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Preface 
Phenomena o f contac t betwee n deformabl e bodie s o r betwee n deformabl e an d 
rigid bodie s aboun d i n industr y an d everyda y life . Contac t o f brakin g pad s 
with wheels , tires with roads , pistons with skirt s are just a  few simple examples . 
Common industria l processe s suc h a s meta l forming , meta l extrusion , involv e 
contact evolutions . Becaus e of the importance o f contact processe s i n structura l 
and mechanica l systems , a  considerabl e effor t ha s bee n mad e i n it s modelin g 
and numerica l simulations . Th e engineerin g literatur e concernin g thi s topi c i s 
extensive. Owin g to thei r inheren t complexity , contac t phenomen a ar e modele d 
by nonlinea r evolutionar y problem s tha t ar e difficul t t o analyze . 

In earl y mathematica l publication s i t wa s invariabl y assume d tha t th e de -
formable bodie s wer e linearl y elasti c an d th e processe s wer e static . However , a 
long tim e ag o i t wa s recognize d th e nee d t o conside r contac t problem s involv -
ing viscoelasti c an d viscoplasti c material s a s wel l a s a  larg e variet y o f contac t 
and frictiona l boundar y conditions , whic h lea d t o tim e dependen t models . Th e 
mathematical theor y o f contac t problems , tha t ca n predic t reliabl y th e evolu -
tion of the contact proces s in different situation s and under various conditions, i s 
emerging currently . I t deal s with rigorou s modelin g o f the contac t phenomena , 
based on the fundamental physica l principles, a s well as with the variational an d 
numerical analysi s of the models . A  thorough treatmen t o f contact problem s re-
quire knowledge from functiona l analysis , moder n partia l differentia l equations , 
numerical approximation s an d erro r analysis . 

The purpos e o f thi s boo k i s to introduc e th e reade r t o a  mathematica l the -
ory o f contac t problem s involvin g deformabl e bodies . Th e content s cove r th e 
mechanical modeling , mathematica l formulations , variationa l analysis , an d th e 
numerical solutio n o f th e associate d formulations . Ou r intentio n i s t o giv e a 
complete treatmen t o f some contac t problem s b y presentin g argument s an d re -
sults i n modeling , analysis , an d numerica l simulations . 

In the boo k we treat quasistati c contac t processe s i n the infinitesima l strai n 
theory. Quasistati c processe s aris e when th e applie d force s var y slowl y i n time , 
and therefor e th e syste m respons e i s relativel y slo w s o tha t th e inertia l term s 
in th e equation s o f motio n ca n b e neglected . W e mode l th e materia l behavio r 
with elastic , viscoelasti c o r viscoplasti c constitutiv e laws ; som e o f ou r result s 
are extende d t o material s wit h interna l stat e variable s an d t o perfectl y plasti c 
materials. Th e contac t i s modeled wit h variou s conditions , includin g Signorin i 
nonpenetration condition , norma l compliance and normal damped response con-
ditions. Th e friction i s modeled with versions of Coulomb's an d Tresca' s frictio n 
laws o r wit h law s involvin g a  dissipativ e frictiona l potential . W e als o conside r 
problems wit h frictio n an d wea r an d w e us e a  versio n o f th e Archar d la w t o 
model th e evolutio n o f wear . 

XI 
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Variational analysi s o f th e model s include s existenc e an d uniquenes s result s 
of wea k solution s a s wel l a s result s o f continuou s dependenc e o f th e solutio n 
on th e da t a an d parameters . Link s betwee n differen t mechanica l model s ar e 
discussed; fo r example , elasticit y a s a  limitin g cas e o f viscoelasticity , perfec t 
plasticity a s a  limitin g cas e of viscoplasticity, Signorin i nonpenetrat io n conditio n 
as a  limitin g cas e o f th e norma l complianc e contac t condition . I n carryin g ou t 
the variationa l analysi s w e systematically us e result s o n ellipti c an d evolutionar y 
variational inequalities , conve x analysis , nonlinea r equation s wit h monoton e 
operators an d fixed  point s o f operators . 

Two kind s o f approximatio n scheme s ar e introduce d an d analyzed . Whe n 
only th e spatia l variable s ar e discretized , w e obtai n semi-discret e schemes . I f 
both th e spatia l an d tempora l variable s ar e discretized , w e arrive a t full y discret e 
schemes. Fo r bo t h kind s o f scheme s w e prov e existenc e an d uniquenes s results . 
We sho w convergenc e o f the discret e solution s unde r th e basi c solutio n regularit y 
available fro m th e well-posednes s result s o f th e variationa l problems . W e als o 
present optima l orde r erro r estimate s unde r additiona l regularit y assumptio n o n 
the solution . 

