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36 CLASS GROUP S AN D PICAR D GROUP S 

Now let C  denote th e cente r of A, and consider those invertibl e (A , A>bimodules M 

such that 

(9.6) cm  =  mc  fo r al l m  €. M,  c  € C 

The classes (At)  of suc h bimodules form a  subgroup Picent A  of Pic A. I f T is Morita equiva-
lent to A , then Picent T a Picen t A (see MO, (37.9)). W e note als o (MO, (37.21) and 
(37.22)): 

(9.7) THEOREM , (i ) Picent A =  1  for any  semisimple  artinian ring  A. 

(ii) Picen t A = 1  for any commutative semilocal11 ring  A . 

From now on , let A  be an border i n a  semisimple F-algebra A, wher e cha r F =  0 , and 
let C  denote th e cente r of A. W e wish to mak e the bimodule isomorphis m classes o f two-
sided A-ideals in A int o a  multiplicative group , but thi s cannot be done because o f th e ab-
sence o f inverses . W e must therefore restric t the type s of ideals considered: a n invertible 
A-ideal i s a two-sided A-modul e M C  A, suc h that AtN = NM  = A  for some two-side d 
A-module N C  A. I t follow s a t once that there ar e bimodule surjection s 

M ®A N  —• A, N  ® A M  —• A, 

and therefore (MO , (16.7)) the bimodule A MA i s invertible, with inverse N. W e may remark 
that 

N =  Hom A(AAf, A A) a  {a  e  A  :Ma  C A}. 

Each invertible A-idea l At obviously satisfie s conditio n (9.6) . Conversely , it turns out tha t 
every invertible (A , A)-bimodule, for which (9.6) holds, is bimodule isomorphic t o a n inver-
tible A-ideal in A. Thu s Picent A may be describe d as the group of classe s of invertible 
A-ideals in A, an d as such, is a natural generalization o f th e idea l clas s group CIR. I n fact, 
we obtain easily: 

(9.8) Picen t A ^/(A)/{ AcicEu(FQ}, 

where 1(A) is the group of invertible A-ideal s in A, an d FC is the cente r of A. 

(The fact tha t th e elements of Picent A are represented b y A-ideal s is a consequence 
of (9.7(i)) . Conditio n (9.6 ) i s needed in order to permi t th e us e o f th e Skolem-Noethe r The-
orem: Ever y automorphis m o f A whic h is the identity ma p on FC must be an inner auto-
morphism.) 

Every two-sided A-idea l in A i s of cours e als o a  left A-ideal , and bimodule isomorphis m 
implies isomorphism. Henc e i f F is an algebraic number field, it follow s fro m the Jordan-
Zassenhaus Theorem (1.7 ) tha t Picent A is finite. 

In certain cases , we can compute Picent A directl y fro m (9.8) . Fo r example, we have 
(MO, (37.27)) . 

(9.9) THEOREM . Let  A  be  a simple algebra whose center F is an algebraic number 
field, and let Abe  a  maximal R-order in A. For  a prime ideal  P ofR, let  Ap =  Mn(D)> 
where D is  a skewfield, and  set m p =  (D : F p)%, the  loca l inde x of  A at  P.  Then  Picent A p 

^See (2.2). 
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CLASS GROUP S AN D PICAR D GROUP S 37 

is a cyclic group of order  mF. Furthermore,  mp =  1  for  almost  all P. 

OUTLINE OF PROOF. Th e group /(Ap) i s an infinite cycli c group generated by ra d Ap. 
If 7T denote s a  prime element o f Rp, the n 7rAp = (ra d Ap)

mp. Sinc e FC = F p i n this case, 
the denominato r on the right-hand side of (9.8 ) consist s of al l powers ifAp, r  G Z. There -
fore Kcen t Ap = Z/m pZ, a s asserted. Th e fact tha t mp =  1  a . e. follow s fro m a n easy argu-
ment involving discriminants (see MO, (25.7)). 

The calculation o f Picent Ap, in case Ap is not a  maximal order, is rather difficult . 
One approach involves the calculation o f the automorphism s of A p, a s we now explain. Le t 
Aut A denote the group of automorphism s of A , and In A the subgroup consisting o f al l in-
ner automorphisms x —• > uxu"1, x E A , wher e u  ranges over all units of A . W e set 

| Autcen t A = { / € Au t A :/(c) =  c  fo r al l c G Q, 

I Outcen t A = Autcen t A/In A. 

Now let M be an invertible A-idea l in A, an d let /G Autcen t A. W e define a  new bi-
module Mf having the same elements as Mf but with the actio n o f A  given by 

Xj °  m  °  X 2 (mM f) =  Ajm/O^ ) (inM). 

For a pair of invertible A-ideals M, M*9 i t turns out (see MO, (37.16)) tha t Mt = M  as left 
A-modules i f and only ifAf^Mj  fo r some /G Autcen t A . Furthermor e (MO , (37.14)) 
there i s a bimodule isomorphism M^Mfif an d only i f /G I n A. Thi s readily implies that 
the map 

(9.11) co : Outcent A —• Picent A, given by co(f)  =  (A^) , 

is a monomorphism o f groups. 

