P1,2d. It then follows from from Corollary 1 that

(Σ1,2d)
∗ = cl(M1,2d).

This gives rise to the following theorem, the formulation of which comes from [16].

Theorem 11. Let y = (y0, y1, . . . , y2d) be a sequence of real numbers such that y0 = 1. If y ∈ M1,2d,
i.e., if there exists a probability measure µ on R such that yi is the ith moment of µ, then y ∈ (Σ1,2d)

∗,
i.e.,

Md(y) =


y0 y1 y2 . . . yd
y1 y2 y3 . . . yd+1

y2 y3 y4 . . . y2d+2
...

...
...

. . .
...

yd yd+1 yd+2 . . . y2d


is positive semidefinite. Conversely, if Md(y) � 0, then y has a representing probability measure µ, i.e.,
there exists a probability measure µ such that yi is the ith moment of µ.

Note that positive definiteness of Md(y) is needed: one can construct sequences y such that Md(y) � 0
but y does not have a representing measure; see [16, Remark 3.147]. Furthermore, the theorem above
can be extended to measures over intervals of R rather than measures over the whole of R; for this, see
again [16, Section 3.5.3]. Finally, while this result tells us when a sequence y has a representing measure,
it does not explain how one should go about constructing such a measure. Some information as to how
to do this in practice can be found in [16, Section 3.5.5].

Example 4. We check on an easy example that the criterion given in Theorem 11 works. Consider the
probability measure µ given by µ(dx) = f(x)dx where f(x) is the probability distribution function of a
standard normal distribution. Let y = (1, 0, 1, 0, 3): y is the vector of moments of µ up to degree 2d = 4.
We construct

M2(y) =

1 0 1
0 1 0
1 0 3

 .
As M2(y) � 0, we conclude that there does exist a probability measure µ such that yi is the ith moment
of µ, which is as expected.

Dual formulation of the polynomial optimization problem. Using the theory developed above,
one can tackle unconstrained polynomial optimization problems of the type:

min
x∈Rn

p(x), (17)

where p is a polynomial of degree 2d. Note that the constrained case where x ∈ K, with K basic
semialgebraic, can also be considered if we consider measures over K instead; see Remark 1. As noted
by Lasserre in [37], one can rewrite (17) as:

min
prob measures µ over Rn

∫
p(x)dµ

As p(x) is a polynomial of degree 2d, we have p(x) =
∑

α∈Nn2d
pαx

α. Plugging into the previous expression,
we get

min
prob measures µ over Rn

∑
α∈Nn2d

pα

∫
xαdµ.
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One can then stop dealing with the probability measure µ itself, but only with the moments yα :=
∫
xαdµ,

provided that {yα} has a representing probability measure. The problem becomes:

min
yα

∑
α

pαyα

s.t. {yα} ∈ Mn,2d, y0 = 1.

(18)

The dual of this problem is exactly
max
γ

γ

s.t. p(x)− γ ∈ Pn,2d.
(19)

Indeed, as Pn,2d = (Mn,2d)
∗, we have p(x)− γ ∈ Pn,2d ⇔

∑
α pαyα − γy0 ≥ 0, ∀yα ∈ Mn,2d. This latter

inequality is then equivalent to
∑

α pαyα ≥ γ as y0 = 1.
One can then replaceMn,2d by its outer approximationM�,n,2d in (18): we obtain lower bounds on

(18) via semidefinite programming. This is equivalent to replacing in the dual (19) Pn,2d by Σn,2d, which
also gives us lower bounds on (19) using semidefinite programming.

2.2 Bounds on the probability of a random variable and applications to option
pricing

Let (Ω,F , p) be a measure space, where F is a σ-algebra over Ω and p is a probability measure. Let
X be a random variable, i.e., a measurable mapping from (Ω,F , p) → (E, E), where E ⊂ R and E is a
σ-algebra over E. The random variable X induces a new probability measure on (E, E). This measure,
denoted by pX , is such that

pX(S) = p({ω ∈ Rn | X(w) ∈ S})

for any set S ⊆ E. The notation p(X ∈ S) is sometimes used as a shorthand for pX(S). The moment of
order k of X, where k ∈ {0, . . . ,K}, is defined as the moment of order k of pX , i.e.,∫

Ω
Xkdp =

∫
ω∈Ω

Xk(ω)dp(ω) :=

∫
x∈E

xkdpX(x).

