


Lectures on 
Hilbert Cube Manifolds 



This page intentionally left blank



Conference Boar d o f the Mathematica l Science s 

CBMS 
Regional Conference Series in Mathematics 

Number 2 8 

Lectures on 
Hilbert Cube Manifold s 

T. A. Chapma n 

Published fo r th e 
Conference Boar d of the Mathematica l Science s 

by the 
American Mathematica l Societ y 

Providence, Rhod e Islan d 
with suppor t fro m th e 

National Scienc e Foundatio n 

http://dx.doi.org/10.1090/cbms/028



Exposi tory Lecture s 

from th e CBM S Regiona l Conferenc e 

held a t Guilfor d Colleg e 

October 11-15 , 197 5 

1991 Mathematics  Subject  Classification.  P r imar y 57N20 . 

Library o f Congres s Cataloging-in-Publicat io n D a t a 

Chapman, Thoma s A. , 1940 -
Lectures o n Hilber t cub e manifolds . 
(Regional conferenc e serie s i n mathematics , ISS N 0160-7642 ; no . 28 ) 
"Expository lecture s fro m th e CBM S regiona l conferenc e hel d a t Guilfor d College , Octobe r 

11-15, 1975. " 
Includes bibliographica l references . 
1. Manifold s (Mathematics ) I . Conferenc e Boar d o f th e Mathematica l Sciences . II . Title . 

III. Title : Hilber t cub e manifolds . IV . Series . 
QA1.R33 no . 2 8 [QA613.2 ] 510'.8 s [514 ;.7] 
ISBN 0-8218-1678- 0 76-4831 6 

Copying an d reprinting . Individua l reader s o f thi s publication , an d nonprofi t librarie s actin g 
for them , ar e permitte d t o mak e fai r us e o f th e material , suc h a s t o cop y a  chapte r fo r us e 
in teachin g o r research . Permissio n i s grante d t o quot e brie f passage s fro m thi s publicatio n i n 
reviews, provide d th e customar y acknowledgmen t o f th e sourc e i s given . 

Republication, systemati c copying , o r multipl e reproductio n o f any materia l i n thi s publicatio n 
(including abstracts ) i s permitte d onl y unde r licens e fro m th e America n Mathematica l Society . 
Requests fo r suc h permissio n shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n 
Mathematical Society , P.O . Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o 
be mad e b y e-mai l t o reprint-permissionQams.org . 

© Copyrigh t 197 6 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

This volum e wa s printe d directl y fro m cop y prepare d b y th e authors . 

10 9 8  7  6 5  4  3  0 2 0 1 0 0 9 9 9 8 



Other Title s i n Thi s Serie s 

87 Joh n Eri k Fornaess , Dynamic s i n severa l comple x variables , 199 6 

86 Sori n P o p a , Classificatio n o f subfactor s an d thei r endomorphisms , 199 5 

85 Michi o J imb o an d Tetsuj i Miwa , Algebrai c analysi s o f solvabl e lattic e models , 1994 

84 Hug h L . Montgomery , Te n lecture s o n th e interfac e betwee n analyti c numbe r theor y 

and harmoni c analysis , 199 4 

83 Carlo s E . Kenig , Harmoni c analysi s technique s fo r secon d orde r ellipti c boundar y 

value problems , 199 4 

82 Susa n Montgomery , Hop f algebra s an d thei r action s o n rings , 199 3 

81 Steve n G . Krantz , Geometri c analysi s an d functio n spaces , 199 3 

80 Vaugha n F . R . Jones , Subfactor s an d knots , 199 1 

79 Michae l Frazier , Bjor n Jawerth , an d Guid o Weiss , Littlewood-Pale y theor y an d 

the stud y o f functio n spaces , 199 1 

78 Edwar d Formanek , Th e polynomia l identitie s an d variant s o f n x n matrices , 199 1 

77 Michae l Christ , Lecture s o n singula r integra l operators , 199 0 

76 Klau s Schmidt , Algebrai c idea s i n ergodi c theory , 199 0 

75 F . Thoma s Farrel l an d L . Edwi n Jones , Classica l aspherica l manifolds , 199 0 

74 Lawrenc e C . Evans , Wea k convergenc e method s fo r nonlinea r partia l differentia l 

equations, 199 0 

73 Walte r A . Strauss , Nonlinea r wav e equations , 198 9 

72 Pete r Orlik , Introductio n t o arrangements , 198 9 

71 Harr y D y m , J  contractiv e matri x functions , reproducin g kerne l Hilber t space s an d 

interpolation, 198 9 

70 Richar d F . Gundy , Som e topic s i n probabilit y an d analysis , 198 9 

69 Fran k D . Grosshans , Gian-Carl o Rota , an d Joe l A . Stein , Invarian t theor y an d 

superalgebras, 198 7 

68 J . Wil l ia m Hel ton , Josep h A . Ball , Charle s R . Johnson , an d Joh n N . Palmer , 

Operator theory , analyti c functions , matrices , an d electrica l engineering , 198 7 

67 Haral d Upmeier , Jorda n algebra s i n analysis , operato r theory , an d quantu m 

mechanics, 198 7 

66 G . Andrews , g-Series : Thei r developmen t an d applicatio n i n analysis , numbe r theory , 

combinatorics, physic s an d compute r algebra , 198 6 

65 Pau l H . Rabinowitz , Minima x method s i n critica l poin t theor y wit h application s t o 

differential equations , 198 6 

64 Donal d S . Passman , Grou p rings , crosse d product s an d Galoi s theory , 198 6 

63 Walte r Rudin , Ne w construction s o f function s holomorphi c i n th e uni t bal l o f C n , 

1986 

62 Bel a Bol lobas , Extrema l grap h theor y wit h emphasi s o n probabilisti c methods , 198 6 

61 Mogen s Flensted-Jensen , Analysi s o n non-Riemannia n symmetri c spaces , 198 6 

60 Gille s Pisier , Factorizatio n o f linea r operator s an d geometr y o f Banac h spaces , 198 6 

59 Roge r How e an d Alle n M o y , Harish-Chandr a homomorphism s fo r p-adi c groups , 

1985 

58 H . Blain e Lawson , Jr. , Th e theor y o f gaug e field s i n fou r dimensions , 198 5 

57 Jerr y L . Kazdan , Prescribin g th e curvatur e o f a  Riemannia n manifold , 198 5 

56 Har i Bercovici , Cipria n Foia§ , an d Car l Pearcy , Dua l algebra s wit h application s 

to invarian t subspace s an d dilatio n theory , 198 5 

55 Wil l ia m Arveson , Te n lecture s o n operato r algebras , 198 4 

54 Wil l ia m Fulton , Introductio n t o intersectio n theor y i n algebrai c geometry , 198 4 

53 Wi lhe l m Klingenberg , Close d geodesie s o n Riemannia n manifolds , 198 3 
(Continued in  the  back  of  this  publication) 



This page intentionally left blank



Contents 

Introduction ix 

I. Preliminaries 1 
§1. General Definitions 1 
§2. The HilbertCube. 1 
§3. Z-Sets 2 
§4. Proper Maps 4 
§5. A Convergence Criterion 4 

Notes 6 

II. Z-Setsin Q . 7 
§6. Infinite Codimension . . . . . . . . . . . . . . . . . . . . . 7 
§7. Extending Homeomorphisms 9 
§8. Approximating Maps by Embeddings 10 
§9. Estimated Extensions of Homeomorphisms . . . . . . . . . . . . 11 
§10. Homeomorphing Z-sets into s 12 
§11. The Main Results. 14 
§12. Some Applications . 14 

Notes 17 

III. Stability of Q-Manifofds 18 
§13. Open Subsets of Q 18 
§14. Variable Products 20 
§15. The Main Result 22 

Notes 24 

IV. Z-Sets in Q-Manifolds 25 
§16. Collared Submanifolds 25 
§17. Reduction to Q 25 
§18. Approximating Maps by Z-Embeddings 27 
§19. Extending Homeomorphisms 28 

Notes 31 

V. Q-Manifolds of the Form M x [0,1) 32 
§20. Engulfing. 32 
§21. The Main Result 33 
§22. Compact Contractible Q-Manifolds 35 
§23. Triangulating Q-Manifolds 36 

Notes 38 

VI. Shapes of Z-Sets in Q . . 39 
§24. Borsuk's Definition of Shape 39 
§25. The Complement Theorem 39 

Notes 44 

VII. Near Homeomorphisms and the Sum Theorem 45 
§26. Near Homeomorphisms 45 
§27. The Sum Theorem 47 

Notes 53 

VII 



VIII . Applications of the Sum Theorem 54 
§28. Q-Manifold Factors . 54 
§29. Simple Homotopy Theory 54 
§30. Infinite Simple Homotopy Theory . 57 

Notes 59 

IX. The Splitting Theorem 60 
§31. Constructing Splittings 61 
§32. Splitting the Fundamental Group 64 
§33. The Main Result 67 

Notes 69 

X. The Handle Straightening Theorem 70 
§34. Immersions 70 
§35. The Main Result 71 

Notes 80 

XI. The Triangulation Theorem 81 
§36. The Compact Case 81 
§37. The General Case. 82 

Notes 85 

XII. The Classification Theorem 86 
§38. The Compact Case 86 
§39. The General Case 87 

Notes 90 

XIII. Cell-Like Mappings 91 
§40. Fine Homotopy Equivalences 91 
§41. Multiplying ANRs by [0,1) 92 

Notes 98 

XIV. The ANR Theorem 99 
§42. Two Near Homeomorphism Results 99 
§43. The Main Step. 103 
§44. The Main Result 106 

Notes 107 

References 

Appendix.  Open Problems in Infinite-Dimensional Topology . . . . . . . I l l 

VIII 



Lecture s on Hilber t Cub e  Manifold s 

Th e  goa l of thes e  lecture s is to presen t an introductio n to the  geometri c topolog y of the 

Hilber t cub e  Q  an d separabl e  metri c manifold s modele d on Q , whic h we  :ai l Hilbert cube 

manifolds or Q-manifo/ds. In the  pas t te n year s ther e  ha s bee n a  grea t dea l of researc h on Q 

an d Q-manifold s whic h is scattere d throughou t severa l paper s in the  literature . We presen t 

her e  a  self-containe d treatmen t of onl y a  fe w of thes e  result s in the  hop e  tha t it wil l stimulat e 

furthe r interes t in this area . N o ne w materia l is presente d her e  an d no attemp t ha s bee n mad e 

to be  complete . Fo r exampl e  we  hav e  omitte d the  importan t theore m of Schori-Wes t statin g 

tha t the  hyperspac e  of close d subset s of [0,1 ] is homeomorphi c to Q . In an appendi x (prepare d 

independentl y by R. D. Anderson , D. W. Curtis , R. Schor i an d G . Kozlowski ) ther e  is a  lis t of 

problem s whic h are  of curren t interest . Thi s include s problem s on Q-manifold s as wel l as mani -

folds modele d on variou s linea r spaces . We refe r the  reade r to this for a  muc h broade r perspec -

tive  of the  field . 