In some cases , the map co is an isomorphism. Fo r example, suppose that A p =  R PG 
is an integral group ring.  No w for each invertible Ap-idea l M we have FpM = A p, an d M is 
projective a s left Ap-module . Henc e by a  result of Swa n (see CR, (77.14)) i t follows that 
M = A p as left Ap-modules . Therefor e whe n Ap =  R PG w e have Outcent AP a  Picen t Ap, 
and the calculation o f Picent Ap reduces to that o f Outcent Ap. Thi s fact i s used in 
Frohlich's calculations [7 ] o f Heard groups. 

We are still faced with the questio n o f determinin g Outcent A in practice. Thi s can 
best be done by mean s of a n alternate descriptio n o f thi s group. Ever y / E  Autcent A ex-
tends to a n automorphism o f A whic h fixes th e cente r of A, an d hence (Skolem-Noethe r 
Theorem, MO, §7d) is an inner automorphism. No w set 

(9.12) normaUzer  of A  =  N(A)  =  {a  G  u(A): aAa~ l =  A} . 

The preceding remarks yield 

(9.13) Outcen t A <* N(A)/u(A)u(FC), 

with the isomorphism induced by mappin g each a G Af(A) onto the cose t containin g the 
automorphism X —• ahi"1, X  G A. 

The relation between global and local Picard groups is given by th e following basi c re-
sult o f Frohlic h [7 ] (se e MO, (37.28)): 

http://dx.doi.org/10.1090/cbms/026/09



38 IRVING REINE R 

(9.14) THEOREM . Let  A  be  an Rorder in  a semisimple F-algebra A, and  let C  be the 
center of A  Then  there is an exact sequence 

1 —* Kcent C  ^ Kcen t A  —* 22® Kcen t A p — • 1, 

and Kcent Ap =  1  a.  a 

REMARKS. Th e map r is given by r(I ) =  (LA ) for each invertible C-idea l L i n FC 
The fact that Kcent Ap =  1  a.e . ca n be deduced from (9.9) , as follows: let A' be a  maximal 
i?-order in A containin g A. The n Ap = A p a.e. , an d Kcent Ap = 1  a.e . by (9.9). Henc e 
also Kcent Ap =  1  a.e . 

An invertible A-idea l M is called locally free if M i s in the same genus as A as left 
A-module, that is, Mp s  A p as left Ap-modules for each prime ideal P of R. A s a matter o f 
fact, any two-sided A-idea l which is locally fre e i s automatically invertible , and is also locally 
free a s right A-module. Th e bimodule isomorphism classes (M) of locally fre e invertible 
A-ideals M form a subgroup LFP(A) of Kcent A; this subgroup is called the locally free Picard 
group of A. Ther e are several important case s in which LFP(A) coincides with Kcent A; 
this holds when A is commutative, by (9.7(H)) . I t also holds when A is a maximal order . 
More important, by Swan's Theorem (1.8) we have LFP(ZG) = Kcen t ZG for each finit e 
group G. 

The remarks following (9.11 ) show that 

LFP(AP) a  Outcen t Ap a N(A P)/u(AP)u(FpQ. 

Furthermore, (9.14) gives the exact sequenc e 

1 -• Kcen t C —• LFP(A) -* £ ® LFP(A P) - * 1 . 

These formulas permit the calculatio n o f LFP(A) in various cases. Le t us mention a 
few o f the result s of Frohlic h [7] : 

(i) I f G  is a p-group, then so is 2® Kcent R PG 
(ii) I f G  is a p-group, so is D(C), where C  is the cente r of ZG. 

(iii) I f G  is a  dihedral group of orde r 2p, with p a n odd prime, then Kcent ZG as D(C) 
© Q S, wher e C  is the center of ZG, and S =  alg . int. {Q(co +  co"" 1)}, with u  =  y/T.  Fur -
ther, D(C) is cyclic o f order (p -  l)/2 . 

(iv) Fo r G the quaternio n or dihedral group of orde r 8 , we have Kcent ZG s D(ZG) ; 
hence Kcent ZG is trivial for the dihedra l case , and has order 2 for the quaternio n cas e (see 
(6.4), (7.4)) . 

(v) Le t / b e an ideal of R, an d let A =  M n(F), A  =  R*1  +I*M n(R% s o A is a con-
gruence order in A. The n 

Kcent A s C I R ©  PGL(n, /?//) , 
where 

PGL{n9 R/I) =  GL(n,  R/r)fu(R/r) 

is the projective genera l linear group of n  x  n  matrices over the ring  R/L 
To conclude thi s section, we shal l describe some result s of FroMch , Reiner and Ullom 

[11] concernin g the relation between th e locally fre e Rcard group LFP(A) and the locall y 
free clas s group CI A of a n order A. 

http://dx.doi.org/10.1090/cbms/026/09



CLASS GROUPS AND PICARD GROUPS 39 

(9.15) THEOREM . There  is a homomorphwn 
0:LFP(A)-+C\A, 

given by 0{X) = [X]  for (X) E Z,FP(A> / / the cancellation law holds for locally free A-ideals 
in A, then  ker 0 a Outcen t A. 

