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Preface 

In on e guise or another , man y mathematician s ar e familia r wit h certai n 
arithmetic groups , such a s Z an d SL(n , Z). Bu t thei r relatives , fo r example , 

S'-arithmetic group s suc h a s SLfn , Z  — , . . . , — J , wher e p i , . . . ,pm ar e 

prime numbers , an d their analogue s ove r function field s such as SL(n, Fp[t]), 
where ¥ p i s a  finite field  an d t  i s a  variable , ma y no t b e s o well-known . 
The purpos e o f thi s expositor y boo k i s t o explai n throug h som e brie f an d 
informal comment s what thes e groups are , why they ar e important t o study , 
Q n r l VirYU7 - +V1OA7 - ncnrt K D n - n r l o - r G + n n r l c i n r l Q T \ T \ l i o r l + n T T I Q T I V n o l r l a  Giir»V » Q C  a r m l ^ -

sis, geometry , topology , numbe r theory , representatio n theor y an d algebrai c 
geometry. 

We tr y t o emphasiz e th e poin t o f vie w tha t i t i s th e grou p actio n o n 
good space s that make s the grou p interestin g an d understandable , an d tha t 
it i s also the grou p actio n whic h makes the space s invloved mor e interestin g 
and useful . I n fact , problem s naturall y aris e an d ar e solve d b y suc h pair s 
of groups an d spaces . Fo r example , thoug h symmetri c space s ar e importan t 
and interestin g i n themselves , thei r quotient s b y arithmeti c groups , whic h 
are locally symmetri c space s o f finite  area s an d sometime s calle d arithmeti c 
locally symmetric spaces , are much richer in structures an d have more appli -
cations. On e obviou s reaso n i s tha t symmetri c space s o f noncompac t typ e 
have trivia l topology , bu t cohomolog y group s o f locall y symmetri c space s 
are usuall y nontrivia l an d carr y a  lo t o f valuabl e informatio n bot h fo r th e 
arithmetic group s an d othe r relate d objects , i n particula r whe n th e locall y 
symmetric spaces can be interpreted a s moduli spaces in algebraic geometr y 
and numbe r theory . Thi s poin t o f vie w ca n b e see n clearl y i n compariso n 
between th e Poincar e uppe r hal f plan e E I and it s arithmeti c quotient s suc h 
as modula r curve s an d Shimur a curves . 

Though Riemannia n symmetri c space s and locall y symmetric space s ar e 
probably th e mos t natura l space s associate d wit h arithmeti c subgroup s o f 
Lie groups , w e als o tr y t o emphasiz e tha t i t i s natura l an d importan t t o 
consider othe r relate d space s suc h a s pseudo-Riemannia n symmetri c an d 
locally symmetric spaces, buildings (bot h spherica l and Euclidea n type) an d 
Teichmuller spaces , which can feed back to symmetric and locally symmetri c 
spaces, beside s thei r ow n interests . I n fact , fo r S'-arithmeti c group s suc h a s 

SL ( n, Z  M- , . . . , - M J , bot h symmetri c space s an d building s ar e neede d 

simultaneously i n orde r t o understan d them . 
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We als o discus s som e relate d group s suc h a s tre e lattices , buildin g lat -
tices, CAT(0)-groups, mapping class groups, and outer automorphism group s 
of free groups , and thei r relate d space s such a s Teichmuller space s and mod -
uli space s o f Rieman n surfaces , oute r spaces , b y emphasizin g thei r similar -
ities t o arithmeti c group s an d symmetri c spaces , an d als o t o S'-arithmeti c 
groups an d Bruhat-Tit s buildings . B y puttin g al l these relate d group s an d 
spaces together a t on e place, results from on e class can motivate and sugges t 
results fo r anothe r class . 