In som e vagu e  sens e  Q-manifol d theor y seem s to be  a  "stable "  PL r-manifol d theory . 

Thi s become s more  precis e  in ligh t of the  Triangulatio n an d Classificatio n theorem s o f Chapter s 

X I an d XII . In particular , al l handle s ca n be  straightene d an d consequentl y al l Q-manifold s 

ca n be  triangulated . Thu s ther e  are  delicat e  finite-dimensiona l obstruction s whic h do no t 

appea r in Q-manifol d theory . Thi s is perhap s wh y the  proof s o f the  topologica l invarianc e  o f 

Whitehea d torsio n (Chapte r XII ) an d the  finitenes s of homotop y type s of compac t ANR s 

(Chapte r XIV ) firs t surface d a t the  Q-manifol d level . 

In the  firs t fou r chapter s we  presen t the  basi c tool s whic h are  neede d in al l of the  remainin g 

chapters . Beyon d this ther e  see m to be  a t leas t tw o possibl e  course s of action . Th e  reade r wh o 

is intereste d onl y in the  triangulatio n an d classificatio n of Q-manifold s shoul d rea d straigh t 

throug h (avoidin g onl y Chapte r VI) . In particula r the  topologica l invarianc e  of Whitehea d torsio n 

appear s in §38 . Th e  reade r wh o is intereste d in R. D . Edwards ' recen t proo f tha t ever y AN R 

is a  Q-manifol d facto r shoul d rea d the  firs t fou r chapter s an d the n (with the  singl e  exceptio n of 

26.1 ) ski p ove r to Chapter s XII I an d XIV . 

Thes e  lecture s wer e  delivere d in October , 1975 , a t Guilfor d Colleg e  as par t of the  Regiona l 

Conferenc e  Progra m sponsore d by the  Conferenc e  Boar d of the  Mathematica l Science s wit h the 

suppor t o f the  Nationa l Scienc e  Foundation . I wis h to expres s my appreciatio n to the  Conferenc e 

ix 
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Boar d for makin g the m possible , an d to the  Department s of Mathematic s of Guilfor d Colleg e  an d 

the  Universit y of Nort h Carolin a  a t Greensbor o for thei r generou s hospitality . I am als o indebte d 

to L. C . Siebenman n an d Mik e  Hande l for helpfu l comment s on earlie r draft s of portion s of the 

manuscript . 

T . A . Chapma n 
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I. Introductio n 

This proble m lis t i s a  successor t o earlier proble m list s prepare d followin g con -

ferences i n Ithaca (Januar y 1969) , Bato n Rouge (Decembe r 1969) , Oberwolfac h (Sept -

ember 1970) , an d Baton Rouge (Octobe r 1973) . I t was prepare d followin g a  specia l 

conference i n Athens, Georgi a (Augus t 1975 ) an d the CBM S regional conferenc e i n 

Greensboro (Octobe r 1975) . Earlie r list s wer e publishe d a s Mathematisc h Centru m 

Report Z W 1/71 an d as par t of Mathematica l Centr e Trac t 52 , 1974 , pp . 141-175 , bot h 

from Amsterdam . 

The present lis t i s not , o f course , a  complete lis t o f al l ope n questions know n to 

the conference participants , bu t it does includ e representativ e problem s fro m mos t o f 

the principal area s o f curren t activit y i n the point-set topolog y o f infinite-dimensiona l 

spaces an d manifolds know n to the authors . Spac e consideration s hav e forced th e 

omissions o f some topic s include d i n earlier list s suc h a s uniformly continuou s an d 

111 
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Lipschitz homeomorphism s i n which th e recen t activit y ha s bee n b y others (Aharoni , 

Enflo, Mankiewicz ) tha n th e participants . Thi s proble m lis t ha s bee n organize d b y 

R.D. Anderson , D . W. Curtis , G . Kozlowsk i an d R.M . Schor i wit h hel p fro m man y 

others. A n effor t ha s bee n mad e t o bring th e pas t list s up-to-dat e an d t o recogniz e 

the current , a s distinc t fro m th e earlier , area s o f interest . 

It i s recognize d tha t a  few o f th e problems liste d belo w ma y b e inadequatel y 

worded, b e trivia l o r b e known . Becaus e o f man y interrelationships , som e aspect s o f 

various problem s ar e liste d unde r mor e tha n on e heading . 

The followin g mathematician s (wit h addresse s liste d i n th e AMS-MA A Combine d 

Membership List ) too k par t i n th e proble m session s an d ar e source s o f continuin g 

information o n man y o f th e problems : R.D . Anderson , T.A . Chapman , D.W . Curtis , 

R. Geoghegan , G . Kozlowski , R.M . Schori , an d Jame s E . West ; th e followin g partic -

ipants ar e source s o n certain type s o f problems : D . E. Edwards , R.D . Edwards , 

M. Handel , H . Hastings , W . E. Haver , R . Heisey , J .E . Keesling , J . Quinn , R.B . 

Sher, W . E. Terry , R.Y- T Wong , an d S . Ferry . 

Henryk Torunczy k o f th e Mathematic s Institut e o f th e Polis h Academ y o f Science s 

in Warsaw an d Czesla w Bessag a o f th e Mathematic s Institut e o f th e Universit y o f 

Warsaw ar e als o knowledgeabl e abou t man y problem s an d results , particularl y thos e 

dealing wit h linea r spac e problems . 

We briefly revie w thre e o f th e importan t area s o f recen t result s i n I- D topolog y 

and the n mentio n thre e area s o f promising researc h activity . Ou r effor t i s t o sho w th e 

evolving relationship s o f I- D topolog y wit h othe r area s o f mathematics . 

1. Recen t result s hav e emphasize d th e clos e relationship s o f I- D topolog y wit h 

AR an d AN R theory . Specifically , usin g Q-manifol d theory , Jame s E . Wes t showe d 

that ever y compac t metri c AN R ha s th e homotop y typ e o f a  finit e polyhedron . Mor e 

recently, R . D, Edward s ha s show n th e stronge r resul t tha t a  locally compac t separabl e 

metric spac e X  i s a  Q-manifol d facto r ( X X Q  i s homeomorphi c t o a  Q-manifold ) 

iff X  i s a n ANR . Fo r compact a thi s implie s West' s resul t an d als o characterize s 

compact AR' s a s Q-factors . I t complement s th e earlie r result s o f Torunczy k showin g 

that a  complete separabl e metri c spac e X  i s a n 4 2-manifold facto r if f X  i s a n ANR . 

(Indeed, Torunezyk' s result s o n ANR' s ar e applicabl e t o manifold s modele d o n variou s 

linear metri c spaces. ) Clearly , i n ligh t o f Edward' s results , locall y compac t o r com -

pact AR' s o r ANR' s ca n b e convenientl y studie d b y crossin g wit h Q  an d using Q -

manifold theory . Man y properties o f AR's , ANR' s an d o f deformation s o f suc h space s 

now follow automatically . 

2. I n late 1974 , J . L . Taylo r showe d tha t ther e exist s a  cell-lik e ma p (i .e . eac h 

point invers e ha s trivia l shape ) o f a n I- D compactu m X  ont o Q  suc h tha t X  doe s no t 
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have trivia l shape . Taylo r use d invers e limi t technique s an d examples o f Adam s and / 

or Kahn . I t i s a  corollar y o f Taylor' s exampl e an d know n result s (Curtis , R . Edwards , 

Keesling, Kozlowski ) tha t ther e exist s a  cell-like ma p o f Q  ont o a  non-A R o f infinit e 

dimension. Thus , th e known result s tha t C E map s preserv e shap e i f th e imag e i s 

finite-dimensional (Anderson , Kozlowski , and , i n a  specia l case , Sher ) o r i f domai n 

and rang e ar e ANR* s (Armentrout-Price , Kozlowski , Lacher ) canno t b e totall y ex -

tended. O n the basi s o f result s o f Kozlowsk i o n hereditary shap e equivalences , th e 

following question s (older , i n som e form ) no w seem mor e importan t (an d possibl y 

doable?) an d ar e related . 

(A) Doe s ther e exis t a  cell-like ma p of a  finit e dimensiona l compactu m ont o a n 

I-D compactum ? 

(B) Doe s ever y I- D compactu m contai n a n n-dimensiona l subse t (no t necessaril y 

closed) fo r eac h n ? 

An affirmative solutio n t o eithe r give s a  negativ e solutio n t o th e other . (Not e 

that Henderson' s an d othe r example s giv e infinite-dimensiona l compact a containin g n o 

1-dimensional subcompacta . Th e questio n abou t I- D compact a necessaril y containin g 

n-dimensional nonclose d subset s apparentl y i s stil l open. ) 

3. Th e earlie r result s o f Geoghega n tha t th e space H(M ) o f homeomorphism s o f 

a finite-dimensiona l compac t n-manifol d M  admit s a n £„-facto r (H(M ) « H(M ) X i«) 

and o f Torunczy k tha t fo r an y complet e metri c AN R X , X x L i s a n 4 2-manifold 

immediately impl y tha t H(M ) i s a n X  -manifold if f H(M ) i s a n ANR . Indeed , a 

recent observatio n b y Have r i s tha t H(M ) i s a n AN R i f fo r an y n-cell , B  ,  th e spac e 

H^(B )  o f homeomorphism s o f B  fixe d o n th e boundar y i s a n AR . Thus , th e prob -

lem i s no w reduced t o a n A R proble m o n a  singl e n-cell . Th e result s ar e know n fo r 

n= 1,2 . 