OUTLINE O F PROOF. Le t X, Y  be locally free invertibl e A-ideals in A, and take X C A 
without loss of generality. The n there is an exact sequence of bimodules 

o-^jr-^A-^r-^o, 

with T  an 7?-torsion module. Sinc e A Y is projective, we obtain an exact sequence 

o-*;r®y~~*F-»r®r — ô, 
where ® means ®A. Bu t T ® Y  = T  since Y  is locally free. Comparin g these two sequences 
and using Schanuel's Lemma, we obtain a left A-isomorphism I + 7 s A+ X®  Y. Further , 
X® Y a XY y and therefore [X]  + [Y]  = [XY]  in CI A. Thi s proves that 0 is a homomor-
phism. Finally , suppose that 0(X)  = 0, so [X] = 0 in CI A. Assumin g cancellation, we get 
X s A  as left A-modules , whence (X) = (A^) for some /€ Autcen t A by the remarks before 
(9.11). Thu s ker 0 = im to, as claimed. 

Suppose that A is commutative. W e have already remarked that LFP(A) = Picent A in 
this case. Further , it is clear that the map 0 in (9.15) is a surjection. Thu s we obtain 
Picent A = LFP(A) s C I A whenever A is commutative. Thus , in this case the method of 
"adding" locally free ideals used to define the class group CI A in §1 turns out to be equiva-
lent (up to isomorphism) to the method of multiplying locally free ideal s when defining the 
Rcard group Picent A. 

Let us next obtain an explicit formula for cok 0 in terms of ideles. W e define the idele 
normalizer of A by _ _ 

N(A)=hxP)GjlN(AP):xpGu(AP) a.e.l . 

Each (X) e LFP(A)  is then expressible as X = A n  {f\  A pxP} fo r some (xp) G N(A). Thi s 
gives a surjection o f Ar(A) onto LFP(A), and yields an isomorphism 

** :N(A)lu(A)u(FC) s  £FP(A) . 

On the other hand, each x G  N(A) determines an element 0*(x)  G JK(A). Th e homo-

morphism 0* induces a map 

0* :N(A)/u(A)u(FC) ->  JK{A)i'mKx{A) •  im UK(A% 

and we obtain a commutative diagram 
- 0* 

N(A)/u(A)u(FQ >  JK(A)limK t(A) •  im UK(A) 

d>* <t> 

LFP(A) ~  •  C I A. 

Therefore cok e s  coke* . 
For convenience, we restrict our attention to the case where F is an algebraic number 

field. W e may then use the formula for CI A given in (2.21), and calculate cok 0* as a quo-
•s^t ~ f HFr\l(Fn+  .  n w?/fA A W e obtain 

http://dx.doi.org/10.1090/cbms/026/09



40 IRVING REINE R 

(9.16) THEOREM . Let  us put 

nrN(A) =  {(nrx p) G  J(FQ: (x p) G  N(A)}. 
Then 

(9.17) co k 0 s J(FC)l(FCf  •  nrN(A) 

if F is an algebraic number field. 

Formula (9.17) may be restated in terms of ideals, rather than ideles; for the explicit 
statement, see [11 , Theorem 5.13] . A n interesting consequence o f the ideal-theoretic ver-
sion is as follows: 

(9.18) COROLLARY . Keeping  the notation of  (2.17) , let (A(: F() = mf , 1  <  i  < s. 
Then the  exponent of co k 0 divides the  least common multiple of m v .  . . ,  m s. 

Finally, assume that stable isomorphism implies isomorphism for locally free A-lattices, 
and let T  = Mn(R) ® R A  =  Mn(A). The n there is a commutative diagram with exact rows 

1 —• Outcen t A —• LFP(A)  —• C I A 

1 —• Outcen t T  —• LFP(T)  —• C I T, 

where a(f) = 1  ® /, an d j3, y ar e "chang e o f rings " maps. A s shown in [11] , 

ker?= {x€ClA:nx =  0}, coky^ClA/w-ClA . 

In particular, if A is a commutative border, i t follows that 

Outcent Mn(A) s  { * G CI A: nx =  0}. 
Thus 

Outcent Mn(R) s  { x G CI R : nx = 0}. 

Therefore fo r each automorphism /of M n(R) fixing its center,/" i s an inner automorphism 
of Mn(R); this result was first proved by Rosenberg and Zelinsky [36a] . 

The list of references whic h follows includes almost al l articles on class groups and 
Picard groups which have appeared up to this time, or are available in preprint form . I t also 
includes a number of basic texts for furthe r readin g about th e various topics considered in 
these lectures. Thes e texts, arranged by subject matter , are: 

Homological algebra: [14] , [37], 
Algebraic K-theory: [1], [20] , [23] , [40a] , [41] , 
Representation theory:  [3], [5a] , [14a] , 
Integral representations: [3] , [26] , [34] , [35]. 
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