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FOREWORD 

What follow s ar e notes  covering lectures given a t a  Regional Conferenc e a t Fayette -
ville, Arkansas in Jun e 1971 , sponsored b y CBMS and th e NSF . M y aim in thes e lecture s 
was to introduc e som e o f th e mor e recen t development s o n functio n algebras , presuming n o 
detailed knowledg e o n th e listener' s part . O f cours e the n i t wa s necessary t o develo p som e 
of th e foundations , an d som e olde r result s ar e interspersed amon g th e newe r ones . Som e 
areas are als o slighted considerably : fo r example , we shal l have nothin g t o sa y abou t analyt -
ic structure i n th e spectrum ; and becaus e o f th e technica l aspect , we wil l really cove r onl y 
one resul t i n rationa l approximatio n i n th e plan e (a n are a where considerabl e recen t progres s 
has been mad e vi a a  combination o f th e classica l an d abstrac t techniques) , and wil l wholl y 
ignore highe r dimensions . 

Here, briefly, i s what w e attempt t o cover : (1 ) some basi c notions , results and 
examples o f unifor m algebras , (2) interpolation , (3 ) orthogona l measures , (4) rationa l 
approximation, an d (5 ) recen t characterization s o f C(X). 

I am greatly indebte d t o variou s friend s fo r kindl y providin g preprint s an d th e lates t 
and simples t version s o f proofs , particularly A . Bernard, B . Cole, A. M. Davie, T. W. Gamelin, 
J. Garnett , S . J. Sidney , an d N . T. Varopoulos. Finally , thanks ar e du e th e Departmen t o f 
Mathematics o f th e Universit y o f Arkansas , and especiall y Professo r Alla n Cochran , withou t 
whose untiring effort s th e conferenc e coul d no t hav e take n place . 
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RECENT RESULTS ON FUNCTION ALGEBRAS 31 

choose a  high power o f th e peakin g functio n a s a  g  E  A  R wit h \\gg\\  < 1  + e,  g =  1  o n 

K. Fo r a n approximatin g g 0 i n A R wit h g 0(x2) =  1  = g(x2) w e wil l als o have Wg^W  < 

1 + e , an d s o fo r h  = g^ e  A,  h(x x)= 0,h(x 2) =  1, ||fc||< 1  4- e. 

Now with e  > 0  sufficientl y smal l we ca n fin d a  polynomial p  whic h maps th e dis c 
(1 +  e)D  int o |R e z\  <  1  an d has p(0 ) = 0 , p(l) =  (2A: + l)f . (W e can choos e a  conforma l 
map 0  o f D°  ont o |R e z\  <  1  whic h i s 0 a t 0 , imaginary o n R  n  D,  an d ha s 
Im 0(z) —• + < » fo r z  —• 1  s o that fo r e  smal l z  —> 0(z/( l 4 - 2e)) ha s a  large imaginar y 
value a t z  = 1 , approximat e thi s o n ( 1 +  e)D  b y a  polynomial stil l 0  a t 0  an d imaginar y 
on R  n  Z) , an d tak e p  a s a  real multiple.)  Thu s f-p^hEA  wil l yield ou r assertion . 

Now i f A R doe s not separat e X  w e have suc h a  K,  x v x 2 an d /  B y (5.1 ) fo r 

u =  Re / w e have a  v  E (^(Z ) wit h u  +  iv E A, N(u  +  iv)  < fc,  s o || w +  iu| | <  k,  an d 

a=(lli)(f-(u +  iv))eAR whil e 

If lCx^^luCjc^KHulKHii +  i u l K * 

and 

k(jc2)| >  2if c + 1  - |u(jc 2) |>fc+ 1 

so that a(x x) i=  a(x2) despit e th e fac t tha t x v x 2 E  K. Ou r proo f o f 5. 2 i s complete . 

The proof  o f th e Hoffman-Werme r Theore m 5. 1 i s now immediate : Sinc e A R i s 

dense i n C R(X) b y Stone-Weierstrass , an d close d sinc e A R =  A O  CR(X) an d A  is , 

AR =  CR(X). Bu t o f cours e tha t say s A  D  AR +  iAR =  C(X). 