By definition of the expectation, the moment of order k of X can be viewed as the expectation of Xk

and can consequently be written as E[Xk].
We now describe the problem of interest. Let {yk}k∈{0,...,2d} be a sequence of scalars. We consider

the set Φ of probability measures

Φ := {pX |
∫
E
xkdpX(x) = yk,∀k ∈ {0, . . . ,K}}. (20)

Note that one can identify Φ with the set of random variables X such that the order-k moment of X
coincides with yk for k ∈ {0, . . . ,K}. We will assume throughout that Φ is non-empty (or in other words,
{yk} always has at least one representing measure). The problem we are considering is then: given a
sequence {yk}k∈{0,...,K} as described above, and a set S ⊆ E described by polynomial inequalities, derive
a “tight” bound on p(X ∈ S) = pX(S), i.e., derive suppX∈Φ pX(S) = supX∈Φ p(X ∈ S).

Using moments of a random variable to upperbound the probability that it belongs to a certain set
is a problem that has a rich history within the field of probability theory. Two of the most ubiquitous
inequalities in the field, namely that of Markov and that of Chebychev, do exactly this. Indeed, the
Markov inequality states that, for any nonnegative random variable X and positive scalar a:

p(X ≥ a) ≤ E[X]

a
, (21)

and the Chebychev inequality states that for any random variable X:

p(|X − E[X]| > t) ≤ var(X)

t2
. (22)

Note that the upper bound does not depend in any way on the distribution of the random variable X.
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How to tackle this problem? By definition, it can be formulated as:

max
pX

∫
E

1SdpX

s.t.

∫
xkdpX(x) = yk, ∀k ∈ {0, . . . ,K},

where 1S refers to the indicator function of S. The dual to this problem is then exactly

min
λk

K∑
k=0

λkyk

s.t.
K∑
k=0

λkx
k ≥ 1S , ∀x ∈ E.

(23)

Indeed, ∫
E

1SdpX ≤
∫
E

∑
k

λkx
kdpX =

∑
k

λk

∫
E
xkdpX =

∑
k

λkyk.

Strong duality holds under certain conditions; see, e.g., [14]. If we define λ to be the polynomial
λ(x) =

∑
k λkx

k, we can rewrite (23) as

min
λ

∑
k

λkyk

s.t. λ(x)− 1 ≥ 0, ∀x ∈ S
λ(x) ≥ 0, ∀x ∈ E.

As we are enforcing nonnegativity of polynomials over E ⊆ R or S, we can then simply use sum of
squares polynomials to obtain upper bounds on the optimal value of the problem. In the case where E
and S are basic semialgebraic sets, this can be done exactly; see [14, 38] for more complex cases such as
the multivariate case (i.e., X is a random vector).

Example 5. We use these methods to see whether the Markov inequality (21) and the Chebychev in-
equality (22) are tight.

We start with trying to find an upper bound on p(X ≥ a) where a > 0 and X nonnegative, using only
first moment information. Let X be a nonnegative random variable whose distribution is unknown but
its first moment E[X] is known. We have K = 1, S is [a,∞), and E, which is where X takes its values,
is [0,∞). The fact that K = 1 implies that λ(x) is an affine polynomial, i.e., λ(x) = λ0 + λ1x. Hence
the problem to solve is the following:

min
λ

λ0 + λ1E[X]

s.t. λ(x)− 1 ≥ 0, ∀x ≥ a
λ(x) ≥ 0, ∀x ≥ 0.

(Note that y0 = 1 as we are considering a probability measure.) One can rewrite the constraints exactly
using [16, Section 3.3.1]:

min
λ

λ0 + λ1E[X]

s.t. λ(x)− 1 = σ + τ · (x− a), σ ≥ 0, τ ≥ 0

λ(x) = σ′ + τ ′ · x, σ′ ≥ 0, τ ≥ 0,

(24)

which is a linear program. It is quite easy to see that

λ(x) =
1

a
x

is feasible for (24). Indeed, 1
a ≥ 0 and λ(x) − 1 = 1

a(x − a). The value of the objective is then E[X]
a .