4. Ther e ar e a  growin g bod y o f result s relatin g th e topolog y o f Q-manifold s wit h 

the topolog y o f finite-dimensiona l manifold s vi a th e stabilizatio n process , multiplyin g 

by o r factorin g ou t Q . Th e recen t delicat e Chapman-Siebenman n result s o n com -

pactifications o f Q-manifold s ar e a  case i n point. I n his dissertation , Ceri n ha s begu n 

the investigatio n o f th e relationship s betwee n shap e theor y fo r locall y compac t space s 

(ANRfs) wit h Q-manifol d theor y exploitin g th e Chapma n characterizatio n o f shap e o f 

compacta i n terms o f Z-se t complement s i n Q . I n general, ther e appear s t o be a 

growing are a fo r study , bot h of relate d finit e an d I- D manifol d propertie s an d o f shap e 

and Q-manifol d properties . 

5. On e of th e area s o f muc h activit y and , s o far , fe w definitiv e results , i s tha t 

of grou p actio n o n Q  o r Q-manifolds . Th e problem s star t wit h th e question a s t o 

whether an y tw o semi-free periodi c action s o n Q  (wit h th e sam e perio d an d a  singl e 
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fixed point ) ar e equivalen t an d exten d t o questions o f grou p action s o n manifolds . Th e 

earlier resul t o f Won g tha t tw o finite periodi c action s o n Q  wit h a  singl e fixe d poin t 

are equivalen t i f thei r period s agre e an d i f eac h ha s arbitraril y smal l invarian t con -

tractible neighborhood s o f th e fixe d poin t remain s th e standar d resul t (althoug h some -

what mor e genera l condition s hav e bee n given  b y Edward s an d Hastings) . Delicat e 

questions o f prope r homotop y typ e ge t involved . 

6. Th e classica l question s o f topologica l characterization s o f Q  an d s  i n 

terms othe r tha n a s products , linea r space s o r a s conve x subset s o f linea r space s 

remain open . I t seem s likel y tha t imaginativ e new , usabl e characterization s o f s  o r 

Q shoul d lea d t o ne w theories . 

Finally w e mentio n a n are a whic h recen t result s hav e prett y muc h finished . A n 

early questio n i n I- D topolog y concerne d th e unio n o f tw o set s X 1 an d X « suc h tha t 

X-,Xo an d X - H  X 2 wer e al l homeomorphi c t o Q  o r wer e al l homeomorphi c t o s . 

Is X . UX 2 necessaril y homeomorphi c t o Q  (o r t o s) ? Simila r question s existe d 

where X-,X 2 an d X - U  X„ wer e al l assume d homeomorphi c t o Q  (o r s ) an d th e 

question wa s whethe r X - 0  X„ wa s homeomorphi c t o Q  (o r s) . Al l o f thes e question s 

have negativ e answer s (som e rathe r easily) . Th e fina l resul t t o be obtained i s du e t o 

Sher wh o used Eaton fs generalize d dog-bon e constructio n applie d t o Q  an d showe d 

that o n slicing i t i n tw o we ge t tw o copie s o f Q  whos e intersectio n i s a  cop y o f Q  bu t 

whose union i s not . Complementin g this , Hande l ha s show n tha t a  union o f tw o copie s 

of Q  mus t b e a  cop y o f Q  i f th e intersectio n i s a  Z-se t cop y o f Q  i n either . Lastly , 

in contras t wit h this , Quin n an d Won g have show n tha t th e union o f tw o convex Hilber t 

cubes i n i „ i s a  cube , provide d thei r intersectio n i s a  cube . 

II. C E Image s o f ANR' s an d Q-manifold s 

In the theor y o f Q-manifold s th e foundationa l proble m involvin g C E mapping s i s 

to give condition s unde r whic h th e imag e Y  unde r a  C E ma p f : M-» Y o f a  Q-manifol d 

is homeomorphi c t o M . B y Chapman fs C E Mappin g Theore m th e question o f Y  bein g 

homeomorphic t o M  i s equivalen t t o tha t o f Y  bein g a  Q-manifold . 

,Mv Unde r wha t condition s d o th e C E image s o f Q-manifold s 

remain Q-manifolds ? 

In connection wit h problem s o f typ e (M ) w e shal l dea l onl y wit h situation s i n 

which eac h point-invers e i s a  Z-set , sinc e shrinkin g ou t a  wild ar c (Wong ) o r a  cu t 

slice i n Q  produce s a  non-Q-manifold . Eve n thi s improve d situatio n i s circumscribe d 

by counter-examples . A  modification o f Eaton' s argumen t fo r th e existenc e o f dog -

bone decompositions fo r highe r dimensiona l Euclidea n space s show s tha t ther e i s a 

dog-bone decompositio n o f Q , i . e . , a  surjectio n f  :Q-» Y suc h tha t Y  i s no t Q , 
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each nondegenerat e point-invers e i s a  Z-se t arc , an d th e nondegenerac y se t o f f  i s 

a Canto r se t i n Y . I n thi s cas e b y (lc ) belo w Y  i s a n AR , bu t eve n thi s informatio n 

is no t obtaine d i n general, fo r Taylor' s exampl e give s a  C E ma p f  :X-» Q ont o th e 

Hilbert cub e whic h i s no t a  shap e equivalence ; an d considerin g X  a s a  Z-se t o f Q 

and takin g th e adjunctio n F : Q - * Q I L Q = Y produce s a  C E ma p o f Q  ont o a  no n AR . 

Because o f Taylor' s exampl e ther e i s interes t i n finding condition s t o insur e tha t 

the C E imag e o f a  Q-manifol d i s a n ANR . Thi s proble m i s equivalen t t o th e olde r 

problem o f findin g condition s unde r whic h th e C E imag e o f a  (locall y compact ) AN R 

is a n ANR . I n fact, i f f . X - Y i s a  C E ma p of suc h a n ANR , the n f » = f p : X X Q -

Y i s a  C E ma p (wher e p : X x Q  - X  i s th e standar d projection ) o f a  Q-manifol d b y 

Edwards' result . Kozlowsk i define s a n hereditary shap e equivalenc e t o be a  prope r 

map f : X - Y suc h tha t f:f " B - B i s a  shap e equivalenc e fo r ever y close d subse t B 

of Y , an d ha s shown : 

(1) A  C E ma p f:X-*Y , wit h X  a n ANR , i s a n hereditary shap e equivalenc e 

if an d onl y i f Y  i s a n ANR . Hi s Vietori s theorem s the n impl y tha t Y  i s a n AN R i n 

the followin g cases : 

(la) Y  i s a  countabl e unio n o f close d finite-dimensiona l subspaces ; 

(lb) Y  i s compac t an d countable-dimensional ; 

(lc) th e nondegenerac y se t { y € Y : f~ (y ) i s nondegenerate ] o f f  i s finit e 

dimensional (o r mor e generally , i s containe d i n a  subse t o f Y  havin g larg e inductiv e 

transfinite dimension) . 

(A) Unde r wha t condition s d o C E image s o f ANR fs remai n ANR*s ? 

This proble m ca n be closel y tie d t o (M) . Sa y tha t a  map f : X  -* Y is  determined 

on the  subset A  o f X  i f ever y nondegenerat e point-invers e o f f  lie s i n A . Th e 

following usefu l resul t wa s know n t o Wes t an d others . 

(2) I f f : M  - Y  i s a  C E ma p o f a  Q-manifol d M  ont o a n AN R whic h i s 

determined o n a  Z-se t o f M , the n f  i s a  nea r homeomorphism . 

Now consider a  C E ma p f:M-* Y define d o n a Q-manifol d M . Identif y M £ 

M x 0  c M  X Q  an d conside r th e adjunctio n F : M X Q  - ( M X Q) U f Y = N. I t i s a 

classical resul t o f Borsuk-Whitehead-Hanne r tha t N  i s a n AN R if f Y  is . Alternatively , 

identify M=M X l c M x [0,1 ] an d conside r th e adjunctio n M X [ 0 , 1 ] - ( M x [0,1] ) U f Y 

= M(f) , wher e M(f ) i s th e mappin g cylinde r o f f ; sinc e M  i s a  Z-se t i n M x Q  an d 

M x [0,1] , thes e situation s ar e relate d b y th e Z-se t homeomorphis m extensio n theore m 

as i n th e diagra m 

Mx Q  a  M x [0,1 ] 
1 1 
N S B M(f ) 
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where th e homeomorphis m i s th e identit y o n Y . B y Theorem 2 , N  i s a  Q-manifol d 

iff N  i s a n ANR . Recapitulating , fo r a  C E ma p f:X-> Y on e ha s Y  a n AN R if f 

f i s a n hereditary shap e equivalenc e if f th e induce d ma p M X Q-» N i s a  nea r homeo -

morphism. Thu s (A ) i s equivalen t t o 

7 Unde r wha t condition s d o C E image s o f Q-manifold s 

determined o n Z-set s remai n Q-manifolds . 

The followin g problem s ste m fro m (A) . 

(CE 1 ) Le t f  : Q- Y  b e a  surjection wit h eac h point-invers e a  cop y o f Q . I s 

Y a n AR ? I t i s readil y seen , usin g Edwards ' Q-facto r theore m an d a  con e con -

struction, tha t thi s i s equivalen t t o a  question o f Borsuk : I f X  i s a  compac t AN R 

and f:X-» Y ha s AR' s fo r point-inverses , i s Y  a n ANR ? 

(CE 2 ) Le t f : B n - Y b e a  C E map . I s Y  a n AR ? Thi s i s equivalen t t o th e 

question: I s th e C E imag e o f a  finite-dimensional compactu m finit e dimensional ? 

(The procedure , give n a  C E ma p f  : X- Y  wit h di m X  < oo , i s t o imbe d X  i n som e 

Bn an d conside r th e quotien t ma p F : B n - B n U f Y . I f B n U f Y i s a n AR , the n F 

and f  ar e hereditar y shap e equivalences , an d thes e d o no t rais e dimension . Th e 

converse follow s fro m (la ) above . 

Even th e followin g specia l cas e i s o f interest . 

(CE 3) I f i t i s furthe r assume d i n (C E 2 ) tha t th e nondegenerat e point-inverse s 

of f  ar e arcs , i s Y  a n AR ? 

Some o f thes e questions originate d i n par t fro m th e stud y o f decomposition s o f 

manifolds. Th e situatio n a t presen t i s tha t on e ha s complet e informatio n regardin g 

the homotop y group s bu t n o informatio n abou t homotopy . 