Hopefully th e reader will be convinced of and appreciate more the impor -
tance an d ubiquit y o f arithmeti c group s i n mathematics , an d consequently , 
learn some non-obvious connections between different subject s through them , 
by the snapshot s o n motivations , informa l description s o f basic object s an d 
applications, an d th e man y reference s include d i n thi s book , whic h migh t 
also serve a s a  partia l guid e to the hug e literature o n arithmeti c group s an d 
related topics . 
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ference title d Geometry,  analysis  and  topology  of discrete  groups  and  locally 
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of hyperboli c groups , G . Prasa d fo r som e reference s an d conversation s o n 
automorphism group s o f buildings , T . Januszkiewic z fo r conversation s o n 
CAT(0)-groups, L . Sape r fo r comment s an d reference s o n precis e reductio n 
theory an d cohomolog y groups , S.T . Ya u fo r comment s an d reference s o n 
rigidity o f Hermitian locall y symmetri c spaces , F . Lu o fo r comment s o n th e 
automorphism grou p o f the curv e comple x o f surfaces , A . Bloc h fo r helpfu l 
conversations an d references , J . Miln e an d S . Gelbar t fo r ver y helpfu l com -
ments, Pete r L i an d M . Olbric h fo r ver y helpfu l comment s an d references , 
S. Donkin , S . Friedber g an d P . Igod t fo r helpfu l references , A . Deitma r fo r 
carefully readin g a n earlie r versio n an d man y helpfu l comments , U . Bunk e 
and Shiha i Yan g fo r man y comment s o n th e first  preliminar y versio n cir -
culated a t th e conferenc e an d som e references , an d M . Goresk y fo r som e 
constructive suggestions . I  would als o lik e to than k A . Ranick i fo r suggest -
ing to turn thi s article into book form, whic h greatly encouraged m e to speed 
up th e writin g an d revisin g process . 

Especially, I  woul d lik e t o than k T . Kobayash i fo r man y helpfu l com -
ments an d suggestions , i n particular o n unitar y representation s an d discon -
tinuous group s fo r pseudo-Riemannia n cases , an d fo r hi s substantia l con -
tributions t o §4.8 , §11.9 , §15. 5 an d §15.6 , E . Leuzinge r fo r contributin g t o 
the subsection s §3.3.13 , §13.9 and §17.9 , L. Carbon e fo r contributin g t o th e 
subsections §5.10 , §12.14 , §18. 1 and §18.2 , an d S . Zelditc h fo r contributin g 
to th e subsectio n §12.6 . 

I woul d als o lik e t o than k th e Morningsid e Cente r o f Mathematic s i n 
Beijing, i n particula r L o Yang an d Xiaonin g Li , fo r makin g th e conferenc e 
mentioned abov e ru n smoothly , an d than k th e speaker s o f th e conferenc e 
for thei r interest s an d hel p i n variou s ways . Otherwis e thi s projec t woul d 
certainly no t b e finished  sinc e i t i s really beyon d m y abilit y an d knowledg e 
to giv e a  comprehensive surve y an d guid e o n the vas t an d broa d subject s o f 
arithmetic group s an d relate d topics , an d th e huge , stil l rapidly expanding , 
literature o n them . 

This lon g an d non-standar d articl e (o r rather , shor t an d unusua l book ) 
is closel y relate d t o th e join t boo k wit h A . Bore l [BoreJ] . Th e workin g 

contributions an d paper s ar e no t mentione d (o r no t discusse d adequately ) i n thi s littl e 
book du e t o th e lac k o f knowledge an d o f abilit y o f the autho r t o describ e them . 
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Here I  quot e severa l piece s o f simpl e an d profoun d advic e fro m S.T . Ya u t o hi s 
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(1) I f yo u nee d somethin g fro m a  ne w subjec t o r area , jus t lear n it ! 
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Gromov, 16 1 
hyperbolic group , 17 0 
linear proxima l map , 16 0 
locally compac t group , 16 0 
Patterson-Sullivan theory , 8 9 
rational boundar y component , 8 9 
symmetric space , 89 , 11 6 

boundary valu e 
eigenfunction, 16 0 
symmetric space , 11 6 

bounded generation , 7 6 
finite generation , 7 6 

Bruhat-Tits building , 8 3 
CAT(0)-space, 8 5 
compactification, 9 2 

building 
R-building, 16 3 
Bruhat-Tits, 81 , 83 
harmonic map , 6 4 
quasi-isometry rigidity , 10 1 
Tits, 8 1 

CAT(0) group , 8 4 
automatic group , 8 5 
definition, 8 5 
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example, 8 5 
rigidity, 16 7 

CAT(O) space , 8 4 
compactification, 85 , 92 
contractible, 8 5 
definition, 8 4 

Cayley graph , 76 , 16 9 
word metric , 7 6 

classifying spac e 
definition, 7 8 
finite, 7 8 

Clifford-Klein form , 14 3 
compact, 14 4 

cocompact subgroup , 5 8 
cocycle supe r rigidity , 10 6 

Popa, 11 0 
Zimmer, 10 9 

cohomological dimension , 78 , 128 
arithmetic subgroup , 80 , 91 
discrete subgrou p o f Lie group , 5 7 
mapping clas s group , 17 5 
outer automorphis m group , 18 0 
quasi-isometry, 15 8 
virtual, 78 , 128 , 158 

cohomology group , 12 7 
if-group, 13 6 
L2, 12 8 
LP, 12 8 
S'-arithmetic subgroup , 13 3 
arithmetic subgroup , 12 7 
automorphic form , 13 0 
boundary, 13 3 
continuous, 13 0 
intersection, 12 9 
weighted, 12 9 

combinatorial grou p theory , 7 7 
diffeomorphism subgroup , 6 8 

commensurability subgroup , 6 2 
compactification 

S-arithmetic group , 9 3 
arithmetic, 9 2 
Baily-Borel, 44 , 91 
blow-up, 1 9 
Borel-Serre, 9 1 
Bruhat-Tits building , 9 2 