Hence, p(X ≥ a) ≤ E[X]/a. Is this upperbound tight? It is in the case where E[X]/a ≤ 1. Indeed, in
that case define:

X0 =

{
a with probability E[X]/a

0 with probability 1− E[X]/a
.
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We have that X0 ∈ Φ as E[X0] = E[X]. Furthermore, p(X0 ≥ a) = E[X]
a . When E[X]/a ≥ 1, then the

bound that is tight is simply 1. This is always an upperbound (take λ0 = 1 and λ1 = 0) and it is tight in
this case as X0 = E[X] with probability 1 belongs to Φ and achieves the bound p(X0 ≥ a) = 1. Hence, a
tight upper bound on p(X ≥ a) using first order information is given by

supΦp(X ≥ a) =

{
E[X]/a if E[X]/a ≤ 1

1 if E[X]/a > 1
.

The first case corresponds to the Markov bound.
Now consider a random variable X whose distribution is unknown but whose first and second order

moments, E[X] and E[X2], are known. We are looking for an upper bound on

p(|X − E[X]| ≥ t) = p({X ≥ t+ E[X]} ∪ {X ≤ −t+ E[X]}),

where t > 0, that involves only E[X] and E[X2]. In this case, K = 2, S = (−∞,−t + E[X]] ∪ [t +
E[X],+∞), E = R, and we have λ(x) = λ0x+ λ1x+ λ2x

2. The problem can then be written as

min
λ

λ0 + λ1E[X] + λ2E[X2]

s.t. λ(x)− 1 ≥ 0, ∀x ∈ (−∞,−t+ E[X]] ∪ [t+ E[X],+∞)

λ(x) ≥ 0,∀x ∈ R.

(25)

Using [16, Theorem 3.72], this is exactly

min
λ

λ0 + λ1E[X] + λ2E[X2]

s.t. λ(x)− 1 = σ(x) + τ · (x− t− E[X]), σ quadratic and sos, τ ≥ 0,

λ(x)− 1 = σ′(x) + τ ′ · (E[X]− t− x), σ′ quadratic and sos, τ ′ ≥ 0,

λ sos,

(26)

which is a semidefinite program. However, given the simplicity of the case involved, it is easy to get
intuition graphically as to what the correct polynomial λ should be from (25). We take

λ(x) =

(
x− E[X]

t

)2

.

It is immediate that λ is sos and furthermore, we have

λ(x)− 1 =

(
x− t− E[X]

t

)2

+
2

t
(x− t− E[X])

and

λ(x)− 1 =

(
E[X]− t− x

t

)2

+
2

t
(E[X]− t− x)

with 2/t ≥ 0. It follows that λ is a feasible solution to (26) and hence to (25) achieving the bound of

var(X)

t2
.

So, var(X)/t2 is always a valid upper bound on p(|X −E[X]| > t). Is it tight? Again, the answer is yes,
but only when var(X) ≤ t2. Indeed, consider

X0 =


E[X] + t with probability var(X)

2t2

E[X]− t with probability var(X)
2t2

E[X] with probability 1− var(X)
t2

.
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We have X0 ∈ Φ as E[X0] = E[X] and E[X2
0 ] = E[X2]. Furthermore, p(|X − E[X]| > t) = var(X)/t2.

When var(X) ≥ t2, a tight upper bound is 1. It is easy to see that 1 is always a valid upper bound by
taking λ0 = 1, λ1 = 0, λ2 = 0. It is tight in this case as one can choose

X0 =

{
E[X] +

√
var(X) with probability 1/2

E[X]−
√
var(X) with probability 1/2

.

We have X0 ∈ Φ as E[X0] = E[X] and E[X2
0 ] = E[X2]. Furthermore p(|X0 − E[X]| ≥ t) = 1. Hence a

tight upper bound on p(|X − E[X]| ≥ t using first and second order information is given by

sup
X∈Φ

p(|X − E[X]| ≥ t) =

{
var(X)/t2 if var(X)/t2 ≤ 1

1 if var(X)/t2 ≥ 1
.

The first case is the Chebychev inequality.