(CE 4 ) I f X  i s B n o r R n an d f : X - Y i s a  cell-lik e map , i s Y  contractible ? 

A corollary o f Theorem s (1) , (lc ) an d (2 ) i s a  theore m claime d earlie r b y 

Anderson. 

(3) I f M  i s a  Q-manifol d an d f- .M- Y i s a  C E ma p determined o n a  Z-se t 

and whos e nondegenerac y se t i s finit e dimensional , the n f  i s a  nea r homeomorphism . 

In the dog-bone decompositio n o f Q  th e unio n o f th e nondegenerat e point-inverse s 

does no t li e eve n i n a  cy-Z-set . 

(CE 5 ) Suppos e f  :Q -» Y i s a  C E ma p ont o a n AR , wit h th e unio n o f th e non -

degenerate point-inverse s lyin g i n a  a-Z-se t i n Q . I s Y  -  Q ? Suppos e w e requir e 

only tha t th e union o f th e nondegenerat e point-inverse s li e i n a  pseudo-interio r o f Q ? 

Even case s i n which ther e ar e onl y countabl y man y nondegenerat e point-inverse s 

of f  ar e o f interest . [I n thi s cas e (lc ) show s tha t Y  i s a n ANR. ] 

(CE 6 ) Mor e specifically , i f th e se t o f nondegenerat e point-inverse s i s countable , 
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is Y  — Q ? (Thi s i s know n i f th e union o f th e nondegenerat e point-inverse s i s a  G*. ) 

(CE 7 ) I s Y  — Q f i f (a ) th e collectio n o f nondegenerat e point-inverse s i s nul l 

( i .e . , ther e ar e onl y finitel y man y suc h set s o f diamete r >  c  fo r ever y c  > 0) , and/o r 

if (b ) th e closur e i n Y  o f th e nondegenerac y se t i s zero-dimensional ? 

(CE 8 ) Suppos e f : Q - Y i s a  C E ma p o f Q  ont o a n AR . Fin d condition s an d 
k examples whe n Y x I  ^ Q fo r som e finit e k . Recal l tha t Bryant-Chapma n hav e show n 

that Y  x I  2= Q i n th e cas e tha t f  ha s exactl y on e nontrivia l poin t invers e an d i t i s a 

finite-dimensional cell . R . Edward s claim s tha t Y  X I ^ Q i n th e cas e tha t f  ha s 

exactly on e nontrivia l poin t invers e an d i t i s a  finite-dimensional cell-lik e compactu m 

(this use s a  variation o f a n argumen t o f Stanko) . 

The followin g questio n relatin g t o ^-manifold s i s als o o f interest . 

(CE 9 ) Suppos e Y  i s a  complet e separabl e metri c AN R whic h i s a  closed cell -

like imag e o f a n X  -manifold M . I s Y  i n fac t a n X 2-manifold? Thi s amount s t o 

asking whethe r th e decompositio n o f M  induce d b y th e (compact ) poin t inverse s o f th e 

map M  -» Y i s shrinkabl e i n th e sens e o f Bing . I t i s a  consequenc e o f known theorem s 

that th e stabilize d decompositio n obtaine d b y crossing wit h l~  o r Q  i s shrinkable . 

III. S C Shap e o f Compact a i n I- D Topolog y 

Shape theor y ha s becom e a  useful too l i n I- D topolog y an d geometri c topology . 

Since Chapman' s proo f tha t tw o Z-set s i n Q  hav e th e sam e shap e if f thei r comple -

ments ar e homeomorphic , dee p result s o f Chapman , R . Edwards , Miller , an d Wes t 

involving C E map s hav e decisivel y demonstrate d th e powe r o f shap e theoreti c con -

cepts i n solvin g classica l problems . Th e problem s appearin g her e are , fo r th e mos t 

part, concerne d onl y wit h aspect s o f shap e theor y whic h bea r somewha t directl y o n 

I-D topology . Fo r mor e purel y shap e theoreti c problems , on e ca n consul t Borsuk' s 

work, i n which list s o f problem s frequentl y appear . 

We restate tw o problems fro m th e C E section . 

(SC 1 ) I s i t tru e tha t cell-lik e map s d o no t rais e dimension ? Thi s questio n i s 

equivalent t o th e following : i s a  cell-like ma p defined o n a  finite-dimensiona l spac e a 

shape equivalence ? 

(SC 2) Doe s ever y infinite-dimensiona l compactu m contai n subset s o f arbitraril y 

high finit e dimension ? [ A positive answe r implie s a  positiv e answe r t o (S C 1). ] 

(SC 3) I f f  : X- Y  i s a  C E map , whos e nondegenerac y se t i s countable -

dimensional, i s f  a  shap e equivalence ? 

(SC 4) I f M  an d N  ar e compac t Q-manifold s an d i f ther e exis t a  compactu m 

X an d hereditar y shap e equivalence s f : X - M , g :X-*N , ar e M  an d N  bomeomorphic ? 

(SC 5 ) I f M  an d N  ar e compac t Q-manifold s an d i f ther e exis t a  compactu m 
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X an d C E map s f:M-*X , g : N - X , ar e M  an d N  homeomorphic? 

(SC 6) Giv e condition s s o tha t fo r a n inclusio n Y  - X  whic h i s als o a  shap e 

equivalence th e followin g conditio n hold s wheneve r X c P (a n ANR) ; fo r ever y 

neighborhood V  o f Y  an d ever y neighborhoo d U  o f X , ther e i s a  homotop y f fc:X-

U, 0  S t *  1  suc h that : (1 ) f  (x ) =  x fo r al l x  6 X, (2 ) f^X ) c  V , an d (3 ) f fc(y) =  y fo r 

all y  € Y  an d 0 * t ^ 1 . 

(SC 7 ) I f X, Y ar e compac t metri c wit h respectiv e compac t subset s A, B an d 

if f:X-* Y restrict s t o a  shape equivalenc e A  -* B an d map s X\ A homeomorphicall y 

onto Y\B , i s f  a  shape equivalence ? Wha t i f X  an d Y  ar e compac t ANR's ? 

(SC 8 ) I f X  an d Y  ar e shap e equivalen t U V -eompaeta , doe s ther e exis t a 

finite diagra m X  = XQ ~ X ~  . . . ~  X =  Y i n which X . -  X . -  i s a n hereditar y shap e 

equivalence eithe r fro m X . t o X . .  o r fro m X . .  t o X. ? 

(SC 9 ) I f A  i s a  Z-se t i n Q  an d Q/ A i s a n ANR , i s A  shape-dominate d b y 

a complex ? 

(SC 10 ) Le t f : (X,x ) -* (Y,y) b e a  morphism o f pointe d shap e theor y whic h 

induces a n isomorphis m o n eac h homotop y pro-group . Unde r wha t hypothese s i s f  a 

(pointed) shap e equivalence ? (Remark : Ther e i s considerabl e recen t literatur e o n 

this problem . Ther e ar e goo d positiv e theorem s an d goo d counterexamples . W e ar e 

asking fo r th e bes t possibl e positiv e theorem. ) 

IV. P F Product s an d Factor s 

R. D . Edward s ha s recentl y prove d tha t ever y locall y compac t separabl e metri c 

ANR i s a  Q-manifol d factor . (Trivially , th e convers e i s true. ) Thi s long-sought -

after resul t i s th e Q-analogu e o f Torunczyk' s characterizatio n o f ^ 2-manifold factors : 

every complet e separabl e metri c AN R i s a n i 2-manifold factor . 

Edwards' result , togethe r wit h Chapman 1 s Q-manifol d triangulatio n theorem , 

provides anothe r proo f o f West' s theore m tha t ever y compac t metri c AN R ha s finit e 

homotopy type . 

(PF 1 ) Giv e a n interna l characterizatio n o f space s X  fo r whic h X  x 1 ^ Q . 

What i s th e relationshi p betwee n th e condition s X x I ^ Q an d X  x X  - Q ? Ceri n ha s 

shown, extendin g unpublishe d result s o f Bryan t an d Chapman , tha t (Q/A ) x  l^Q^ 

Q/A X  Q/A fo r ever y close d n-cel l A  i n Q . 

Another consequenc e o f Edwards ' resul t wit h a  theore m o f Wes t i s tha t ever y 

countable infinit e produc t o f nondegenerat e compac t metri c AR' s i s homeomorphi c t o 

Q. Th e correspondin g questio n fo r product s o f X  -factors remain s open . 

(PF 2 ) I s ever y countabl e infinit e produc t o f noncompac t complet e separabl e 

metric AR' s homeomorphi c t o Jfc« ? W e may suppos e tha t eac h facto r contain s a  close d 
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copy o f th e line , sinc e i t i s no t hard t o sho w tha t eac h produc t o f tw o such factor s ha s 

this property . Wha t abou t th e specia l cas e wher e eac h facto r i s a  contractibl e Q -

manifold? 

As anothe r specia l cas e w e conside r th e followin g product : 

(PF 3 ) Le t P  b e th e se t o f point s i n th e close d uni t bal l o f l^  whic h hav e a t 

most on e nonzer o coordinate . ( P i s sometime s calle d th e "porcupine". ) I s n._ - P  — 

V 
(PF 4 ) (i ) Doe s X X X ^ s = * X ^ s ? 

(ii) Doe s X K l ^ s ^ X ^ s ? 

(iii) Doe s X x Q ^ s ^ X ^ s ? 

Note tha t i f X ) ( Y - s fo r som e locall y compac t Y , the n X X Y  X Q  — s , an d sinc e 

Yx Q  i s a  Q-manifold , X X Q  i s a  contractibl e s-manifold , henc e X x Q  —s. 

V. Q s Con e Characterization s o f Q  an d s 

A major continuin g proble m i s t o get usefu l an d simpl e topologica l characterization s 

of Q  o r s  tha t d o no t depend explicitl y o n linear spac e propertie s o r o n th e produc t 

structure o f th e space . Fo r linea r spac e an d produc t structure s w e not e tha t Kelle r 

proved i n 193 1 that an y compac t conve x infinite-dimensiona l subse t o f £ 2 i s homeo -

morphic t o Q , an d recen t wor k o f Wes t an d Edward s combin e t o show tha t an y countabl e 

infinite produc t o f metri c compact a i s homeomorphi c t o Q  if f eac h facto r i s a n A R 

and infinitel y man y ar e nondegenerate . Result s fo r s  du e t o Anderso n an d Kade c 

characterize s  a s homeomorphi c t o an y separabl e infinite-dimensiona l Freche t space , 

and result s du e t o Torunczy k stat e tha t X^  s^  s  if f X  i s a  topologicall y complet e 

separable metri c AR . Th e fina l possibl e characterizatio n o f s  a s a  product o f AR* s 

is stil l no t settle d an d i s state d i n sectio n PF . 

