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1.6. Remarks on the 
al
ulation of R2From the perspe
tive of Van, ju�vj � 112 ; jv�zj � 16 ; 0 � u; v; z � �translates to u� 112 � v � u+ 112 , z � 16 � v � z + 16 , 0 � v <1 inthe limit as �!1. That is,max�u� 112 ; z � 16 ; 0� � v � min�u+ 112 ; z + 16�:Be
ause z � 16 is bigger than u � 112 above the line z = u + 112 butu � 112 is bigger below the line, whereas 0 ex
eeds both inside there
tangle 0 � u � 112 , 0 � z � 16 , and be
ause u+ 112 is smaller thanz + 16 above the line u = z + 112 but z + 16 is smaller below the line,we �nd that there are four regions, say, I, II, III and IV, in whi
h theabove inequality redu
es as follows:I (darkest region): 0 � v � u+ 112II (se
ond darkest region): z � 16 � v � u+ 112III (third darkest region): u� 112 � v � u+ 112IV (lightest region): u� 112 � v � z + 16 1



2 Supplementary Material for Chapter 1We analyze ea
h region in turn.

D
E

F

G

u
0 1�4 1�2 3�4

z

0

1�4

1�2

3�4

For I, it is 
lear thatv̂ = 14� 14 + u+ z�always satis�es v̂ � 0. So the maximum on 0 � v � u + 112 is eitherat v = v̂ or at v = u + 112 , a

ording to whether v̂ � u + 112 orv̂ � u + 112 , i.e., a

ording to whether z � 3u + 112 or z � 3u + 112 .The line z = 3u+ 112 is drawn on the diagram: it is the line that joins(0; 112 ) to ( 112 ; 13 ). Within this re
tangle, the maximum is at v = v̂below or to the right of the line, but at v = u+ 112 above or to the left ofthe line. If the part of the re
tangle above the line is denoted DI (forinterse
tion of D with I) but the part below the re
tangle is denotedEI, then what we have just shown is that strategy 
ombinations ofthe following form belong to R2:u v zuDI uDI + 112 zDIuEI 14� 14 + uEI + zEI� zEISimilarly, for II, the maximum on z� 16 � v � u+ 112 is at z� 16 ifv̂ � z� 16 , at u+ 112 if v̂ � u+ 112 , and otherwise at v = v̂. But v̂ � z� 16translates to z � 13u+ 1136 or above the line joining ( 112 ; 13 ) to ( 13 ; 512 ),and the other inequality is as before. Extending our notation in the
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ombinationsof the following form belong to R2:u v zuDII uDII + 112 zDIIuEII 14� 14 + uEII + zEII� zEIIuFII zFII � 16 zFIIAgain, for III, the maximum on u� 112 � v � u+ 112 is at u� 112if v̂ � u � 112 , at u + 112 if v̂ � u + 112 , and otherwise at v = v̂.But v̂ � u � 112 translates to z + 712 � 3u or to the right (on theside not 
ontaining the origin) of the line joining ( 13 ; 512 ) to ( 14 ; 0), theother inequality being as before; however, it is no longer possible tohave v̂ > u + 112 , be
ause the line joining ( 112 ; 13 ) to ( 13 ; 512 ) does notinterse
t III. What we have just shown is that strategy 
ombinationsof the following form belong to R2:u v zuEIII 14� 14 + uEIII + zEIII� zEIIIuGIII uGIII � 112 zGIIIThe analysis for IV is very similar: we need only note that v̂ > z + 16is impossible, be
ause that translates to below (or to the right of) theline u = 3z + 112 , whi
h lies entirely outside the shaded regions. Inother words, we add only these strategy 
ombinations to R2:u v zuEIV 14� 14 + uEIV + zEIII� zEIVuGIV uGIV � 112 zGIVThe above four tables 
ondense to yield Table 1.12.