To demonstrat e th e performanc e o f th e numerica l schemes , a  numbe r o f nu -
merical simulation s ar e discussed . Th e tes t problem s rang e fro m on e t o thre e 
dimensional geometries . Th e finite  elemen t metho d i s used t o discretiz e th e spa -
tial domai n an d finite  difference s ar e use d fo r th e tim e derivatives . W e describ e 
in th e boo k numerica l result s i n th e stud y o f som e mode l contac t problem s fo r 
elastic, viscoelasti c an d viscoplasti c materials . 

The boo k i s intende d t o b e self-containe d an d accessibl e t o a  larg e numbe r 
of readers . I t i s divide d int o fou r parts , a s describe d i n th e following . 

Part I  i s devote d t o th e basi c notion s an d result s whic h ar e fundamen -
tal t o th e developmen t late r i n thi s book . W e revie w her e th e backgroun d 
on functiona l analysis , functio n spaces , finite  differenc e approximation s an d fi-
nite elemen t method . The n w e appl y thes e result s i n th e stud y o f ellipti c an d 
evolutionary variationa l inequalities . Th e materia l presente d i n thi s par t i s self -
contained. I t doe s no t nee d an y knowledg e i n Contac t Mechanic s an d coul d b e 
aimed a t graduat e student s an d researcher s intereste d i n a  genera l t reatmen t o f 
variational problem s an d thei r numerica l approximations . 

Part II  present s preliminar y materia l i n Contac t Mechanics . W e summariz e 
here basi c notion s an d genera l principle s o f Mechanic s o f Continua . The n w e 
introduce contac t boundar y condition s wit h o r withou t frictio n a s wel l a s consti -
tutive law s whic h ar e use d i n th e res t o f th e book . W e als o presen t preliminar y 
results o n variationa l an d numerica l analysi s i n contac t problem s an d w e appl y 
these result s i n th e stud y o f model s involvin g elasti c bodies . Th e materia l i n 
Par t I I i s aime d a t thos e reader s wh o ar e intereste d i n th e mechanica l back -
ground o f contac t problem s an d mathematica l theor y o f som e contac t problem s 
in elasticity . 

Parts III  and  IV  represen t th e mai n par t s o f th e book . The y dea l wit h 
the stud y o f quasistati c problem s fo r Kelvin-Voig t viscoelasti c material s an d 
rate-type viscoplasti c materials , respectively . Thes e par t s ar e wri t te n base d o n 
our origina l research . W e conside r her e a  numbe r o f problem s wit h variou s 
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contact an d frictiona l o r frictionles s boundar y conditions , fo r whic h w e provid e 
variational analysi s an d numerica l approximations . Fo r som e o f th e contac t 
problems, w e include result s o f numerica l simulation s t o sho w th e performanc e 
of th e numerica l schemes . Thes e tw o part s o f th e boo k woul d interes t mainl y 
researchers fo r a n in-dept h knowledg e of the mathematica l theor y o f quasistati c 
contact problems . 

' Th e lis t o f the reference s a t th e en d o f the boo k i s by n o mean s exhaustive . 
It onl y include s paper s o r book s tha t wer e use d fo r o r ar e directl y connecte d 
with th e subject s treate d i n thi s book . Eac h par t i s conclude d wit h a  sectio n 
entitled Bibliographical  Notes  tha t discusse s reference s o n th e principa l result s 
treated, a s well as information o n importan t topic s relate d to , bu t no t include d 
in, th e bod y o f the text . 

Each o f the fou r part s o f the boo k i s divide d int o severa l chapters . Al l th e 
chapters ar e numbere d consecutively . Mathematica l relation s (equalitie s o r in -
equalities) ar e numbered b y chapter an d thei r orde r of occurrence. Fo r example , 
(5.3) i s th e thir d numbere d mathematica l relatio n i n Chapte r 5 . Definitions , 
examples, problems , theorems , lemmas , corollaries , proposition s an d remark s 
are numbere d consecutivel y withi n eac h chapter . Fo r example , i n Chapte r 10 , 
Problem 10. 1 is followed b y Theore m 10.2 . 