It would b e ver y nic e t o have topologica l characterization s o f s  an d Q  in mor e 

general o r a t leas t differen t terms . Specifi c problem s whic h appea r interestin g ar e th e 

following: 

(Qs 1 ) Ar e th e one-poin t se t an d Q  th e only homogeneou s contractibl e metrizabl e 

compacta? 

(Qs 2 ) I s s  th e onl y homogeneou s separabl e contractibl e nonlocall y compac t 

completely metrizabl e space ? Specia l case s o f (Q s 1 ) an d (Q s 2 ) ar e (Q s 3 ) an d (Q s 4) 

below i n which contractibilit y i s strengthene d t o "bein g a  cone" . O f course , homogeneit y 

and con e structur e giv e condition s quit e simila r t o those o f produc t structure . 

(Qs 3 ) Le t X  b e compac t metric , homogeneou s an d homeomorphi c t o it s ow n 

cone. I s X  homeomorphi c t o Q ? 

Note. B y a  theore m o f Schori , cone(Y ) X  1^ con e (cone(Y) ) fo r an y compac t 
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Hausdorff spac e Y . Therefor e X  ~ X x I . I f we can prov e tha t th e projectio n ma p 

p:X x  I - X  i s eithe r tiltabl e (i n th e sens e o f West ) o r a  near-homeomorphism , the n 

by a n inverse-limi t argumen t i t follows tha t X X Q ^ X , Furthermore , d e Groo t 

observed tha t X  i s locall y homogeneous , i . e . , ever y poin t x 6 X ha s arbitraril y 

small neighborhood s O  suc h tha t fo r an y tw o points y , z f O  ,  y  ca n b e mappe d 

onto z  b y a n autohomeomorphis m o f X  tha t is th e identit y outsid e O  ;  and 

Kroonenberg observe d tha t X  i s n-poin t order-preservin g homogeneou s fo r an y n . 

A possible counterexampl e migh t b e obtaine d i n th e followin g way : Schor i showe d tha t 

cone(Y) x Q  i s homeomorphi c t o it s ow n cone fo r ever y compac t metri c spac e Y . 

However, homogeneit y an d loca l contractibilit y a t th e con e poin t rul e ou t space s 

cone(Y) X Q  fo r Y  a  spac e lik e th e Canto r se t o r th e universa l curve . 

(Qs 4) W e can pos e a  proble m simila r t o (Q s 3 ) abou t s . I f X  i s homogeneous , 

separable, complet e metri c an d no t locall y compac t an d X — cone(X) (wher e a n 

appropriate metri c definitio n o f con e i s used) , the n i s X  — s? 

VI. H  Hyperspace s 

The origina l hyperspac e problem s i n infinite-dimensiona l topolog y have , i n 

general, bee n solved . Som e problem s o f curren t interes t concer n pseudo-interior s 

for hyperspaces , conve x hyperspaces , an d hyperspaces o f noncompac t spaces . 
X 

For X  a  metri c space , 2  denote s th e hyperspac e o f nonempt y compac t sub -

sets o f X , an d C(X ) th e hyperspac e o f nonempt y subcontinu a o f X , topologize d wit h 

the Hausdorf f metric . Schor i an d Wes t showe d tha t 2  —  Q, an d mor e generally , 

r 
that 2  ^  Q  fo r ever y nondegenerat e finit e connecte d grap h T.  Wes t als o showe d 

that th e hyperspace o f subcontinu a C(D ) o f a  dendron D  i s homeomorphi c t o Q  i f 

and onl y i f th e branc h point s o f D  ar e dense . Usin g thes e results , Curti s an d Schor i 

subsequently showe d tha t 2  = = Q i f an d only i f X  i s a  nondegenerat e Pean o continuum , 

and C(X ) — Q  i f an d onl y i f th e Pean o continuu m X  contain s n o free arcs . 
X 

Further result s o n various subspace s o f 2  ,  wher e X  i s a  nondegenerat e Pean o 
y 

continuum hav e bee n obtained . I n particular, fo r A , A - , . . ., A  € 2 ,  th e containmen t 
X X  i n 

hyperspace 2 A =  (F € 2  :  F^> A} i s homeomorphi c t o Q  i f an d onl y i f A  ± X, whil e 
X X 

the intersectio n hyperspac e 2  ( A . . , A  )  = {F € 2 :  F 0  A. ^  0  fo r eac h i } i s 
always homeomorphi c t o Q . Also , fo r ever y compac t connecte d polyhedro n K , ther e 

K K  K exists a  hyperspace 2  f  c 2  o f "small " subset s o f K  suc h tha t 2  .  s* K x Q. ssc ss t Y 
If X  ha s a n affin e structure , w e ma y conside r th e conve x hyperspac e cc(X ) c  2 

of compac t conve x subset s o f X . Nadler , Quinn , an d Stavraka s hav e show n tha t 
2 ee(X) - Q  fo r ever y compac t convex subset X  o f JL  wit h d i m X > l . The y als o sho w 

2 
that fo r X C R wit h cc(X ) a= Q ( X no t necessaril y convex) , X  mus t b e a  2-cell . 
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2 Curtis, Quinn , an d Schor i hav e show n tha t i f X c R  i s a  polyhedral  2-cel l the n 

cc(X) — Q i f an d onl y i f X  contain s n o singula r segment s ( a segmen t j c X  i s singular 

if i t contain s i n it s interio r thre e vertice s v  ,  v
2 ,v~ a t whic h X  i s locall y noneonvex , 

such tha t th e sid e o f J  determine d b y the middl e verte x v 9 i s opposit e tha t determine d 

by v  an d b y v j . 
X 

Curtis ha s recentl y show n tha t 2  i s a n A R (metric ) i f an d onl y i f th e metri c 
space X  i s connecte d an d locall y continuum-connected . Tw o mor e specifi c hyper -

"V" 

space characterization s ar e als o obtained : (1 ) 2  —  Q\{pt } i f an d onl y i f X  i s a 

locally compac t connecte d locall y connecte d noncompac t metri c space ; (2 ) a  topologicall y 

complete separabl e connecte d locall y connecte d an d nowhere-locall y compac t metri c 
X 

space X  i s imbeddabl e i n a  Pean o continuu m P  suc h tha t 2  i s a  pseudo-interio r 
P for 2  i f an d onl y i f X  admit s a  metri c wit h Propert y S . 
(H 1) I s th e collectio n o f finit e subset s o f I  a n fd-ca p se t fo r 2  ? 

(H 2) Le t r  b e a  finit e connecte d graph . Ar e th e collection s { A € 2  ; A i s 

O-dimensional] an d { A f  2  :  A i s a  topologica l Canto r set ] pseudo-interiors fo r 2  ? 

Note. Th e abov e problem s ar e du e t o Kroonenberg , wh o has answere d ( H 2) 

for T  -  I . 
2 (H 3) I f X c R  i s a  2-cel l containin g n o singula r segments , i s cc(X ) 2=Q? 

(H 4) Le t I  b e th e nonseparabl e Banac h spac e o f bounde d rea l sequences , an d 

let ~  b e th e equivalenc e relatio n i n 2 ^ o f isometr y betwee n compac t metri c spaces . 

Is th e quotient spac e 2 ^ / ~ —  I ?  (D . Edward s ha s obtaine d som e basi c propertie s 

of 2*°°/~. ) 
X 2 (H 5) I s 2  ~  4  fo r ever y topologicall y complet e separabl e connecte d locall y 

connected an d nowhere-locall y compac t metri c spac e X ? 

VII. Q M Hilber t Cub e Manifold s 

The tw o major problem s o n Q-manifolds f triangulabilit y an d classification (b y 

infinite simpl e homotop y type ) hav e bee n solve d b y Chapman . Man y technique s fo r P L 

manifolds ca n b e adapte d fo r Q-manifold s an d ar e usuall y simple r i n the I- D case . 

(QM 1) Giv e a  locall y fla t embeddin g o f codimensio n 3  o f on e Q-manifol d int o 

another whic h doe s no t have a  norma l bundle . Finite-dimensiona l example s exist . 

Chapman showe d tha t a n arbitrary-codimensiona l embeddin g o f Q  itsel f i n a  Q -

manifold i s flat , whic h resul t i s fals e o f course , eve n i n codimensio n 1 , whe n we 

replace Q  b y a n arbitrar y Q-manifold . 

(QM 2) Le t X  b e a  compac t Q-manifold , an d *U  a finite ope n cove r o f X  b y 

contractible ope n subset s suc h tha t intersection s o f subcollection s o f %(  are eithe r 

empty o r contractible . I s X  homeomorphi c to N(T O x Q ? Her e N(t O denote s th e 

nerve o f V . 
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(QM 3 ) Give n a  compac t Q-manifol d M , doe s ther e exis t e  > 0  suc h tha t i f 

r : M  -* N  i s a  retract io n ont o a  Q-manifol d N , wit h dia m r  (n ) <  € fo r eac h n  i n 

N, the n r  i s clos e t o a  homeomorphis m ? 

A prope r surjectio n f : M - N  i s a n approximate  titration  (Coram-Duvall ) 

provided tha t give n a  spac e X , mapping s g : X  x  {0 } -• M  an d H : X X I - N  suc h tha t 

fg =  H | X X {OJ, an d a n ope n cove r V  o f N , ther e exist s a  mappin g G : X x  I - M 

such that * G  extend s g  an d f G an d H  a r e 1(-close . 

(QM 4 ) I f f : M- » N  i s a n approximat e fibratio n o f Q-manifolds , whe n i s f  clos e 

to locall y tr ivia l maps ? 

(QM 5 ) Le t M , N b e compac t Q-manifold s an d le t f , g : M - N  b e locall y 

tr ivial map s suc h tha t f  i s clos e t o g . I s f  homotopi c t o g  throug h suc h m a p s ? 

