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A first order linear difference equation can be solved explicitly, and a simple method for obtaining the solution may be

given. In most applications, however, the relevant equation is usually non-linear and a closed form of the solution is, in

general, impossible to obtain. This makes it necessary to find the asymptotic behavior of the solution. In this note we

obtain the asymptotic behavior of the solution for a class of non-linear difference equations. For completeness we also

include a derivation of a closed form of the solution of the general first order linear equation.

Theorem 1. If f(n) 6= −1 and an is a solution of the difference equation

an+1 − an − f(n)an = g(n)

then

an+1 = a1

n∏
k=1

(1 + f(k)) +
n∑
k=1

g(k)
n∏

j=k+1

(1 + f(j))

where a1 is arbitrary.

Theorem 2. Let f be a positive non-decreasing function defined on (0,∞). Let an be a solution of

an+1 − an =
1

f(an)

satisfying a1 > 0. Put

F (x) = 1 +

∫ x

0

f(t)dt, x ≥ 0.
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Then

an ˜ F−1(n) as n→∞.

Example 3. If an+1 − an = a−αn , where a1, α > 0, then an ˜ (α + 1)
1

α+1n
1

α+1 as n→∞.
Example 4. If an+1 − an = exp(−an), then an ˜ lnn as n→∞. (Received September 13, 2008)
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