Applications to option pricing. Let X be the (random) price of an asset and pX its probability
distribution. Though pX is unknown, the first and second order moments of X, which we denote by y1

and y2, are known. The zero-th order moment of X is trivially y0 = 1. We now consider a European call
option on the asset with strike price k. Recall that a European call option is a derivative security which
gives the buyer of the call two options on the day it expires: either (s)he buys a fixed amount of the
asset at price k, or (s)he does nothing. Hence, the payoff of the buyer of the option will be max(0, X−k)
where X is the price of the asset on the day the call expires: indeed, if the price of the asset is greater
than k, then the buyer will use his or her option to get it at the reduced price of k, thus making X − k;
if the price of the asset is less than k however, then the buyer will chose to not use his or her option,
thus making 0. A fair price for this option would be

EpX [max(0, X − k)],

where the expectation is taken with respect to the unknown probability distribution of X. Note that
with such a price, the seller does not make a profit on average, but simply breaks even. However, to
hedge against uncertainty in the distribution of X, the seller choses to pick

sup
pX∈Φ

Ep(X)[max(0, X − k)]

where Φ is as in (20) with E = [0,+∞) (the price of the asset is always nonnegative) and K = 2. One
can then use results similar to the previous ones. The problem can be formulated as:

max
pX

∫
R+

max(0, x− k)dpX(x)

s.t.

∫
R+

xkdpX(x) = yi, i = 0, 1, 2.

Similarly to above, the dual to this problem is then

min
λk

2∑
k=0

λkyk

s.t.

2∑
k=0

λkx
k ≥ max(0, x− k), ∀x ∈ R+.

This is equivalent to

min
λk

2∑
k=0

λkyk

s.t.
2∑

k=0

λkx
k ≥ 0, ∀x ∈ [0, k]

2∑
k=0

λkx
k ≥ x− k, ∀x ∈ [k,+∞),
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which can be solved using semidefinite programming. We refer the interested reader to [13] for other
examples of problems of this type. Other areas where optimal bounds on probabilities of events can be
useful are decision analysis [61] and queuing theory [67].

3 Statistics and machine learning

3.1 Shape-constrained regression

Regression is one of the most fundamental problems in statistics, with applications in many different
areas, including the social and physical sciences. The input to the problem is a series of data points
{xi, yi}i=1,...,m where xi ∈ Rn is a feature vector, and yi ∈ R is the output variable. We will denote by

xji the jth component of vector i and we will assume that xi ∈ B, where B is a (full-dimensional) box in
Rn. It is assumed that there is a relationship between xi and yi of the form

yi = f(xi) + εi, i = 1, . . . ,m

where εi is some random noise with E[εi] = 0, finite variance, and εi independent from εj . The goal of
regression is to find a function f within a class of functions F such that the error between f(xi) and
yi is minimized. The notion of error that is often used is that of least squares error, which gives us the
problem

min
f∈F

m∑
i=1

(yi − f(xi))
2, (27)

When F contains functions that are completely described by a set of parameters θ ∈ Rp, the regression
is called parametric and the optimization can be done over the parameters instead of over F . The case
where

F = {f | f(y) = θ0 + θ1y1 + . . .+ θnyn, where θ0, . . . , θn ∈ R},

for example, is linear regression and finding f amounts to solving an unconstrained convex quadratic
program.

When F constrains the functions f to have some specific shape (e.g., convex over the box B or
monotonous in one variable over B), then we call this problem shape-constrained regression. Shape-
constrained regression is a very natural problem. In economics for example, if one wants to model a
utility function by fitting a regressor to data, then it would make sense to enforce concavity of the
regressor. Likewise, we can readily imagine that a number of outputs would depend monotonically on
inputs (think, e.g., of the BMI of a person with respect to his or her calorie intake, or the quantity of
honey produced in a hive as a function of number of bees). Because of its omnipresence, there have been
a number of methods developed to address this problem; see [28, 29, 60, 42, 47]. Here, we consider a
method that relies on sum of squares programming, developed in, e.g., [45, 3]. One of its main advantages
is that it scales polynomially in the number of features of the problem, which is often a caveat in other
methods. We discuss it in more depth below.

Let’s consider first the case where we would like to enforce monotonicity of our regressor over B
with respect to component j, i.e., we want yj 7→ f(y1, . . . , yj−1, yj , yj+1, . . . , yn) to be increasing for all
(y1, . . . , yj−1, yj+1, . . . , yn) in the appropriate domain. We will assume here that f ∈ C1. This is then
equivalent to imposing that

∂f(y)

∂yj
≥ 0, ∀y ∈ B.