As a corollary t o th e Hoffman-Werme r theore m Bernar d obtaine d a  far reachin g gen-

eralization. 

THEOREM 5.3 . Suppose  l G i , a  Banach subalgebra of  C(X)  which  separates  X. 

Then R e A is  uniformly closed  only if  A  =  C(X). 

This extend s (an d n o doub t wa s suggested by ) a n earlie r resul t o f Sidne y an d Stou t 
[S—S], that fo r a  separating unifor m algebr a A,  R e A \F  i s closed i n C(F)  onl y i f A\F  = 

C(F) (tak e A  \F  a s the Banac h subalgebr a o f C(F),  norme d o f cours e a s the isomorphi c 
quotient algebr a A/kF).  Th e fundamenta l ste p i n 5. 3 i s the remarkabl y simpl e an d powerfu l 

LEMMA 5. 4 (BERNARD' S LEMMA) . Suppose  E  C  F, each  normed spaces,  with the 

injection continuous.  Let  E  =  l^iN, E)  (the  bounded  functions from  N=  {1,2,  •••}  to 

E, normed  as  usual), F =  /^(/V, F).  Then  E  C  F, and  if  E  is  a Banach space, E  dense 

in F  implies  E  =  F. 

That E  C  F i s trivial sinc e E  —> F i s continuous. Fro m the fina l portio n o f th e 

usual proo f o f th e ope n mappin g theore m on e ca n observ e tha t t o se e E  -  F  i t suffice s t o 

see tha t fo r som e n,  nB E, th e n-bal l i n E,  i s %-dens e i n B F (i . e. , fo r y  EB F ther e 

is an x  E  nB E wit h \\x  ~ y\\F <  V2).  And i f tha t fails , fo r eac h n  w e have a  y n i n B F 

with \\y n -  nB E\\F >  Vi.  Bu t b y hypothesi s ther e i s an x  =  {xn} i n E  wit h 

\\xn -y n\\ <
 l A fo r al l n,  an d s o x n ^  nB E an d llxjl ^ >  n  fo r eac h n,  s o that x^E 

Bernard's proof  o f Theore m 5. 3 i s now a s follows: sinc e R e A i s closed, Re A~  C 

Re A, wher e A~  i s the unifor m closur e o f A,  s o R e A~ -  R e A i s closed. Thu s th e 
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32 IRVING GLICKSBER G 

Hoffman-Wermer theore m say s A  =  C(X) , whenc e R e A =  R e A =  C R(X). S o by th e 

open mappin g theore m w e have a  k  fo r whic h 

(5.3) u  E C R(X) implie s u  +  iv E A, vE  C R(X)9 N(u  +  iv) <  k\\u\\. 

Now A  =  looQV, A)  i s a subalgebra o f /^(/V , C{X)) 9 an d we can identif y th e latte r 

with C(P(N  X X)), s o (5.3) allow s us to asser t tha t 

(5.4) ReA  =  CR(fi(NX X)): 

for wit h u  = {un} E  R e l„(N, C(X))  = 1„QY, C R(X)) w e have v n E  C R(X), N(u n +  wn) < 

fclML =  &  S U P l l " w l l » u
n +  w „ e  -4 , s o that 2 " = {u n +  /u w} G  A an d R e 2"= w. 

Since (5.4 ) clearl y implie s , 4 separate s {}(N  X X),  Hoffman-Werme r applie s t o A~ 

(since R e A~ =  Re 1 =  C R(fi(N X  X))). Thu s 2 " =  C(fi(N  X I ) )= /̂ (TV , C(Z) ) an d 

that say s A  =  C{X) b y Bernard' s lemma. 

One applicatio n o f interes t occur s in harmonic analysis . I f T  i s a compact abelia n 

group, the dua l o f a  discrete grou p G,  a  closed subse t H  o f V  i s called a  Helson se t i f 

lx(G)* |  H = C(H).  No w if S  i s a  subsemigroup o f G  wit h 5  U  (- S)  = G the n 

lt(S)^\H =  C(H) fo r an y Helso n se t H:  fo r R e Q x(S)"\It) =  Re (/ X(G)A |// ) =  R e C(H)  = 

CR(H), a s is easily seen , so l x(S) \H  = C(H) b y Theore m 5.3 . ( A specia l cas e is known 

as Wik's theorem. ) 

Bernard ha s exploited th e kin d o f argumen t use d t o prov e Theorem 5.3 , as well a s the 

result itself , t o obtai n a  variety o f consequences , in particular a n extension  o f Wermer' s theo -

rem tha t i f A  i s uniformly close d an d separatin g R e A canno t b e a n algebr a unles s A  = 

C(X), and , recently , tha t R e A canno t b e a  lattice. I n thi s th e followin g notio n i s useful . 

