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Given polynomials p and q, it is natural to ask: does one dominate the other? That is,

does q(x) ≥ 0 imply p(x) ≥ 0 ? (Q)

In this talk we focus on free noncommutative polynomials p, q and substitute matrices for the variables xj. In case the

positivity domain D = {X | q(X) � 0} is convex, the domination question (Q) has an elegant answer. First of all, D
then has a linear matrix inequality (LMI) representation, i.e., D = {X | L(X) � 0} for a linear pencil L. Furthermore,

the following “perfect” Positivstellensatz holds: p is positive semidefinite on the LMI domain D if and only if it has a

weighted sum of squares representation with optimal degree bounds:

p(x) = s(x)T s(x) +
∑
j

fj(x)T L(x) fj(x), (A)

where s(x), fj(x) are vectors of polynomials of degree no greater than deg(p)/2.

We shall also discuss the linear variant of (Q) and show how LMI domination is essentially equivalent to complete

positivity. (Received September 18, 2011)
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