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One life runs through all like a continuous chain,
of which all these various forms represent the links,
link after link, extending almost infinitely,

but of the same one chain.

Vivekananda
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Preface

Following Hensel’s discovery in 1897 of the p-adic numbers, Ostrowski’s theo-
rem of 1918 classifying all the possible norms that one can define on the rational
numbers has been the starting point of what is now called the adelic perspec-
tive. Loosely speaking, this means that the rational numbers should not be
thought of as merely a subset of the real numbers but rather as a subset of a
spectrum of topological fields obtained by completing the rational number field
with respect to each of the possible norms. This adelic perspective has been
a unifying theme in number theory ever since its conception in the 20th cen-
tury. From this vantage point, all completions of the rationals must be treated
“equally.” It would seem then that what is traditionally called analytic num-
ber theory looks at only one completion, and ignores the non-archimedean (or
p-adic) completions. In the latter half of the 20th century, this restricted view-
point was enlarged through the foundational work of Kubota and Leopoldt and
later by Iwasawa who established much of the groundwork of a p-adic analytic
number theory. Thus, the search for p-adic incarnations of the classical zeta
and L-functions is of relatively recent origin and has been a useful motif in the
study of special values of various L-functions and their arithmetic significance.
This perspective has also been a fertile program of research, largely inspired by
the method of analogy with the archimedean context. As such, it is an exciting
program to discover to what extent p-adic analogues of classical theorems and
in some cases, the classical methods, exist.

This monograph is a modest introduction to the p-adic universe. Its aim is to
acquaint the non-expert to the basic ideas of the theory and to invite the novice
to engage in a fecund field of research. It grew out of a course given to senior
undergraduates and graduate students at Queen’s University during the fall
semester of 2000-2001. That course was based on notes of a shorter course given
at the Harish-Chandra Research Institute on p-adic analytic number theory from
December 22, 1999 till January 12, 2000.

The prerequisites have been kept to a minimum. My goal is to introduce the
novice student to a beautiful chapter in number theory. A background in basic
algebra, analysis, elementary number theory and at least one course in complex
analysis should suffice to understand the first nine chapters. The last chapter
requires a little bit more background and is intended to give some inspiration for
studying the subject at a deeper level. There are more than a hundred exercises
in the book and their level varies. Most of them are routine and the students
in the course were able to keep pace by doing them.

ix
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