DEFINITION .  A  C  C{X)  is  called ultraseparating if  A  separates  ($(N  X X) {and 

ultraseparating on K  C  X if  {A  \K) separates  ($(N  X K)). 

In particula r bot h occu r i f a  uniform algebr a A  "approximate s i n modulus" , i . e., 
given e > 0 an d / > 0  i n C R(X) ther e i s an a  EL A wit h | / - | f l | | < e : fo r i f / G 
CR(fi(N X  X)) i s zero a t on e poin t x*  o f Q(N  X X) an d 1  a t another , ;/*, 0  < /< 1 , 
then a s an elemen t o f /^(iV , C R(X)) f=  {/„} , an d we ca n fin d a n i n A  wit h 
\fn -\a n\\< 1/ 3 s o tha t a*  = {an} EA 9 an d 2 " (extende d t o p(N  X  X)) ha s a  value of 
modulus >  2/ 3 a t y* 9 <  1/ 3 a t x*.  Finally , i t i s easy t o se e ultraseparation implie s 
ultraseparation o n close d subsets . 

LEMMA 5.5 . / / 1  EA, a  Banach  subalgebra of  C(X),  A  is  ultraseparating and 

B D A is  another Banach subalgebra of C{X)  which  is  conjugate closed, then B  =  C{X). 

Since th e poin t evaluation s a  —> a(x)  an d b  —> b(x)  ar e continuou s o n A  an d 
B th e close d grap h theore m show s the inclusio n A  — • B i s continuous. A s a consequenc e 
A CB(C  l^N,  C(X)))  an d thu s B  separate s j3(7 V X X). Moreove r th e close d grap h 
theorem show s conjugation i s continuous o n B,  an d tha t implie s B  i s conjugate close d 
(in l^N,  C(X)),  henc e i n C{fi{N  X X))). S o B  i s dense i n C(j3(7 V X X)) b y Stone -
Weierstrass, or B  i s dense in C(X),  whenc e B  =  C(X)  b y Bernard' s Lemm a 5.4 . 
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RECENT RESULTS ON FUNCTION ALGEBRAS 33 

THEOREM 5.6 . / / IE  A,  and  A  is  an ultraseparating Banach subalgebra  of  C(X) 

and R e A is  closed under multiplication then  A  =  C(X). 

We have onl y t o tak e B  = Re A 4 - / Re A, whic h i s by hypothesi s a  subalgebra o f 
C(X) containin g A,  an d als o a  Banach spac e which inject s continuousl y int o C{X)  whe n 
normed b y 7V(R e a + i Re b)  = A^(Re a)  +  7Vj(Re b),  wher e A^(R e a)  = \\a + E\\  i s the 
quotient nor m i n th e rea l Banach space A/E  an d E  i s the kerne l o f a  —> R e a. B y our 
preliminary remarks , B  i s a Banach subalgebr a o f C(X)  an d fro m Lemm a 5. 5 w e have 
B = Re A +  i  Re A =  C(X)9 s o R e B =  Re ^ =  CR{X). An d tha t implie s , 4 =  C(X)  b y 
Bernard's Theorem 5.3 . 

COROLLARY 5. 7 (WERMER) . / / A  is  a closed separating subalgebra of  C(X)  con-

taining the constants  and R e A is  an algebra then  A  -  C{X). 

For R e A i s necessarily dens e in C R(X), s o tha t A  "approximate s i n modulus" . 

COROLLARY 5.8 . If  \EA y a  closed subalgebra of  C(X)  which  approximates  in 
modulus, then  R e (A  \K) is  closed under multiplication only  if  A\K  =  C(K). 

