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We consider the equivalence of two Sobolev spaces of divergence-free vector fields in open bounded domains. Define the

following terms:

• Energy norm ‖ · ‖:
‖u‖ =

{∑
i

∫
Ω

|∇ui|2 dx
}1/2

.

• D(Ω) = (C∞
0 (Ω))d.

• V = {u ∈ D(Ω) : div u = 0 }.

• V (Ω) = the closure of V in ‖ · ‖.

• Ṽ (Ω) = {u ∈ W0 : div u = 0 }, W0 is the closure of D(Ω) in ‖ · ‖.

We prove that V (Ω) = Ṽ (Ω) in R
2. We then generalize the results to open, bounded, and axisymmetric domains in

R
3. The key to these results is a theorem on Sobolev spaces by Hedberg, the technique of stream functions, and the

topological structure of R
2. (Received September 16, 2005)
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