CAT(0) space , 8 5 
complex manifold , 9 2 
extension o f map , 14 2 
fundamental group , 9 4 
general procedures , 1 8 
geometry, 9 4 
global t o loca l symmetri c 

space, 8 9 
Hausdorff, locall y symmetri c 

space, 5 0 
hyperbolic group , 17 0 
locally symmetri c space , 87 , 91 
locally symmetri c space , 

example, 1 8 
Martin, symmetri c space , 8 8 
maximal Satake-Furstenberg , 8 9 
maximal, Satake , 

Furstenberg, 16 0 
metric size , 16 2 
modular curve , 1 8 
moduli interpretatio n o f idea l 

point, 1 9 
moduli spac e o f curves , 17 7 
moduli space , 

Deligne-Mumford, 17 7 
outer space , 18 0 
reductive Borel-Serre , 9 1 
Satake, 9 3 
small actio n a t boundary , 17 0 
symmetric space , 8 7 
symmetric space , Baily-Borel , 4 4 
symmetric space , example , 8 8 
symmetric space , Tit s 

building, 17 6 
Teichmuller space , 17 6 
topology, 9 4 
toroidal, 9 2 
toroidal, Vorono i reduction , 5 1 
universal space , 16 1 

compactness criterio n 
Mahler, spac e o f lattice , 17 7 
Mumford, modul i space , 17 7 

congruence kernel , 4 0 
compactification, 9 3 
definition, 4 1 
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finite, 4 1 
fundamental group , 9 4 

congruence subgroup , 2 0 
congruence kernel , 4 0 
definition, 4 0 
principal, 20 , 40 
problem, 2 1 

conjecture 
Ahlfors, 14 8 
Auslander, 58 , 14 5 
Baum-Connes, 17 0 
Bers-Thurston density , 14 8 
Borel, 13 7 
Connes, 10 9 
Farrell-Jones, 13 7 
Prankel, 10 4 
Godement, 47 , 49 
Hodge, 14 2 
lamination, 14 8 
Leichtenbaum, 13 6 
Novikov, 13 7 
Phillips-Sarnak, 2 8 
Phillips-Sarnak, functio n 

field, 12 6 
Ramanujan, 27 , 12 4 
Rapoport-Goresky-

MacPherson, 12 9 
Selberg, 2 6 
Siegel, 51 , 94 
stable Borel , 13 7 
Thurston, 13 1 
Zucker, 12 9 

Connes conjecture , 10 9 
continuous spectrum , 2 5 

counting, 2 8 
counting function , 2 8 
Eisenstein series , 12 3 
generalized eigenfunction , 2 5 
resonance, 2 8 

converse theore m 
functorial principle , 12 4 

counting 
continuous spectrum , 2 8 
discrete spectrum , 2 8 
eigenvalue o f manifold , 2 5 

eigenvalues o f tower , 11 8 
finite subgroup , 5 5 
integral point , 9 , 14 5 
lattice poin t o n homogeneou s 

manifold, 14 5 
length o f closed orbits , 3 0 
length o f geodesies , 29 , 12 2 
sojourn tim e o f scatterin g 

geodesic, 3 0 
subgroup b y index , 5 4 
subgroup ove r functio n field,  5 5 
subgroup vs . volum e o f locall y 

symmetric space , 5 4 
volume o f hyperboli c manifold , 5 4 
volume o f locally symmetri c 

space, 52 , 54 
volume o f tori , 12 2 

crystallographic group , 42 , 57 
affine, 5 7 

curve complex , 17 6 
definition, 17 6 
outer space , 18 1 
Tits building , 17 6 

cuspidal Maas s form , 2 8 

deformation retraction , 1 9 
Dehn function , 16 2 

arithmetic subgroup , 16 3 
hyperbolic group , 16 2 

diffeomorphism subgroup , 10 6 
finitely generate d subgroup , 6 8 
Zimmer program , 10 6 