For A  \K  i s ultraseparating o n K  a s noted earlier . Fo r th e dis c algebra A  =  A(D) 

this has the followin g consequence : i f K  C  T  i s compact an d has positive measur e the n 
there i s a real continuous functio n u  o n K  whic h has an extension i n R e A(D) whil e 
u2 doe s not . (Alternatively , u  ha s a  continuous extensio n t o D  harmoni c o n D°  whic h 
has a  continuous harmoni c conjugate , whil e u 2 doe s not. ) 

Most recentl y Bernar d ha s shown R e A canno t b e a  lattice whe n A  i s a proper 

closed separatin g subalgebra o f C(X).  Thi s depends o n th e followin g simpl e resul t o f 

de Leeuw an d Katznelson . 

THEOREM 5.9 . Suppose  E  is  a closed separating subspace of C R(X) and  \EE. 

If a  non-affine continuous <j)\R  — > R operates  on E  (7 . e. if  0  ©  E  C  E) then  E-  C R{X). 

PROOF. Triviall y th e convolutio n k  *  0 = (p'  wil l operat e a s well sinc e <j>  i s a  uni-

form limi t o n compacta o f linea r combination s o f translate s o f 0  (al l o f whic h operat e 

since 1  G E\) an d E  i s uniformly closed . Takin g k  t o b e C° ° wit h smal l suppor t w e 

can insure tha t <fj  is close enoug h t o 0  t o als o be non-affine , an d C°° . Replacin g <f> 

by 0 X(O = a<!>(t  -  t 0) +  bt +  c fo r appropriat e a,  b, c,  t Q w e can assum e 0j(O ) = 

0'1(O)=O, 0i(O)=2 , s o (j> x{t)=t2 +r 2e(r), wher e e(t)  — > 0 a s t  -> 0 . 

But fo r an y intege r n y 

(pn(t)=n2(l>1(t/n)=t2 +t 2e(t/n) 

operates; s o finally t 2 operates , i.e. , E  i s a closed separatin g subalgebr a o f C R(X), 

IEE, s o E=C R(X) b y Stone-Weierstrass . 

Suppose no w E  C  C R(X) i s normed s o the injectio n int o C R(X) i s continuous. 
Then 0  : R — > R operates  boundedly on  E  i f 0  i s continuous an d fo r eac h a  >  0 
there i s an M  fo r whic h 

(5.5) N(u)  <  a  implie s 0  © w  E  E an d A (̂ 0 o w) < M. 
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34 IRVING GLICKSBER G 

THEOREM 5.10 . If  A  is  a closed proper separating subalgebra of  C(X)  and  1  G A 

only affine  functions operate  boundedly on  R e A (taken  with  its  natural quotient norm). 

THEOREM 5.11 . / / A  is  a closed proper separating subalgebra of  C(X)  and  1  G A, 

Re A is  not a  lattice. 

Theorem 5.1 1 wil l be obtaine d fro m th e argumen t leadin g t o Theore m 5.1 0 b y show -

ing that i f 0(f ) =  \t\  operate s o n R e A i t mus t operat e boundedly . W e begin wit h th e 

main connectin g link t o th e earlie r results . 

LEMMA 5.12 . Suppose  E  is  a (real) Banach space which injects  continuously into 

CR (X) as  above, contains  1  and  is ultraseparating on X.  If  E  = £ C R (X) then  only  affine 

functions operate  boundedly on  E. 

Trivially i f 0  operate s o n E  the n 0  operate s o n E~~  in C R(X)\ i f u nGE an d 
un—>f i n C R(X) the n 0  ©  u n G  E an d 0  ©  u n—> 0  ©  / uniformly , s o 0©/GZT~ . 
Since 0  operate s boundedly o n E,  i t operate s o n E  =  L(Nt E)  C  C^(X) =  CR((3(N X  X)), 

hence i t operate s o n th e closur e F  o f E  i n C R(P(N X  X)).  Bu t 0  non-affin e implie s 
F= C R(fi(N X  X)) b y Katznelso n an d d e Leeuw' s Theorem 5.9 , which applie s sinc e E 

separates j3( W X X), i.e . E  i s ultraseparating. Henc e E  i s dense in C R(X), an d E  = 

CR(X) b y Bernard' s lemma . 