(QM 6 ) (Fibere d Stability ) Le t E  -  Q  b e a  compac t AN R fibratio n ove r th e 

Hilbert cub e suc h tha t eac h fibe r i s th e Hilber t cube . I s E  -  E  x  Q  b y f iber -

preserv ing homeomorphism ? A  positiv e answe r woul d impl y tha t E  —  Q  i s a  tr ivia l 

bundle. Th e answe r i s know n t o b e affirmativ e i f th e bas e Q  i s replace d b y a 

polyhedron. 

VIII. CM P Compactification s 

A noncompac t Q-manifol d M  admit s a  compactification  i s ther e exis t s compac t 

Q-manifold N ^ M suc h tha t N - M i s a  Z-se t i n N . Chapman-Siebenman n hav e 

treated thi s proble m an d hav e succeede d i n findin g genera l algebrai c condition s fo r 

which thi s i s t rue . Chapman-Fer r y hav e gon e on e ste p furthe r an d foun d algebrai c 

conditions whic h quarante e tha t th e Z-se t N \ M i s a  Q-manifold . Also , a  theore m 

of Wes t ha s bee n strengthene d b y Tonmczy k (an d independentl y b y Fe r ry ) t o read : i f 

X i s a  compac t me t r i c AN R an d A c X i s a  Z-se t suc h tha t X \ A i s a  Q-manifold , 

then X  i s als o a  Q-manifold . I n fact , i f A  i s close d an d haz y i n X , the n th e 

assumption tha t X  i s a n AN R i s superfluou s [se e ANR] . 

Here i s a  questio n concernin g a  finite-dimensiona l versio n o f th e Chapman -

Siebenmann resu l t . 

(CMP 1 ) I f K  i s a  noncompac t polyhedron , whe n ca n w e ad d a  compactu m t o K 

to obtai n a n AN R ? 

(CMP 2 ) I f K  i s a  noncompac t polyhedron , whe n i s th e one-poin t compactificatio n 

of K  a n ANR ? 

(CMP 3 ) I f E  -  S  i s a  locall y t r ivia l bundl e wit h fibe r F , a  noncompac t Q -

manifold, suc h tha t F  admit s a  compactification , whe n doe s ther e exis t a  locall y 

tr ivial bundl e E  -  S  whic h contain s E  a s a  subbundl e an d suc h tha t eac h fibe r E  i s 
x 

a compac t Q-manifol d compactifyin g E  . 
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(CMP 4) Th e abov e definitions ma y b e interprete d i n term s o f ANR's . Whic h 

ANR's A  admi t Z-se t compactifications ? A  necessary conditio n i s tha t Q x A admit s 

a Z-se t compactification . Therefore , A  i s tam e a t c o i n th e sens e o f Chapman -

Siebenmann an d th e invariant s a  an d T  mus t vanish . Doe s thi s suffice ? 
oo o o 

Equivalent question: I f th e Q-manifol d Q X A  admit s a  Z-se t compactification , 

does A  admi t one ? 
DC. G A Compac t Grou p Action s 

One o f th e area s o f greates t curren t interes t (an d frustration) i n infinite -

dimensional topolog y concern s question s o f compac t metri c grou p action s o n Q  o r o n 

Q-manifolds. I t i s know n by West' s wor k tha t al l compac t group s ca n operat e o n i « 

with a n arbitrar y close d se t a s th e se t o f fixe d points . A s note d below , i t i s a  routin e 

application o f coverin g spac e theor y t o sho w tha t ever y tw o fixed poin t free periodi c 

homeomorphisms o f prim e perio d p  o n & 2 ar e equivalen t ( i . e . , conjugate s o f eac h 

other). Man y interestin g example s ar e know n concerning action s o n Q  o r o n Q -

manifolds, bu t basi c question s ar e stil l ope n i n thi s latte r category . 

Questions o f grou p action s o n Q  o r s  o r o n manifolds modele d o n the m ar e 

quite differen t fro m thos e o f finite-dimensiona l topolog y bu t example s fro m finite -

dimensional manifold s an d polyhedr a provid e a  ric h cor e o f building blocks . Sinc e 

each o f Q  an d s  ca n b e represente d a s infinit e product s o f copie s o f itsel f o r o f 

other factors , grou p action s ca n b e induce d o n th e produc t b y using action s o n th e 

factors a s explaine d i n Example s 1,2 , an d 3  below. W e use th e resul t du e t o Wes t tha t 

any countabl e infinit e produc t o f nondegenerat e Q-factor s i s homeomorphi c t o Q 

together wit h th e resul t o f Edward s tha t eac h compac t A R i s a  Q-factor . Thus , an y 

countable infinit e produc t o f compac t nondegenerat e AR' s i s homeomorphi c t o Q . W e 

also us e th e fac t tha t th e con e o f an y AN R i s a n AR . 

An actio n o f G  o n X  i s effective  o r free  i f for eac h g lfgo ^  ®  an< * x  € X , 

g x  =  ggx if f g - =  g2 , i . e . , eac h orbi t i s full . A n action i s strongly  semi-free  i f 

there exist s on e poin t p  fixe d unde r al l o f G  an d G  actin g o n X\{p ] i s free . Le t 

Q0 =  Q\{pt}. Sinc e s ^ Q x s ^ Q Q x s  the n action s o n Q  o r Q 0 ca n be used t o 

induce action s o n s . 

Example 1 . (West ) Sinc e an y compac t Li e group G  act s strongl y semi-freel y 

on con e (G ) b y lef t translatio n o n levels, w e know tha t G  act s strongl y semi-freel y 

on th e countabl e infinit e produc t II . (con e G ) ~ Q  an d thu s freel y o n Q ~ an d als o o n 

s. W e call suc h actio n th e standard  fre e actio n o n Q * o r s . 

Example 2 . Le t G  b e an y strongl y semi-fre e actio n o n Q . The n G  ca n b e 
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considered a s actin g o n (con e Q ) — Q  wit h a n ar c T  o f fixe d point s an d wit h th e 

original actio n o n eac h leve l o f th e con e abov e th e vertex . No w collapse th e ar c T  o f 

fixed point s t o a  point . Sinc e T  i s a  Z-set , th e resultan t spac e Q ! i s stil l homeo -

morphic t o Q  bu t th e induce d actio n o n Q ! ha s interestin g invarian t sets . 

Example 3 . Fo r eac h i > 0 , le t X . b e a  nondegenerat e A R an d le t G . b e a 

strongly semi-fre e grou p actio n o n X. . Le t n  b e a  homeomorphis m o f G . ont o 

G.. The n limG . act s strongl y semi-freel y o n IlX . -  Q  an d freel y o n Q Q unde r th e 

coordinate define d action . Thus , fo r example , an y solenoida l grou p o r Canto r grou p 

can ac t strongl y semi-freel y o n Q . Also , regardin g th e bondin g map s a s isomorphism s 

we ca n induc e man y differen t lookin g action s o f G - o n Q . 

Wong has show n tha t an y tw o strongly semi-fre e perio d p  homeomorphism s o f 

Q whic h hav e arbitraril y smal l invarian t contractibl e neighborhood s o f th e fixe d poin t 

(are trivial  a t th e fixe d point ) ar e equivalent . Thi s i s stil l th e fundamenta l know n 

result. I t shows tha t th e variou s semi-fre e perio d p  example s stemmin g fro m 

Examples 2  and 3  abov e ar e equivalent . 

The basi c apparatu s fo r studyin g fre e action s o f finit e group s o n Q Q o r s  i s 

elementary coverin g spac e theory . Thus , fo r example , tw o Z  fre e action s ar e 

equivalent i f thei r orbi t space s ar e homeomorphic . Fo r suc h action s o n s  o r Q Q, 

the orbi t space s ar e Eilenberg-Ma c Lan e space s whos e homotop y type s ar e characterize d 

merely b y thei r homotop y groups . Sinc e al l ^-manifold s (o r Q-manifold s admittin g 

a half-ope n interva l factor ) ar e characterize d b y homotopy type , w e kno w tha t an y tw o 

orbit space s o f th e appropriat e typ e ar e homeomorphi c an d henc e th e action s inducin g 

the orbi t space s ar e equivalent . Fo r Q Q, th e argumen t break s dow n sinc e Q -

manifolds ar e not , i n general, characterize d b y homotop y type s bu t b y infinit e simpl e 

homotopy type . 

West used Siebenmann' s wor k o n infinite-simple-homotop y equivalence s an d 

Chapman's triangulation s o f Q-manifold s t o show tha t fo r finit e (o r discret e countable ) 

G, fre e G-action s o n Q Q ar e classifie d b y th e proper  homotop y typ e o f th e orbi t 

spaces. D.A . Edward s an d Hasting s showe d tha t (1 ) a  Siebenmann-typ e Whitehea d 

theorem fail s i n th e infinite-dimensio n situation , an d (2 ) uniqueness o f grou p action s 

fails i n pro-homotopy theor y (pro-H) . I t thu s appear s tha t som e combinatio n o f 

homotopy theor y an d geometr y i s neede d t o settl e th e uniquenes s o f free G-action s o n 

% • 

Some typica l specifi c question s relate d t o semi-fre e action s o n Q  ar e th e 

following. I f the y hav e negativ e answers , the n classificatio n question s naturall y arise . 

(GA 1 ) Fo r wha t prim e p  > 2 ar e ever y tw o period p  homeomorphism s o f Q 
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with exactl y on e fixed poin t equivalent ? A  similar questio n abou t action s o f nonprim e 

period ca n b e posed. N o counterexamples ar e ye t known . 

(GA 2) Le t f : Q  - Q  b e a  homeomorphism o f Q  ont o itsel f wit h exactly on e 

fixed poin t an d with f  o f prime perio d p . Mus t f  b e trivia l a t x ? 

The concep t o f trivialit y ca n be extende d t o a  periodic homeomorphis m fixe d o n 

an arbitrar y contractibl e close d set . 

If m  : Y - Y  i s a  map , le t ip(m)  denot e th e se t o f fixe d point s o f m . 

(GA 3) Suppos e f ,g :Q x [0,1 ] - Q  X [0,1] ar e periodi c level-preservin g 

homeomorphisms o f perio d p  havin g fixed poin t set s <p(f)  =  x X [0, l ]=^(g) fo r som e 

point x  € X . I s f  equivalen t t o g  b y means o f a  level-preservin g homeomorphis m 

h:QX [ 0 , 1 ] - Q x [0,1] ? 

