UPDATED REFERENCES WITH ANNOTATION TO:
NEW EXAMPLES OF FROBENIUS EXTENSIONS

LARS KADISON

1. NEw DEVELOPMENTS RELATED TO FROBENIUS EXTENSIONS
SINCE 1998

A number of topics related to Frobenius extensions have appeared
in mathematical journals since the time around which New Examples
of Frobenius Extensions, referred to as NEFE, was submitted to the
AM.S. in 1998. They are briefly described below together with refer-
ences for further reading. We adopt the notation in NEFE to describe
these developments.

(1) A Frobenius algebra in a tensor category C is an abstract algebra-
coalgebra where (co)multiplication and (co)unit are arrows in
C. A Frobenius extension A|S may be viewed as a Frobenius
algebra in the category M of S-bimodules under ordinary ten-
sor product over S, as described in connection with corings in
NEFE, chapter 4. The notion of a special Frobenius algebra
in a category is a basic notion to mathematical physicists do-
ing rational conformal field theory [15, 16, 35]: for example, a
strongly separable extension A|S (cf. ch. 3, NEFE) is a special
Frobenius algebra in the category M.

(2) Weak Hopf algebras are replacing Hopf algebras to some
extent as objects of interest to mathematicians doing tensor
categories [41, 13] and mathematical physicists doing algebraic
quantum field theory [1, 12]. They are associative algebras and
coassociative coalgebras where comultiplication is multiplica-
tive but not unit-preserving, the counit is no longer multiplica-
tive, and the antipode satisfies several modified axioms. There
are separable subalgebras anti-isomorphic under the antipode
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and with projections from the weak Hopf algebra that are im-
portant to the axiomatic construction of weak Hopf algebra the-
ory [2, 3, 40]. Examples of weak Hopf algebras, which are also
known as quantum groupoids, come from the Temperley-
Loeb algebras, full matrix algebras and more generally groupoid
algebras [37, 38, 39]. Finite-dimensional weak Hopf algebras are
Frobenius algebras [43]; so we predict weak Hopf subalgebras
are twisted Frobenius extensions based on [27, 6.1]. There is
also a Radford formula for the fourth power of the antipode in
weak Hopf algebras [2, 36, 43, 14]. In addition, there is a ver-
sion of the Radford formula for Frobenius algebras with anti-
automorphism in [22] applied to quasi-Hopf algebras, which are
almost associative Hopf algebras which deviate from associa-
tivity by a three cocycle. Manin predicts that weak Hopf alge-
bras will have a role with Hopf algebras and groups acting on
C*-algebras in a description of arithmetical applications of real
multiplication [33].

A depth two extension A|S is a ring extension more general
than an H-separable extension having a defining condition like
in section 2.6, NEFE, where A-A-bimodules are replaced by the
weaker conditions S-A-bimodules (left D2) and A-S-bimodules
(right D2) [30]. The H-theory in NEFE section 2.6 applies as
well as to depth two extensions to establish that they generalize
the notion in von Neumann subfactor theory [18], which is re-
lated to the level at which the Bratteli diagrams of inclusions of
semisimple algebras of the derived tower begin to reflect (as in
a basic construction). Another example of depth two extension
is a finite Hopf-Galois extension [21]. A depth two, split, sep-
arable extension is a quasi-Frobenius (QF) extension [30, 3.1],
a partial answer to the open problem described in section 2.5
NEFE and further explained in [9, 8].

Of most interest is a depth two Frobenius extension A|S,
since they have a certain Galois structure coming from the ob-
vious action of End gAg, which may be given a Hopf algebroid
structure over the centralizer C'4(S) := R [30, 32, 4]. This ac-
tion has the subalgebra S as its invariants if the module Ag is
balanced. There are a number of theorems of the form, given a
Frobenius extension A|S with centralizer R, A|S is a Hopf R-
algebroid-Galois extension if and only if A|S is depth two and
balanced extension. For example, if R is identifiable with the
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ground field for a split irreducible algebra extension A|S, then
A|S is finite Hopf-Galois iff A|S is depth two [25, 24, 26]. This
is in analogy with the well-known theorem for finite field exten-
sions, that they are Galois extensions iff they are separable and
normal. If R is a separable subalgebra of A, which is a depth
two Frobenius extension of S, then End Ag is a smash prod-
uct of A with the weak Hopf algebra End g¢Ag: the references
are from most to least number of hypotheses [37, 26, 30]. If
we restrict ourselves to H-separable extensions of simple rings,
there is a Sugano-Galois correspondence between subrings and
subHopf algebroids [19, 20, 21]. In the most general case of a
depth two extension, End gAg and (A®gA) have left and right
R-bialgebroid structures dual to one another, and acting on A
and End gA, respectively [30]. If A|S is additionally a Frobe-
nius extension, the natural anti-isomorphism between End Ag
and End gA restricts to the antipode on End sAg studied in [4]
as a Hopf algebroid and in [42] as a double algebra. For ex-
ample, the double algebra structure on (A ®g A)° comes from
the “E-multiplication” and the algebra structure induced by
the isomorphism with the endomorphism ring End 4 A ®g A4
[42].

In modular representations of finite groups [31] there are var-
ious useful simplications using Frobenius, separable, split and
other ring extensions taking place in the induced representation-
theoretical method of attacking problems of for example Brauer,
Broué and Donovan. Depth two complex group algebra exten-
sions turn out to be identical with normal subgroups [23]. There
are also interesting problems of when Hecke algebras of finite
symmetry groups are separable extensions of their parabolic
subgroups.

As touched upon in chapter four of NEFE, there is the coring
point of view on Frobenius extensions as well as on entwined
modules, descent and quantum principal bundles (generalized
Hopf-Galois extensions and Galois corings) [5, 7, 10]. There
are towers of corings [6] made up of Frobenius corings and an
equivalent formulation of the biseparability problem in [8]. The
coring structure of the R-bialgebroids of a depth two exten-
sion control some aspects of the extension itself [8, 21|, just as
a semisimple or cosemisimple Hopf algebra acting in a finite
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Hopf-Galois extension leads to a split or separable Frobenius
extension. There is also a quantum Yang-Baxter equational-
type point of view on Frobenius and separable algebras in [11].
There is an alternative way (to that in chapter five NEFE) to
associate solutions to the Yang-Baxter equation via associative
algebras which leads to the Alexander knot polynomials [34].

If you have corrections or additional topics, please send me an email.
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