The presen t boo k i s the resul t o f three years o f cooperation betwee n th e tw o 
authors. I n writin g i t w e hav e draw n o n th e result s o f ou r join t collaboratio n 
with numerou s colleague s an d friend s t o who m w e addres s ou r thanks . W e 
express ou r gratitud e t o Professo r Mei r Shillo r fo r ou r beneficia l cooperatio n 
as wel l a s fo r th e interestin g discussion s o n th e model s treate d i n th e book . 
We particularl y than k Dr . J.R . Fernandez-Garcf a wh o provide d th e numerica l 
simulations include d i n Part s II I an d I V o f the book . W e extend ou r thank s t o 
Dr. M . Barboteu wh o realized th e numerica l result s i n Par t I I o f the book . W e 
especially than k Professo r Shing-Tun g Ya u fo r hi s suppor t an d encouragemen t 
of our work . 

The wor k o f W.H . wa s supporte d b y NSF/DARP A unde r Gran t DMS -
9874015, Jame s Va n Alle n Natura l Scienc e Fellowship , Facult y Developmen t 
Award a t th e Universit y o f Iowa, an d K.C . Won g Educatio n Foundation . Par t 
of th e boo k manuscrip t wa s prepare d whe n W.H . wa s visitin g th e Stat e Ke y 
Laboratory o f Scientifi c an d Engineerin g Computing , Chines e Academ y o f Sci -
ences, durin g th e summe r o f 200 0 throug h th e suppor t o f th e K.C . Won g Ed -
ucation Foundation . H e particularl y thank s Professo r Lie-hen g Wan g fo r th e 
warm hospitality . 
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List o f Symbol s 

Sets 

N: th e se t o f positive integer s 

Z+: th e se t o f non-negative integer s 

R: th e rea l lin e 

R =  R  U {±oc}: extende d rea l lin e 

R+ : th e se t o f non-negative number s 

Rd: th e d-dimensiona l Euclidea n spac e 

§d: th e spac e o f second orde r symmetri c tensor s o n R d 

Q+: th e se t o f orthogonal matrice s o f orde r d  with determinan t 1 

Sd' th e uni t spher e i n R d 

ft: a n open , bounded , connecte d se t i n R d wit h a  Lipschit z boundar y F 

T: th e boundary o f the domain f2 , that i s decomposed a s T = T i u r2 U ^ 
with Ti , T 2 and T 3 relatively ope n wit h respec t t o T 

Fi: th e par t o f the boundar y wher e displacemen t conditio n i s specified; 
meas (Ti) >  0  is assumed throughou t th e boo k 

T2: th e par t o f the boundar y wher e tractio n conditio n i s specifie d 

T3: th e par t o f the boundar y fo r contac t 

/ =  [0,T] : tim e interva l o f interes t 

/ =  (0,T ) 

xv 
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Hr =  Hi{T) d (pag e 143 ) 
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H =  {v  =  (v u . . . ,v d)
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space o r it s subse t wit h nor m | | • ||x 

Cm(7;X) =  {ve  C(7;X ) :  v&  G  C(7;X), j  =  1 , . . . ,m } (pag e 37 ) 

LP(I;X) =  {v  :  I  -^  X  measurabl e :  | |V||LP(J ;X) <  o o } (pag e 38 ) 

Wk*(I;X) =  {ve  L"(0,T;X ) :  \\v^\\ LP{I.x) <  oc Vj <  k}  (pag e 39 ) 

Hk(I-X) =  W f c '2(/;X) (pag e 40 ) 

Other symbol s 

d: a  positive intege r takin g th e value s 1,2, 3 i n application s 

c: a  generi c positiv e constan t 

r+ =  max{0,r} : positiv e par t o f r 

v. uni t outwar d norma l o n th e boundar y o f Q 

(•, •): th e dualit y pairin g betwee n H*(T)  an d H~*  (V)  (pag e 36 ) 

(•, -)r- th e dualit y pairin g betwee n H?  an d H^  (pag e 144 ) 

V: fo r an y 

3: ther e exist(s ) 

A: closur e o f the se t A 
o 

int A o r A:  interio r o f the se t A 

dA: boundar y o f the se t A 

diji th e Kronecke r delt a 

s.t.: suc h tha t 

a.e.: almos t everywher e 

iff: i f and onl y i f 

O(h): fo r som e constan t c  > 0  independent o f h  suc h tha t |0(/i) | <  ch 

Awn =  wn —  wn-\\ backwar d differenc e 

&nWn =  Aw n/kn: backwar d divide d differenc e 
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