(GA 4) Wha t i f w e assume , i n addition , tha t bot h f  an d g  ar e trivia l a t x  X 

[0,1]? 

If th e abov e question s hav e affirmativ e answers , w e may conside r replacin g 

[0,1] b y [0,1 ] o r a  polyhedron . 

(GA 5) Le t K  b e a  Z-se t i n Q  whic h i s homeomorphi c t o [0,1 ] .  Suppos e 

f, g  : Q -* Q ar e perio d p  homeomorphism s suc h tha t <p(f ) =  K = p(g) an d both f  an d 

g ar e trivia l a t K . I s f  equivalen t t o g ? 

When considering grou p action s o n Q-manifold s a s distinc t fro m o n Q  itsel f th e 

basic question s concer n condition s unde r whic h action s ar e factorabl e int o a n actio n 

on a  finite-dimensional manifol d (o r polyhedron ) b y a n actio n o n Q ? And , i f tw o 

actions ar e fre e an d factorable the n we would lik e t o know condition s unde r whic h the y 

are equivalen t [se e Wes t (preprint ) fo r example s o f nonequivalence] . I f ther e i s a n 

action whic h i s no t factorable , the n i t involve s a n essentia l mixin g o f finit e an d infinite -

dimensional phenomen a whic h would b e interestin g t o identify . Not e tha t solenodia l 

or Canto r grou p action s o n Q  itsel f ar e essentiall y I- D typ e actions . 

Specifically w e ask : 

(GA 6) Unde r wha t condition s ca n a  compac t grou p actio n G  o n a  Q-manifol d 

M regarde d a s K  X Q  fo r som e polyhedro n K  b e factored int o an actio n o n K  b y a n 

action o n Q ? (Ther e ar e action s o n S  X  Q whic h aris e fro m map s rathe r tha n grou p 

actions.) 

(GA 7 ) Unde r wha t condition s (o n M? ) ar e tw o free Z  -action s o n M 

necessarily equivalent ? 

X. T D Topologica l Dynamic s 

There ha s s o fa r bee n practicall y n o study o f flows o n Hilber t cub e manifolds bu t 

many natura l question s ar ise . Sinc e S  X Q i s homeomorphic t o ([0,1]XQ)/ R fo r 
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any homeomorphi c identificatio n R  o f [o ] x Q  wit h [l ] X Q , an y discret e flow  o n Q 

can b e canonicall y imbedde d i n a  continuou s flo w o n S  X  Q . Question s o f th e existenc e 

of minima l set s an d o f variou s type s o f flow s suc h a s expansiv e flow s hav e no t ye t bee n 

studied beyon d fairl y obviou s examples . I t i s no t hard t o show tha t Q  itsel f admit s 

a regularl y almos t periodi c homeomorphis m whic h i s no t periodic . Also , n s a  countabl e 

infinite produc t o f itself , Q  admit s a  shif t homeomorphism . 

We lis t tw o specia l problem s a s representativ e o f th e muc h wide r clas s o f ope n 

problems inheren t i n th e type s o f flows studie d i n topologica l dynamics . 

(TD 1 ) (a ) I s S  X  Q  a  minima l set , i . e . , doe s S  x  Q  admi t a  discret e flo w 

with al l orbit s bein g dense ? 

Clearly, suc h a  flow canno t b e described coordinatewis e a s a  flow o n S  cros s a 

flow o n Q  sinc e an y discret e flo w o n Q  ha s a  fixed poin t an d thu s an y composit e flo w 

would hav e a n invarian t circle . A n affirmative answe r t o (T D l)(a ) woul d thu s requir e 

a flo w tha t doe s mor e tha n mi x a  flo w o n a  finite-dimensiona l manifol d o r comple x 

with on e o n Q  itself . 

(b) A  more genera l questio n ca n b e asked : I s an y compac t Q-manifol d a 

minimal set ? 

(TD 2)(a) Doe s Q  admi t a n expansiv e flow , i . e . , i s ther e a  homeomorphis m 

h : Q -• Q an d a  numbe r e  > 0  suc h tha t fo r eac h x, y € Q, x / y , ther e i s a n n , -co < 

n < co , fo r whic h d(h n(x), h n(y)) > c  ? 

It seem s likel y tha t th e answe r i s negativ e sinc e interestin g flow s o n Q  involv e 

some switchin g o f coordinate s an d geometricall y al l hig h indexe d coordinat e space s ar e 

of smal l diameter . Thus , an y tw o points mus t b e "sprea d apart " durin g th e shor t 

time the y ar e distinguishe d i n only a  fe w coordinates . 

(b) A  more genera l questio n ca n b e asked : Doe s an y compac t Q-manifol d admi t 

an expansiv e flow ? 

XI. M  Manifold s Modele d o n Infinite-Dimensiona l Linea r Space s 

The basi c classificatio n an d representatio n theorem s fo r manifold s modele d o n 

many o f th e infinite-dimensiona l linea r space s wer e largel y don e i n th e lat e 1960 !s b y 

Anderson an d Schori , Henderson , West , an d Chapma n an d supplemente d b y result s 

from infinite-dimensiona l differentia l topology . 

We quote thes e theorem s onl y i n th e £ 2-manifold case . The y ar e a s follows : 

(1) Tw o -^-manifold s ar e homeomorphi c if f the y ar e o f th e sam e homotop y type . 

(2) M  i s a n ^-manifol d if f M ^ K X i wher e K  i s a  countable , locally-finit e 

simplicial complex . 

(3) I f M  i s a n i^-manifold , the n M  ca n b e embedded a s a n ope n subse t o f i 9 . 
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In the early 1970 !s, Torunczy k gave a  characterization o f 4 2«-manifold factors . 

(4) I f X  i s a  separable complet e metri c space , the n X X l i s a n £ 2-manifold 

iff X  i s a n ANR . 

These theorem s motivate d muc h of th e later wor k on Q-manifolds . Th e followin g 

problems ar e open . (Se e als o (C E 9). ) 

(M 1) Le t X  b e a  topologically complet e separabl e metri c space . 

(i) I f X  i s a n ANR , Y c x i s dens e i n X , an d Y  i s a n X 2-manifold, unde r 

what conditions ca n we conclude tha t X  i s a n X 2-manifold? Torunczy k ha s prove d 

this resul t i n the case tha t X\ Y i s a  Z-se t i n X  (recal l tha t Z-set s ar e close d an d 

thus Y  i s ope n i n X) . 

(ii) Le t M  b e a n £ 2-manifold, an d suppose tha t X  c M  i s th e closure o f a n 

open set Y . Unde r what conditions ca n we conclude tha t X  i s a n X 2-manifold? 

Henderson has observe d relativ e t o (i ) tha t i f Z-set s ar e strongl y negligibl e i n 

X an d i f X\ Y i s a  countable union of Z-sets , the n X ^ Y . However , i t seem s 

difficult t o verify thes e condition s i n many naturall y arisin g cases . 

(M 2) Fo r M  a  separable X 2-manifold, ca n every homeomorphis m o f M  ont o 

itself b e approximate d b y diffeomorphisms ?  Burghele a an d Henderson have prove d 

that such homeomorphisms ar e isotopi c t o diffeomorphisms . 

In the following thre e problem s w e assume K  an d M  t o be X 2~manifolds an d 

K t o be a  closed subse t o f M . The n K  i s sai d t o have local  deficiency n  at  a  point 

p i f ther e exis t a n open set U  with  p  f U  an d a homeomorphism h  o f (-1 , l )n X X 2 

onto U  suc h tha t h({o } X  X2) = K H U . I f K  ha s loca l deficienc y n  a t every poin t of 

K, the n we say tha t K  ha s loca l deficienc y n . Le t R  c K  b e suc h tha t (a ) R  consist s 

of a  single point , (b ) R  i s compact , o r (c ) R  i s a  Z-se t i n M  an d a Z-se t i n K . 

(M 3) I f K  ha s loca l deficienc y 1  a t every poin t of K\R , doe s K  hav e loca l 

deficiency 1  fo r case s (a) , (b ) an d (c ) above ? 

(M 4) Fo r n  > 1 , unde r what conditions doe s loca l deficienc y n  a t every poin t 

of K\ R impl y tha t K  ha s loca l deficienc y n  fo r case s (a) , (b ) and (c ) above ? Kuipe r 

has give n example s fo r n  = 2 wher e R  i s a  single point , a n arbitrary n-cell , o r a 

copy o f X  suc h tha t K  doe s no t have loca l deficienc y 2 . Th e examples involv e 

knots. Fo r n > 2  n o examples ar e known . 

(M 5) Fo r n  > 1 , doe s loca l deficienc y n  impl y th e existenc e o f a  neighborhoo d 

U o f K  suc h tha t U  i s th e total spac e o f a  fibre bundl e over K  wit h fibre (-1 , l )n ? 

(M 6) Le t M  an d K  b e X 2-manifolds wit h K  c M  an d K  a  Z-se t i n M . The n 

K ma y be considered a s a  "boundary" of M , i . e . , fo r an y p  € K ther e exist s a n open 

set U  i n M  wit h p f U  an d a  homeomorphism h  o f U  ont o X  X  (0,1} suc h tha t 

h(K fl U) = X x  {l} . Unde r what condition s o n the pair (M,K ) doe s ther e exis t a 
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homeomorphism h  o f M  ont o & 9 suc h tha t th e topologica l boundar y o f h(M ) i n i^ 

is h(K) ? I t i s know n tha t i f th e identit y ma p o f K  int o M  induce s a  homotop y 

equivalence o f K  an d M t the n th e embeddin g i s possible . 

(M 7) Le t £  : E - B  b e a  fibre bundl e ove r a  paracompac t spac e B  wit h fibr e 

F a n £ 0-manifold. Suppos e K  i s a  close d subse t o f E  suc h tha t K  H £  (b ) i s a 
- 1 Z-set i n each £ ~ (b) . I s ther e a  fibre-preserving homeomorphis m o f E\ K ont o E ? 

(M 8) I s a  locall y contractibl e complet e separabl e metri c topologica l grou p 

which i s no t locall y compac t a n i 2-manifold? 