In case R e A i s dense in C R (X) th e lemm a applie s t o E  = Re A sinc e the n R e A 

is ultraseparating. T o prove 5.10 , suppos e 0  i s non-affine an d operate s boundedl y o n Re  A. 

Then i t operate s o n (R e A)~, s o since (R e A)~ separates , Theorem 5. 9 implie s (R e A)~ = 

CR(X). No w R e A i s ultraseparating o n X  s o Lemma 5.1 2 applie s t o sho w R e A = 

CR(X). B y Bernard's theorem , A =  C(X). 

To prove Theore m 5.1 1 w e need anothe r lemma . 

LEMMA 5.13 . Suppose  E  C  C R(X) is  a Banach space which infects continuously 

into C R (X), contains  1 , separates  X,  and  is  a lattice. Then  there  is a finite subset  F  of 

X such  that  x£F  implies  x  has  a compact neighborhood  K x for  which  (t>(t)=\t\ 

operates boundedly on  E\K X (taken  with  the  natural  quotient norm). 

For a  compact K  C  U  open , an eas y compactnes s argumen t (usin g the fac t tha t E 

is a lattice whic h separates , and 0 , 1  G E) show s tha t an y elemen t u  o f E  \  K ha s an ex-
tension u  i n E  =  0  of f U.  (Fo r 0  <  u  < 1  i t suffice s t o fin d a  v  i n E,  =  1  on  K 

and =  0  of f U,  an d tak e it  =  u A  i>, wher e u  \K  = M.) B y the ope n mapping theore m 
then ther e i s a constant k v K  fo r which , fo r eac h u  G  E\K, ther e i s a  u  a s above wit h 

(5.6) N(u)  <  k UKNK(u) 

where N K(u) =  inf {N(u)  \  u -  u  o n A' , u  EE}. 

Suppose th e lemm a fail s an d le t £  b e th e infinit e se t o f x  fo r whic h 0  fail s t o 
operate boundedl y o n E\K X fo r eac h compac t neighborhoo d K x o f x . Le t x 0 b e a 
cluster poin t o f E.  Fo r X j G2i\{jc 0} le t K x b e a  compact neighborhoo d o f x x i n 
E\ {x 0}, an d choos e x 2 an d a  compact neighborhoo d # 2 o f x 2 i n E\(K X U  {JC 0}). 

Continuing we obtain a  sequence o f disjoin t compac t neighborhood s K n fo r whic h 
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0(0 =  \t\  doe s no t operat e boundedl y o n E\K n\ w e now choos e ope n U n D  Kn s o tha t 
the U n ar e als o pairwis e disjoint . 

For eac h n  w e have u n k  G  E\Kn wit h N K (u n k ) — > 0  a s k  — > ° ° whil e al l ex-

tensions o f \u n k \ i n E  hav e nor m >  n,  an d thus  i n vie w o f (5.6 ) we have element s u n 

of E  wit h u n =  0  of f £/„ , A (̂tT n) < 2~ w, whil e eac h extensio n o f 12^ 1 \Kn i n E 

has norm >  « . Bu t conside r i T = ^u n. I t lie s in ^ , s o \u\  &E,  whil e |JT | I  Kn = 

\un\ \K n, s o tha t N(\u\)  >  n  fo r al l n f th e desire d contradiction . 

We can no w prov e 5.11 . Suppos e R e A i s a lattice, and thu s dens e i n C R(X). The n 

Re A\K i s dense i n C R(K), s o R e A \K i s ultraseparating o n K.  Applyin g 5.1 3 t o E-

R e ^ w e have a  finite FCX  wit h <$>(t)=  \t  \ operatin g boundedl y o n R e A \KX, x  £  F, 

where K x i s a  neighborhood o f x  An d sinc e Theore m 5.1 0 applie s t o R e A \KX t o 

show R e A\KX -  C R(KX), w e know A\K X =  C ^ ) b y Bernard' s theorem , fo r eac h x  £ 

F. I t i s now eas y t o se e A  =  C{X).  (Conside r th e essentia l se t !  [Br , p. 144]) . 

For furthe r result s alon g these line s the reade r shoul d se e [B e 5] . 
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