If ρ ∈ Rn is a vector that encodes the monotonicity profile of f with respect to each one of its variables,
i.e., ρj = 1 (resp. 0, −1) if f is increasing (resp. non-monotonic, decreasing) with respect to component
j, then the monotonicity-constrained regression problem can be written:

min
f

m∑
i=1

(yi − f(xi))
2

s.t. ρj
∂f(y)

∂yj
≥ 0, ∀y ∈ B.
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To make the problem amenable to computation, we restrict ourselves to searching over the space of
polynomial functions, i.e., f is assumed to be a polynomial. The problem remains hard to solve however
because of the nonnegativity constraint. Indeed, one can show that even testing whether a polynomial f
of degree d has monotonicity profile ρ, over a box B is NP-hard, for d as low as 3 [3]. We consequently
replace the nonnegativity constraint by a constraint that involves sum of squares polynomials—see [16,
Section 3.4.4] for different ways to do this—and the problem becomes a semidefinite program. The
theorem below qualifies the quality of these successive approximations.

Theorem 12. [3] Let f be a C1 function with monotonicity profile ρ over B. For any ε > 0, there exists
an integer d and a polynomial p of degree d such that

max
x∈B
|f(x)− p(x)| < ε

and such that p has same monotonicity profile ρ over B. Furthermore, this monotonicity profile can be
certified using a sum of squares certificate.

Let’s consider now the case where we would like to enforce convexity of our regressor f over B. We
assume that f ∈ C2 and that Hf denotes the Hessian of f . This is then equivalent to imposing

Hf (y) � 0,∀y ∈ B,

which is in turn equivalent to
zTHf (y)z ≥ 0, ∀z ∈ Rn, y ∈ B.

Hence the convexity-constrained regression problem can be written

min
f

m∑
i=1

(yi − f(xi))
2

s.t. zTHf (y)z ≥ 0, ∀z ∈ Rn, ∀y ∈ B.

We follow the same scheme as previously: we restrict ourselves to polynomial functions, and then replace
the nonnegativity constraint of the polynomial (in z and y) zTHf (y)z by a constraint that involves sum
of squares polynomials. Indeed, as before, the problem of testing whether a polynomial of degree d
is convex over a box is NP-hard, even for d = 3 [4]. One can qualify the quality of these successive
approximations in an identical theorem to Theorem 12.

Remark 3. Let f be a polynomial in n variables. If yTHf (x)y is constrained to be a sum of squares (as a
polynomial in x and y) then f is said to be sos-convex. This is a sufficient condition for (global) convexity
as yTHf (x)y sos implies that yTHf (x)y ≥ 0,∀x, y ∈ Rn, which implies that Hf (x) � 0,∀x ∈ Rn.
Optimizing over the set of sos-convex polynomials is a semidefinite program; see [9] for more information
on the concept of sos-convexity. This example uses a variant of sos-convexity: we wish to find sufficient
conditions for convexity over a box.

Remark 4. It goes without saying that both types of constraints (monotonicity and convexity) can be
combined if one happens to have the appropriate information.

Example 6. We now give an example, taken from [3], relating to the prediction of weekly wages from
past data. The data used comes from the 1988 Current Population Survey and is freely available under
the name ex1029 in the Sleuth2 R package [58]. It contains 25361 observations and 2 numerical features:
years of experience and years of education. We expect wages to increase with respect to years of education
and be concave with respect to years of experience. We run both an unconstrained polynomial regression
(denoted by UPR), i.e., F is the set of polynomials of a certain degree in (27), and a convexity-constrained
and monotonocity-constrained regression (denoted by Hybrid and described above) on the data. This is
done by computing the Root Mean Squared Error (RMSE) for the data with 10-fold cross validation. The
results are given in Figure 5 with varying degrees of the polynomial regressor. Note that for the training
data, obviously UPR performs better than Hybrid as it is less constrained and can overfit. The Hybrid
method however has a much better generalization error than UPR.

20



(a) Values taken by the RMSE on training data (b) Values taken by the RMSE on testing data

Figure 5: Comparative performance of UPR and Hybring on testing and training sets for 10 fold cross
validation.

3.2 Optimal design

We once again consider a regression setting, but this time we are interested in the problem of generating
data. Recall that the input to a regression problem are pairs {xi, yi}i=1,...,m, where xi ∈ Rn and yi ∈ R.
Statisticians make a difference between the case where the person conducting the study can choose the
feature vectors {xi}i, and the case where the feature vectors {xi}i are imposed. The latter case is called
an observational study. An illustrative example is that of studying the impact of the amount of cigarettes
smoked on the development of lung cancer: our data will contain the amount of cigarettes that each
participant chooses to smoke, without our being able to impact this. Indeed, it would be a major ethical
breach if we were asking participants to smoke more, e.g., to change our input data.