Dirichlet fundamenta l domain , 2 1 
Voronoi cell , 2 1 

discrete grou p 
boundary, 159 , 16 1 
boundedly generated , 7 6 
Dehn function , 16 2 
end, 15 2 
geometric finiteness,  2 1 
isoperimetric function , 16 2 
Lie group, limit , 15 7 
property o f rapid decay , 8 5 
universal space , 7 8 
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discrete spectrum , 25 , 26 
counting, 2 8 
embedded i n continuou s 

spectrum, 2 6 
Selberg trac e formula , 2 7 
unstable, rare , 2 8 

discrete subgrou p 
C*-algebraC*(r), 10 9 
S-arithmetic subgroup , 7 0 
arithmetic, 10 0 
arithmetic subgroup , 41 , 57 
arithmeticity, 62 , 63 
boundary, 15 9 
bounded generation , 7 6 
CAT(O) group , 16 7 
co-compact, 5 7 
cofinite, 5 7 
cohomological dimension , 5 7 
congruence subgroup , 4 0 
convex-compact, 15 5 
example, 7 
finite generation , 22 , 75 
finite presentation , 7 7 
finiteness property , 7 7 
general references , 5 
geometrically finite,  14 7 
growth rate , 15 1 
Haagerup property , 15 2 
Kac-Moody group , 6 5 
large scal e geometry , 15 1 
lattice, 6 1 
limit set , 8 9 
linear, 6 4 
nilpotent, 5 8 
non cofinite , 14 7 
non-arithmetic, 6 3 
non-cofinite, 14 7 
property (T) , 15 1 
quasi-isometry rigidity , 10 0 
solvable, 6 0 
universal space , 5 7 
von Neuman n algebra , 10 9 
word metric , 15 1 

duality grou p 
S'-arithmetic subgroup , 9 2 

arithmetic subgroup , 80 , 91 , 155 
mapping clas s group , 17 5 
non-Poincare, arithmeti c 

subgroup, 9 1 
non-Poincare, mappin g clas s 

group, 17 5 
non-Poincare, oute r 

automorphism group , 18 0 
outer automorphis m group , 18 0 
Poincare dualit y group , 1 
Tits building , 1 

Eisenstein series , 12 3 
L-function, 12 4 
constant term , 12 4 
example, 2 6 
loop group , 6 7 
meromorphic continuation , 12 3 

elliptic curve , 1 6 
end,153 

space, 15 2 
arithmetic subgroup , 15 3 
group, 15 2 
group, 0 , 1 , 2 , oo , 15 3 
group, finitely  generated , 15 3 
group, propert y (T) , 15 4 
large, 15 6 
locally symmetri c space , 155 , 15 7 
manifold, 15 6 
non-parabolic, 15 6 
number, definition , 15 3 
parabolic, 15 6 
Riemannian manifold , 15 5 
size, 15 6 
small, 15 6 
space, unbounde d 

component, 15 3 
entropy rigidity , 10 2 
Erlangen program , 5 , 16 5 
Euler characteristic , 13 1 
expander graph , 15 2 

S'-arithmetic subgroup, 7 0 
property (T) , 15 2 
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fake projectiv e plane , 64 , 103 , 167 
S-arithmetic subgroup , 8 4 
building lattice , 16 7 

Farey tessellation , 17 , 20 , 18 0 
Farrell-Jones conjecture , 112 , 13 7 

algebraic If-group , 13 7 
hyperbolic group , 15 7 

finite generation , 22 , 75 
bounded generation , 7 6 
example, 1 7 
non-example, Q , 7 5 

finite presentation , 7 7 
example, 1 7 

finiteness property , 7 7 
S-arithmetic subgroup , 7 5 
arithmetic subgroup , 7 5 
mapping clas s group , 17 7 
outer space , 18 0 

flag variety, 14 1 
flat subspac e 

locally symmetri c space , 5 2 
symmetric space , 8 1 

Fuchsian group , 2 3 
arithmetic, 2 3 
characterization, 2 3 
convex-cocompact, 2 3 
first kind , 23 , 90 
geodesic flow, 29 
limit set , 9 0 
second kind , 23 , 90 

function field,  7 3 
S-arithmetic subgroup , 7 4 
completion, 7 3 

functorial principle , 12 4 
fundamental domain , 17 , 48 

definition, 4 8 
definition, specia l case , 1 6 
Dirichlet, 2 1 
exact, 9 6 
example, 1 5 
finite covering , 1 6 
finite generatio n o f discret e 

subgroup, 2 2 
fundamental set , 1 7 
Minkowski, 5 0 

modular group , 1 5 
precise reduction , 5 0 
Siegel set , 4 9 
vs. fundamenta l set , 4 8 

fundamental set , 1 7 
definition, 4 9 
fundamental domain , 17 , 22 
S-arithmetic subgroup , 8 6 
Siegel set , 4 8 
vs. fundamenta l domain , 4 8 

