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Let S = {x1,xa,...,x,} be a set of n distinct positive integers and let s;; = (x;, ;) be the greatest common divisor of z;
and z;. The matrix [S] = (s;;) is called the greatest common divisor (GCD) matrix on S. The matrix [[S]] having its
i, j-entry as the least common multiple of x; and xz; is called the least common multiple (LCM) matrix on S. A set S is
said to be factor closed (FC) if it contains every divisor of z for any x € S. Smith (1875) showed that the determinant

of [S] on a FC set S is the product [[¢(z;), where ¢ is Euler’s totient phi-function. Moreover, he obtained a formula
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for the determinant of [[S]] on a FC set. In 1989, Beslin and Ligh obtained a structure theorem for GCD matrices and
generalized the Smith’s determinant to factor closed sets.

Since then many results concerning GCD and LCM matrices have been published.

In this paper, we generalize the notions of GCD and LCM matrices to any principal ideal domain (PID). Many of the
important results, such as structure theorems, converse of Smith’s result, determinants of reciprocal GCD matrix, inverse
GCD matrix, and LCM matrix, are extended to such domains. (Received September 03, 2008)