Of interest in this section is the other case, namely the case where the xi can be fixed to certain values
by the experimenter. This is called an experimental study. As an example of such a study, consider the
problem of measuring the degree of corrosion of steal under the effects of humidity and temperature. By
placing a piece of steal in an environment controlled for humidity and temperature, one is able to obtain
the degree of corrosion for any values of humidity and temperature that one wishes to have. This set-up
is particularly interesting to statisticians as it enables the experimenter to choose advantageous values of
the features. The process of choosing such values is termed experimental design. In this section, we will
be interested in using sum of squares techniques to understand how to design experiments in an optimal
way. We follow the presentation given in [24].

As defined in 2.1, we use the terminology Nnd = {α ∈ Nn | α1 + . . .+ αn ≤ d}. For x = (x1, . . . , xn),
we also use the shorthand xα to mean xα1

1 . . . xαnn . We will consider a parametric regression setting here,
more specifically, a polynomial one, i.e.,

yi =
∑
α∈Nnd

θαx
α
i + εi, i = 1, . . . ,m

where {θα} are the coefficients of the polynomial, and εi is random noise with E[εi] = 0, var(εi) = σ2 <
∞, and εi independent from εj . We assume that m ≥

(
n+d
n

)
and that the xi can be picked within a

compact set X , described by a finite number of polynomial inequalities. Hence, our goal is to come up
with points tk ∈ X where k = 1, . . . , l with l ≤ m, and a number of times nk that the values {xi} take
value tk. This information is summarized in a design matrix

ξ =

[
t1 . . . tl
w1 . . . wl

]
, where wk =

nk
m
, (28)

which is what we would like to obtain at the end of the process. In the rest of this paragraph,
for convenience, we will denote the standard vector of monomials of degree up to d and in n vari-
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ables by z(x) = (1, x1, x2, . . . , xn, . . . , x
d
n), and by θ the corresponding vector of coefficients, so that∑

α∈Nn2d
θαx

α
i = θT z(x).

What should be the objective when picking ξ? This depends on what we would like to achieve. In
our case, assuming our estimator for θ is the least squares estimator3

θ̂ = arg min
θ

m∑
k=1

(yk − θT z(tk))2,

it may be of interest to minimize, in some sense, the variance of θ̂. Indeed, as will be made evident later
on, under the assumptions we have on εi, θ̂ is an unbiased estimator of θ, which means that on average,
they are equal. It may then be of interest to ask that θ̂ deviate as little as possible from θ on average:
this is exactly equivalent to minimizing the variance of θ̂. Of course, the variance of θ̂ is here a matrix as
θ̂ is a vector, so when we claim to minimize the variance of θ̂, we actually mean minimizing its 2-norm,
or some other measure. Let us now compute var(θ̂). Some quick algebra gives us that

θ̂ =
m∑
k=1

yk

(
m∑
k=1

z(tk)z(tk)
T

)−1

z(tk).

Using the fact that yk = θT z(xk) + εk, we get

θ̂ =
m∑
k=1

(
m∑
k=1

z(tk)z(tk)
T

)−1

(θT z(tk) + εk)z(tk) = θ +

(
m∑
k=1

z(tk)z(tk)
T

)−1 m∑
k=1

εkz(tk).

It then follows that the variance matrix of θ̂ is given by

Σ(ξ) = σ2

(
m∑
k=1

z(tk)z(tk)
T

)−1

where we have used the facts that E[εk] = 0, ∀k and independence of the {εk}. In the more general case
where the points tk are not assumed distinct, the variance matrix is given by

Σ(ξ) = σ2

(
l∑

k=1

nkz(tk)z(tk)
T

)−1

.