Furstenberg boundary , 113 , 160 
definition, 8 9 
maximal, 16 0 

Gauss circl e problem , 9 
Gauss-Bonnet formula , 13 1 

arithmetic subroup , 13 1 
locally symmetri c space , 13 1 

geodesic 
closed, 3 2 
distribution, 3 0 
length, systole , 3 0 
prime, 3 2 

geodesic compactification , 8 9 
CAT(0) space , 9 2 

geodesic flow, 20 
Cartan flow,  11 3 
hyperbolic surface , 2 9 
modular curve , 1 9 
periodic orbi t o f flow, 30 

geometric cycl e 
automorphic form , 13 1 

geometric finiteness,  21 , 147 
Dirichlet fundamenta l domain , 2 1 

geometric grou p theory , 15 1 
geometrically finite  discret e 

group, 14 7 
geometry o f number , 1 0 
global field,  7 3 
global rigidity , 9 9 
Gromov boundary , 16 1 

hyperbolic group , 17 0 

Hadamard manifold , 4 3 
Hecke correspondence , 13 1 
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Hecke trace formula , 13 1 
Hermitian locall y symmetri c 

space, 10 3 
Hermitian symmetri c space , 4 4 
Hilbert modula r group , 39 , 13 1 
Hodge decomposition , 14 1 
Hodge structure , 14 1 

variation, 14 1 
homogeneous bundle , 11 5 
homogeneous flow,  14 5 
homogeneous manifold , 13 9 

aspherical manifold , 11 1 
non-Riemannian manifold , 14 2 
special Riemannia n 

manifold, 13 9 
homogeneous spac e 

non-symmetric, 14 0 
symmetric space , 4 3 

horospherical decomposition , 4 8 
hyperbolic functio n 

Dehn function , 16 2 
hyperbolic group , 16 9 

asymptotic dimension , 15 7 
Baum-Connes conjecture , 17 0 
boundary, 161 , 170 
compactification, 17 0 
Farrell-Jones conjecture , 157 , 17 0 
generic, 16 9 
generic vs . specia l arithmeti c 

subgroup, 16 9 
Gromov boundary , 17 0 
integral Noviko v conjecture , 17 0 
outer automorphis m group , 18 2 
Patterson-Sullivan measure , 9 0 
Rips complex , 17 0 
tangent con e a t infinity , 15 8 
universal space , 17 0 

hyperbolic manifold , 14 7 
compact, automorphis m 

group, 5 3 
counting volume , 5 4 
dimension 3 , 148 
tame, 14 8 

hyperbolic spac e 
complex, 14 9 

R-tree a s limit , 16 3 
real, 14 9 

infinitesimal rigidity , 9 8 
intersection cohomology , 12 9 
isoperimetric function , 162 , 16 3 

arithmetic subgroup , 16 2 
isoperimetric inequality , 16 2 
isoperimetric profile , 16 2 

K-group 
algebraic, definition , 13 5 
application i n topology , 13 7 
cohomology o f arithmeti c 

subgroup, 13 6 
Farrell-Jones conjecture , 13 7 
finite generation , 13 5 
group ring , 135 , 137 
ring o f integer , 13 5 
torsion, 13 6 
torsion, cohomolog y o f arithmeti c 

group, 13 6 
Kac-Moody algebra , 6 5 

Hilbert modula r group , 4 0 
Kac-Moody group , 6 5 

discrete subgroup , 6 5 
Kleinian group , 14 7 

arithmetic, 14 8 
dimension 3 , 14 8 
limit set , 8 9 

Kuznetsov formula , 28 , 12 1 
Kloosterman sum , 12 1 
Poisson relation , 2 8 

L-function, 34 , 12 4 
adele, 3 5 
automorphic representation , 12 2 
constant ter m o f Eistenstei n 

series, 12 4 
converse theorem , 3 5 
definition, 3 5 
Euler product , 3 5 
meromorphic continuation , 3 5 
Poisson formula , 3 5 

L2-Betti number , 15 9 
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L2-invariant, 15 8 
discrete serie s representation , 

Langlands decomposition , 4 8 
Langlands program , 12 4 

converse theorem , 12 4 
functorial principle , 12 4 
Hasse-Weil zet a function , 13 1 
non-abelian reciprocity , 12 4 
Shimura variety , 13 1 
trace formula , 12 4 

large scal e geometr y 
discrete subgroup , 15 1 

lattice 
Rn, 9 , 1 0 
action dimension , obstructo r 

dimension, 15 8 
another definition , 1 0 
arithmetic, 10 0 
arithmetic subgroup , 50 , 61 
arithmeticity, 6 2 
building, 16 7 
co-compact, 5 7 
co-finite, 5 7 
crystallographic group , 4 2 
definition, 1 0 
diffeomorphism group , 6 7 
dual, 1 2 
in algebrai c geometry , 1 1 
integrality, 6 4 
irreducible, 3 9 
Lie group , 5 7 
moduli space , 1 7 
nilpotent, 5 8 
non-arithmetic, 6 3 
number field,  1 1 
quasi-isometry rigidity , 10 0 
ring o f integers , 1 1 
root, 1 2 
semisimple Li e group, 6 1 
solvable, 6 0 
tree, 16 5 
uniform, 5 7 
unimodular, 1 8 
units o f number fields,  1 1 

word metri c vs . induce d 
metric, 10 1 

length spectrum , 8 
rigidity, 30 , 99 
rigidity, marked , 9 9 

Lie grou p 
diffeomorphism group , 6 7 
infinite dimensional , 67 , 10 6 
loop group , 67 , 10 6 
mechanics, 6 7 

limit se t 
Fuchsian group , 9 0 
Hausdorff dimension , 8 9 
Kleinian group , 8 9 

linear grou p 
Tits alternative , 6 4 
Zariski dense , 6 4 

local rigidity , 9 8 
locally symmetri c space , 3 7 

L2-invariant, 15 9 
Q-rank, 5 1 
Q-rank 1 , 14 , 40, 95 
arithmetic, 1 
arithmetic subgroup , 4 6 
aspherical manifold , 11 1 
asymptotic geometry , 16 1 
automorphism group , 5 3 
ball quotient , 10 3 
bottom o f spectrum, 15 6 
compactification, 18 , 87, 91 
compactification fro m globa l 

symmetric space , 8 9 
compactness criterion , 47 , 49 
counting o f volume, 5 4 
definition, 4 5 
deformation retraction , 1 9 
dynamics, 11 3 
Einstein manifold , 9 8 
end,155,157 
entropy rigidity , 10 2 
Euler characteristic , 13 1 
flow, 113 
global rigidity , 9 9 
hermitian, 10 3 
infinitesimal rigidity , 9 8 
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local rigidity , 9 8 
metric property , 5 1 
minimal volume , 5 3 
moduli space , 8 7 
moduli spac e i n algebrai c 

geometry, 9 2 
moduli spac e o f elliptic curves , 2 0 
noncompact, 8 7 
pseudo-Riemannian, 10 5 
rank rigidity , 10 2 
rigidity, 9 7 
rigidity, harmoni c map , 10 5 
simplicial volume , 10 2 
special Riemannia n manifold , 9 8 
symmetry, correspondence , 6 2 
tangent con e a t infinity , 15 8 
tangent spac e a t infinity , 16 2 
Tits building , 16 2 
tower o f coverings , 11 8 
truncation, 9 4 
volume, 5 2 
volume formula , 1 7 
volume proportionality , 5 2 

loop group , 67 , 106 

Maass for m 
automorphic representation , 3 4 
cuspidal, definition , 3 3 
cuspidal, embedde d eigenvalue , 3 4 
cuspidal, existence , 3 6 
definition, 3 3 
modular form , 3 3 

mapping clas s group , 17 3 
arithmetic subgroup , 17 5 
classification int o types , 17 4 
cohomological dimension , 17 5 
curve complex , 17 6 
definition, 17 3 
duality property , 17 5 
extended, 17 3 
finiteness property , 80 , 17 7 
general manifold , 17 4 
non-Poincare duality , 17 5 
Novikov conjecture , 7 9 
Novikov, algebrai c if-theory , 17 7 

Poisson boundary , 175 , 177 
universal space , cofinite , 176 , 17 7 

Margulis lemm a 
thick-thin decomposition , 58 , 60 
via action , 6 0 

maximal arithmeti c subgroup , 5 3 
Mellin transform , 9 
metric rigidity , 10 5 
Milnor conjectur e 

counter example , 14 5 
Milnor question , 5 8 
Minkowski reductio n theory , 5 0 
modular form , 3 3 

applications, 3 6 
automorphic representation , 3 4 
cuspidal, definition , 3 3 
function field , 3 4 
Maass form , 3 3 

modular group , 1 5 
modular symbol , 30 , 13 1 

representation, 3 1 
modularity property , 3 6 
moduli spac e 

abelian variety , 9 2 
algebraic curve , 17 5 
complex structure , 17 5 
curve, 17 5 
flat metric , 1 9 
hyperbolic metric , 17 5 
lattice, 17 , 18 
mapping clas s group , 17 5 
marked fla t metric , 1 8 
metrics, 17 8 
Riemann surface , 17 5 
topology, 17 5 
volume, 17 8 