In the rest of this paragraph, we will consider the case where we would like to minimize the 2-norm of
the matrix Σ(ξ). This is equivalent to minimizing its largest eigenvalue, or if we define the following
quantity,

F (ξ) :=

l∑
k=1

wkz(tk)z(tk)
T ,

it is equivalent to maximizing the minimum eigenvalue of F (ξ). The matrix F (ξ) is a well-known quantity
in statistics called the Fisher information matrix of the design ξ and maximizing its minimum eigenvalue
corresponds to a common notion of optimality in experimental design, that of E-optimality. There are
many different ways to define optimality, based essentially on minimizing various norms of Σ(ξ); we refer
the interested reader to [24] for more information on this topic. As mentioned before, the problem of
interest here is

max
ξ
λminF (ξ)

s.t. ξ is as in (28).

3For clarity of exposition, we suppose for the moment that all tk are distinct.
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This can be rewritten as

max
nk,tk,γ

γ

s.t.
l∑

k=1

nk
m
zd(tk)zd(tk)

T � γI

nk ∈ N,
l∑

k=1

nk = m.

where I is the identity matrix. We first drop the constraint that nk ∈ N, relaxing it to nk ≥ 0, and the
problem becomes:

max
wk,tk,γ

γ

s.t.
l∑

k=1

wkzd(tk)zd(tk)
T � γI

wk ≥ 0,
l∑

k=1

wk = 1.

(29)

The matrix
∑l

k=1wkzd(tk)zd(tk)
T is of size Nnd × Nnd . We index it by (α, β) where α, β ∈ Nnd . Note that

entry (α, β) of the matrix is exactly ∫
X
xαxβdµ

where µ is the Dirac measure given by µ(x) =
∑l

k=1wkδx=ti(x). In other words, entry (α, β) of the
matrix is the α+ β moment of µ. Define

yα :=

∫
X
xαdµ, α ∈ Nn2d,

for some measure µ over X and let M(y) be the Nnd × Nnd matrix with entry (α, β) given by yα+β. It
follows that (29) can be rewritten as:

max
wk,tk,γ,y

γ

s.t. M(y) � γI

y0 = 1, yα =

∫
X
xαdµ for α ∈ Nn2d, and µ =

l∑
k=1

wkδx=ti(x)

(30)

Similarly to (14), we now define the following set:

M2d(X ) := {{yα}α∈Nn2d | ∃ a measure µ on X such that yα =

∫
X
xαdµ, ∀α ∈ Nn2d}. (31)

Note that contrarily to (14), we are considering measures over X and not over Rn. Hence, the dual of
this set is the set of polynomials p with coefficients {pα}α∈Nn2d such that p is nonnegative over X , and
not over Rn as previously; see [40] for a proof. Using this definition, we are able to further relax (30) to
a problem that only depends on γ and y:

max
γ,y

γ

s.t. M(y) � γI
y0 = 1, y ∈M2d(X ).

(32)

Proposition 2. The dual to (32) is given by

min
λ∈R,Q∈Nnd×N

n
d

λ

s.t. λ− zd(x)TQzd(x) ≥ 0, ∀x ∈ X
tr(Q) = 1, Q � 0,

(33)

where zd(x) = (1, x1, . . . , xn, . . . , x
d
n) is the standard vector of monomials.
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Proof. Let λ,Q be feasible for (33) and let γ, y be feasible for (32). As Q � 0, there exists a matrix V
such that Q = V V T . Furthermore, as tr(Q) = 1, then tr(V V T ) = tr(V TV ) = 1. Together with the fact
that M(y) � γI, this implies that V TM(y)V � γV TV , and in particular,

tr(V TM(y)V ) ≥ tr(γV TV ) = γtr(V TV ) = γ.

We have

λ− γ ≥ λ− tr(V TM(y)V ) = λ− tr(M(y)Q) = λ−
∑
α,β

Mα,β(y)Qα,β

Recall that Mα,β(y) = yα+β. As y has a representing measure, it follows that Mα,β(y) =
∫
X x

α+βdµ.
Hence,

λ− γ ≥ λ−
∫
X

∑
α,β

Qα,βx
αxβdµ =

∫
X
λ− zTd (x)Qzd(x)dµ,

where we have used the fact that y0 = 1 in the equality. As λ − zTd (x)Qzd(x) ≥ 0, for all x ∈ X , we
deduce that λ− γ ≥ 0.

Strong duality holds under certain conditions, see [40]. As is, (33) cannot be solved. However, if one
replaces the condition that λ − zd(x)TQzd(x) be nonnegative over X by certificates of nonnegativity of
the polynomial over X involving sum of squares polynomials, then the problem becomes a semidefinite
program. One can proceed similarly in the primal (32) by relying on outer-approximations to the set
M2d(X ).