Mostow stron g rigidit y 
Borel conjecture , 11 1 
Connes conjecture , 10 9 
Furstenberg boundary , 8 9 
generalizations, 9 9 
outer automorphis m group , 18 1 
von Neuman n algebra , 11 0 
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nilmanifold, 5 9 
Borel-Serre compactification , 5 9 
collapsing, 5 9 

Novikov conjecture , 112 , 13 7 
5-arithmetic subgroup , 8 4 
diffeomorphism group , 6 8 
homotopy invarianc e o f highe r 

signature, 13 8 
integral, stabl e Bore l 

conjecture, 13 7 
number field , 6 9 

5-integer, 6 9 
completion, 6 9 
ring o f integer , 13 5 

orbifold 
example, 17 5 
minimal volume , locall y 

symmetric, 5 3 
outer automorphis m group , 17 3 

arithmetic group , 18 1 
cohomological dimension , 18 0 
definition, 17 9 
finiteness property , 8 0 
free group , 17 9 
lattice i n semisimpl e group , 18 1 
Mostow stron g rigidity , 18 1 
nilpotent group , 18 1 
non-free group , 18 1 
universal space , cofinite , 18 0 

outer space , 179 , 18 0 
Borel-Serre typ e 

compactification, 18 0 
compactification, 18 0 
curve complex , 18 1 
reduced, 18 0 
truncation, 18 1 

Patterson-Sullivan measure , 8 9 
Patterson-Sullivan theor y 

boundary, 8 9 
hyperbolic group , 9 0 

period domain , 139 , 14 1 
flag, 14 1 

period map , 14 1 
extension, 16 2 
Hodge conjecture , 14 2 
monodromy, 14 1 
Torelli theorem , 14 1 

Poincare disc , 8 8 
Poincare metric , 8 8 

Poincare metri c 
Poincare disc , 8 8 
upper hal f plane , 1 5 

Poincare uppe r hal f plane , 1 5 
Poisson boundar y 

mapping clas s group , 175 , 17 7 
Poisson formula , 8 

L-function, 3 5 
Mn, 1 2 
adelic formulation , 1 3 
isospectral manifold , 1 4 
Poisson relation , 3 3 
Selberg trac e formula , 2 7 
Selberg zet a function , 3 2 
truncated, 1 3 
Voronoi formula , 1 3 

Poisson relation , 14 , 33 
generalized, 3 3 
noncompact locall y symmetri c 

space, 1 4 
spectral geometry , 1 4 

Poisson summatio n formula , 8 , 
12, 3 3 

truncated, 1 3 
polycyclic grou p 

definition, 6 1 
solvable group , 6 1 
strongly, 6 1 

precise reductio n theory , 7 9 
definition, 5 0 

prime numbe r theorem , 2 9 
arithmetic progression , 2 9 
generalized, 2 9 
generalized, lengt h o f close d 

orbits, 3 0 
generalized, lengt h o f geodesic , 2 9 

property (T) , 15 1 
end o f group, 15 4 
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end o f groups, 15 4 
expander graph , 15 2 
Haagerup property , 15 2 
hyperbolic group , 

automorphism, 18 2 
Kazhdan constant , 15 2 
relative, 15 2 
Selberg ^-conjecture , 15 2 
von Neuman n algebra , 15 2 

property o f rapid decay , 8 5 

quadratic for m 
equivalence class , 1 6 
reduced, 1 6 

quantum chaos , 11 9 
arithemtic QU E conjecture , 12 0 
arithmetic, 12 0 
QUE conjecture , 12 0 

quasi-isometry 
definition, 76 , 10 1 
example, 10 1 
splitting, 15 4 
virtual cohomolog y 

dimension, 15 8 
word metric , 76 , 15 1 

quasi-isometry rigidit y 
Euclidean building , 10 1 
lattice, 10 0 
symmetric space , 10 1 

R-building 
symmetric space , 16 3 

R-tree 
R-building, 16 3 
hyperbolic space , 16 3 

rank 
Q rank , 5 2 
Q ran k o f locally symmetri c 

space, 5 2 
algebraic group , 5 2 
Jacobi field,  10 2 
locally symmetri c space , 5 1 
symmetric space , 5 1 

rank rigidity , 10 2 
reduction theory , 12 , 16 

S'-arithmetic subgroup, 8 5 
arithmetic subgroup , 4 9 
automorphic form , 11 6 
cofinite universa l space , 7 9 
compactness criterion , 4 7 
end structure , 15 5 
finite generatio n o f if-group , 13 6 
lattice, 6 3 
lattice, ran k 1 , 63 
loop group , 6 7 
Minkowski, 5 0 
non-Riemannian locall y 

symmetric space , 14 4 
origin o f name, 1 6 
precise, 5 0 
quadratic form , 1 6 
Siegel finiteness,  2 2 
stability, 13 6 
torsion o f if-group , 13 6 
Voronoi, 5 0 

reflection group , 6 5 
regular representation , 11 5 

irreducible decomposition , 3 4 
spectral decomposition , 3 4 

relative propert y (T) , 15 2 
resonance, 2 8 
Riemann zet a functio n 

L-function, 3 5 
Euler product , 3 2 
functional equation , 9 

rigidity 
action o n non-Riemannia n 

manifold, 10 9 
arithmetic subgroup , 9 7 
building lattice , 16 8 
CAT(0) group , 16 7 
cocycle, 109 , 11 1 
compact Hermitia n symmetri c 

space, 10 5 
complex manifold , 10 4 
deformation, 10 8 
entropy, 10 2 
Furstenberg boundary , 16 0 
generalization, 10 6 
global, 9 9 
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global, action , 10 8 
harmonic map , 104 , 105 , 112 
Hermitian symmetri c space , 10 3 
infinitesimal, 9 8 
lattice o n tree product , 16 7 
lattice, vo n Neuman n algebra , 9 8 
length spectrum , 3 0 
length spectrum , marked , 3 0 
local, 9 8 
local, action , 10 8 
locally symmetri c space , 9 7 
locally symmetri c space , botto m 

of spectrum, 15 6 
Margulis, 10 0 
marked length , 9 9 
method o f proof , 11 2 
metric, 10 5 
Mostow, 9 7 
Mostow, Furstenber g 

boundary, 8 9 
nonlinear action , 10 6 
orbit equivalence , 10 8 
orbit equivalence , lattice , 10 8 
orbit equivalence , strong , 10 9 
pseudo-Riemannian locall y 

symmetric space , 10 5 
rank, 10 2 
strong, 9 7 
super, 9 9 
von Neuman n algebra , 11 0 
Zimmer program , 10 7 

Rips complex , 161 , 170 
contractible, 17 0 

>S-arithmetic subgrou p 
building, 8 3 
cohomolgy group , 13 3 
cohomological dimension , 

finite, 8 4 
compactification, 9 3 
definition, 7 0 
discrete subgrou p o f Lie group, 7 0 
expander graph , 7 0 
fake projectiv e plane , 8 4 
finiteness property , 7 5 

function field,  73 , 74 
Novikov conjecture , 8 4 
reduction theory , 85 , 86 
universal space , 7 8 
volume formula , 5 3 

Satake compactification , 9 3 
maximal, 16 0 

Satake topology , 8 9 
scattering geodesic , 14 , 32 

sojourn time , 14 , 32 
Selberg lemma , 46 , 54 
Selberg trac e formula , 27 , 32 

Arthur-Selberg, 12 0 
Selberg zet a function , 32 , 12 1 

definition, 3 2 
dynamic, 3 2 
function field,  3 2 
higher rank , 32 , 12 2 

Shimura curve , 2 3 
Shimura variety , 6 , 92 , 124 , 13 1 

characterization b y characteristi c 
numbers, 10 3 

definition, 10 4 
Galois conjugate , 10 5 
Langlands program , 12 4 

Siegel conjecture , 51 , 94, 16 1 
Siegel set , 4 8 

comparision o f metrics , 16 1 
definition, 4 8 
example, 22 , 48 
fundamental set , 48 , 49 

simplicial volume , 10 2 
solvable group , 5 8 

polycyclic group , 6 1 
rigidity, 6 1 
virtual, 5 8 

solvmanifold, 6 0 
space form , 4 3 

Calabi-Markus phenomenon , 14 3 
Clifford-Klein, 14 3 
constant sectiona l curvature , 14 3 
definition, 46 , 14 4 
non-Riemannian, 14 4 
Riemannian, 4 6 

spectral decompositio n 
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general, 11 7 
geometricall finite  space , 14 9 
regular representation , 34 , 11 5 
surface, 2 5 

spectral degeneration , 2 9 
spectral geometry , 1 4 

hear shap e o f a  drum , 2 5 
isospectral manifold , 14 , 25 
Poisson relation , 14 , 33 
spectral moduli , 3 0 

spectral measure , 1 4 
spectral theor y 

non-Riemannian locall y 
symmetric space , 14 4 

sphere packing , 1 1 
density, 1 2 
maximal density , 1 8 

spherical Tit s buildin g 
Borel-Serre boundary , 9 1 

spine, 1 9 
outer space , 18 0 
symmetric space , 9 6 
upper hal f plane , 1 9 

stable Bore l conjecture , 13 7 
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