4 Conclusion: a word on implementation challenges

A topic that is central to applications but that we have barely touched upon so far is how to implement
these methods in practice. In particular, what software should we use to solve sum of squares programs?
There are two components here to consider: which semidefinite programming solver to use and which
parser to use which converts the sum of squares program to a semidefinite program. Indeed, in theory,
one could manually convert the sum of squares program at hand into a semidefinite program, but this is
generally not considered to be an enjoyable task. It is consequently much more convenient to use a parser
whose role is to automate this process. Note however that not all parsers interface with all solvers, and
that one need sometimes access parsers or solvers within other software or interfaces (e.g., MATLAB).

We start by reviewing a few semidefinite programming solvers (the list is by no means meant to be
exhaustive). Choosing a good-quality solver is a crucial step in coming up with robust solutions to the
problem at hand in a reasonable amount of time. MOSEK [1], SDPT3 [63], Sedumi [62], and SDPA
[68] are established solvers, with the first being a commercial solver (free with an academic license), and
the latter three being free. SDPA interfaces with Python, MOSEK interfaces with C, Java, Python,
and MATLAB, and Sedumi and SDPT3 interface with MATLAB. All of these solvers rely on interior
point methods, which unfortunately do not always scale very well with the size of the problem. In light
of this, new solvers have been developed which rely on augmented Lagrangian methods instead, such
as SDPNAL/SDPNAL+ [69], CDCS [70], and SCS [50]. These are all free. Note that the first uses
Newton-Conjugate Gradient augmented Lagrangian, whereas the latter two use ADMM. Furthermore
SDPNAL/SDPNAL+ and CDCS can be accessed from MATLAB, whereas SCS is written in C and can
be used in other C, C++, Python environments, as well as in MATLAB, R and Julia.

In terms of parsers, the most commonly used are perhaps YALMIP [43], Julia [15], SOSTOOLS [57],
SPOT [48], Gloptipoly [31], and Macaulay2 [27]. YALMIP is a toolbox for modelling and optimization
in MATLAB that has a special sos module. It can be interfaced with many solvers including MOSEK,
SDPT3 and Sedumi. Julia is an open-source dynamic programming language for technical computing.
Optimization is done via its modeling package JuMP [25] and sum of squares problems can be tackled via
one of its packages SumofSquares.jl [23]. SOSTOOLS is a free MATLAB toolbox for sos programs. It can
be interfaced with a number of solvers including SeDuMi, SDPT3, CSDP, SDPNAL, SDPNAL+, CDCS
and SDPA. SPOT can be viewed as an alternative to SOSTOOLS as it is also a MATLAB toolbox for sos
programs, but its focus is towards control theory. GloptiPoly is a free MATLAB toolbox, which solves
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what is known as the generalized moment problem. This includes the moment problem as described in
Section 2.1, and hence can be used to tackle polynomial optimization problems. It can be interfaced with
many different solvers including Sedumi, SDPT3 and MOSEK. Finally, Macaulay2 is a free computer
algebra system geared towards research in algebraic geometry. However, via a package, it can be used to
solve sum of squares programs.

As mentioned above, the direction currently taken in solver development involves replacing interior
point methods by methods that can robustly solve very large problems, such as ADMM. This is due to
the fact that the size of the semidefinite program generated by a sum of squares program is of order nd

when the polynomials considered in the sos program are of degree 2d and in n variables. This limited
ability to solve very large sos programs has been one of the main impediments in further disseminating
sum of squares techniques. Indeed, possible new applications often feature problems of large scale. This
has consequently led to a flurry of research around the question: how can we make solving sos programs
more scalable? One such step of course is to construct new solvers for semidefinite programs that rely
on more scalable algorithms as we saw above. Another research direction, complementary to this one,
is to leverage the structure of the semidefinite program at hand to reduce its size. Structures of interest
can include e.g. symmetries in the problem or sparsity; see [26, 64, 65] for some of these directions. A
very different research direction involves replacing the semidefinite program at hand by cheaper conic
programs with trade-offs in accuracy; see [7, 66] for some examples of this direction. The hope is that
by combining these different research directions, one will be able to tackle large-scale sos programs and
open up many new areas to the use of sos programming.
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