(M 9) I f G  i s a  locall y contractibl e separabl e metri c topologica l grou p whic h i s 

the countabl e unio n o f compac t finite-dimensiona l subset s an d no t locall y compact , the n 
f 

is G  a n £ 2-manifold ? 

Note. N o Q-manifol d support s a  topologica l grou p structure . 

XII. R Q R° ° an d Q°°-manifold s 

The problem s her e dea l wit h adaptin g th e basi c framewor k o f IL  -  manifolds t o 

R00 an d Q°°-manifold s wher e R 00 =  dirlim R n an d Q 00 = dirlim Q n . Th e result s 

are du e t o Heisey . 

(RQ 1 ) I f M  i s a n R 00-manifold, i s M X R 0 0 ^ M ? (Thi s i s tru e i f M  i s a n 

open subse t o f R 00.) 

(RQ 2) Fo r M  a  Q°°-manifold , i t i s know n tha t M X Q 00 ^ M . Ar e ther e 

homeomorphisms h : M  X Q  - * M arbitraril y clos e t o th e projectio n M  x Q 00 -• M ? 

(RQ 3) Fo r ever y Q  -manifol d M  i s ther e a  countabl e locally-finit e simplicia l 

complex X  suc h tha t M ^ X X Q 00? Wha t abou t th e cas e fo r R 00-manifolds? 

XIII. AN R Characterization s o f ANR fs 

Incentives fo r findin g characterization s o f ANR' s ar e provide d b y Edwards 1 an d 

Torunezyk's result s tha t product s o f ANR fs wit h appropriat e standar d I- D space s 

are infinite-dimensiona l manifolds , an d th e fac t tha t certai n characterization s o f 

spaces a s I- D manifold s no w hinge upo n whether th e space s involve d ar e ANR fs. 

The followin g results , whic h giv e sufficien t condition s fo r a  spac e t o b e a n ANR , 

have recentl y bee n useful . 

(i) (Haver ) I f X  i s a  locall y contractibl e metri c spac e tha t ca n b e written a s a 

countable unio n o f finite-dimensiona l compact a the n X  i s a n ANR . 

(ii) (Torunczyk ) X  i s a n AN R if f ther e i s a  spac e E  suc h tha t X  x E  ha s a 

basis B  o f ope n set s suc h tha t fo r an y finit e subcollectio n C  o f B,  th e intersectio n 

0(3 i s path-connecte d an d al l it s homotop y group s ar e trivial . 

(iii) (Kozlowski ) Y  i s a n AN R i f ther e i s a n AN R X  an d a  ma p f : X  - Y  ont o 
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a dens e subse t o f Y  wit h th e propert y tha t fo r ever y ope n cove r If  o f Y  ther e exis t 

a homotop y h, :X-* X ( 0 ^ t  ^ 1 ) an d a  ma p g:Y-* X suc h tha t h Q =  id h  =  gf , 

and th e homotopy i s limite d b y f " If. 

The followin g question s ar e inspire d b y th e homeomorphis m grou p problem . 

(ANR 1 ) I f a  spac e ha s a  basi s o f contractibl e ope n neighborhoods , i s i t a n ANR ? 

(ANR la ) I f a  topologica l grou p ha s a  basi s o f contractibl e ope n neighborhoods , 

is i t a n ANR ? 

More classica l ar e th e relation s o f linea r space s t o AR's . 

(ANR 2) I s ever y metrizabl e linea r spac e a n AR ? 

(ANR 2a) I s ever y separabl e metrizabl e linea r spac e a n AR ? 

Problem 2 a an d th e homeomorphis m grou p problem s hav e bee n linke d t o 

negligibility properties . 

According t o Kozlowski , a  subse t A  o f X  i s hazy % provide d th e inclusio n 

U\A - > U i s a  homotopy equivalenc e fo r ever y ope n subse t U  o f X . H e has show n 

that a  map f : X  - Y  i s a  homotopy equivalenc e ove r ever y ope n subse t o f Y  i f an d 

only i f f  i s a  fine homotop y equivalence . A s a  corollar y on e ha s tha t i f X\X f t i s 

hazy i n X  an d X Q i s a n ANR , the n X  i s a n ANR . 

At present , ther e seem s t o b e substantiall y mor e difficult y i n verifyin g tha t a 

subset i s haz y rathe r tha n jus t l .h .n . I n particular, th e followin g question s ar e open . 

(ANR 3) I s X\X Q haz y i n X  whe n 

(a) X  i s a  separabl e linea r spac e an d X Q i s th e linea r hul l o f a  countabl e 

dense subset , 

(b) X  i s th e componen t o f th e identit y i n th e homeomorphis m grou p 

H(M) o f a  close d P L manifol d M  o f dimension ^  5  an d X ~ consist s o f al l PL -

homeomorphisms o f M  whic h ar e i n X . 

In (AN R 3a ) an d (3b) , i t i s know n tha t X\X Q satisfie s a  weake r negligibilit y 

property. 

A subset A  o f X  i s sai d t o be locally  homotopy negligible  (abbrev . l .h.n) , 

provided tha t th e inclusio n U\ A - » U i s a  weak homotop y equivalenc e fo r ever y ope n 

set U  i n X . Torunczy k ha s show n thi s t o be equivalen t t o hi s origina l definitio n o f 

l .h.n an d ha s als o show n tha t i f X  i s a n AN R an d X\X Q i s l . h .n . , the n X Q i s 

an ANR . Unfortunately , th e convers e o f thi s las t resul t i s false : Taylor' s exampl e 

gives a  C E ma p f : Q - Y suc h tha t Y  i s no t a n ANR , althoug h Y  i s a n l .h .n . 

subset o f th e mappin g cylinde r M(f ) o f f  (Lacher f Torunczyk ) an d M(f ) -  Y  i s a n 

ANR. 
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XIV. H S Space s o f Homeomorphism s an d Mapping s 

Let M  b e a  compac t n-manifold ; the n H(M ) denote s th e spac e o f homeomorphism s 

on M  an d H-JM ) denote s th e subspac e o f H(M ) consistin g o f thos e h  whic h ar e th e 

identity o n the boundar y d M (i n case d M = 0, K L (M) =  H(M)). I t i s know n (Anderson ) 

that th e spac e H-.(I ) i s homeomorphi c t o s  (o r IJ). 

The followin g i s th e problem o f greates t curren t interes t involvin g £ ?-manifolds 

and i s ofte n referre d t o a s th e "Homeomorphis m Grou p Problem" . 

(HS 1) Fo r M  a  compac t n-manifold , i s H-v(M ) a n £  -manifold ? 

Much work ha s bee n don e o n thi s proble m s o fa r wit h th e majo r result s being : 

(1) (Geoghegan ) Fo r ever y manifol d M  o f positiv e finit e dimension , H^(M ) X 

£ 2 ^ H a(M). 

(2) (Torunczyk ) I f H.(M ) i s a n ANR , the n H^(M ) x  l^  i s a n £  -manifold . 

As a  corollar y o f thes e result s w e kno w tha t H^(M ) i s a n £ 2-manifold if f H-JM ) 

is a n ANR . Have r ha s give n th e following reductio n o f H^(M ) bein g a n AN R t o th e 
o 

problem o f showin g H-,( B )  i s a n AR : Fo r a  give n compac t n-manifol d M  obtai n a 

cover o f M  b y n-cell s B . ( 1 = i ^ p) ; b y Edward s an d Kirb y ther e i s a n ope n 

neighborhood N  o f th e identit y suc h tha t an y h  € N  ca n b e written a s th e compositio n 

h = h . . . h - f wher e h . € H^(B.) , an d th e assignmen t h  -» (h .  , ,h )  fro m N  int o 

P =  n?_- H^(B?) define s a  map (p;  N - P ; clearl y compositio n define s a  ma p o f a n ope n 

neighborhood G  o f # N int o N , whic h establishe s (pN~  N  a s a  retrac t o f G ; thus , 

by Hanner' s theorem , i f H-JB 11) i s a n AR , H^(M n) i s a n ANR . 

Consequently, (H S 1) ha s bee n reduce d t o th e following . 

(HS2) I s H^(B n) (n>2 ) a n AR ? 

Mason an d Luk e hav e show n tha t H^(M) ' i s a n AN R fo r an y compac t 2-manifol d 

and henc e H^(M ) an d H(M ) ar e JL-manifolds . 

Work ha s als o bee n don e o n PLH(M) , th e spac e o f piecewise-linea r homeomor -

phisms o f a  compac t P L manifol d M . Combine d wor k o f severa l authors , finall y 
f explicitly state d b y Keesling an d Wilson , show s tha t PLH(M ) i s a n £ ?-manifold. 

Combining thi s resul t wit h a  theore m o f Whitehea d an d th e discussio n o n hazy subset s 

in [ANR] , th e Homeomorphis m Grou p Proble m fo r close d P L manifold s M  ha s bee n 

reduced t o th e following . 

(HS 3) Le t M  b e a  closed P L manifol d o f dimensio n a t leas t 5 . I s ever y ope n 

subset o f H(M ) homotopicall y dominate d b y a  C W complex ? 

Haver ha s studie d H(M) , th e closur e o f H(M ) i n th e spac e o f mapping s o f a 

compact manifol d M . H e has show n tha t H(M)\H(M ) i s a  countabl e unio n o f Z-set s 

in H(M ) and , hence , i t follow s tha t i f H(M ) i s a n I  -manifold , s o i s H(M) . 
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(HS 4) I s H(M ) a n AN R and , hence , a n i^-manifold , sinc e Geoghega n and 

Henderson have show n that "5(M ) X l„ ^H(M) ? Thi s woul d impl y tha t H(M ) i s a n 

SL -manifold . 

(HS 5) Ca n the element s o f H(M ) b e continuousl y approximate d b y homeomor-

phisms, i . e . , doe s ther e exis t fo r eac h c  > 0 a  map h:*H(M ) - H(M ) suc h tha t 

d(h,id) < c ? 

XV. L S Linea r Space s 

In a sense, infinite-dimensiona l topolog y originate d wit h problems pose d by 

Frechet an d by Banac h concerning th e topologica l a s distinc t fro m th e joint linear an d 

topological structur e o f linea r spaces . Whil e almos t al l o f th e originally pose d 

problems hav e bee n solved, severa l intriguin g ope n questions exist . Bessaga , 

Pejfczynski an d Torunczyk ar e probabl y th e best source s concernin g suc h problems . 

We first lis t problem s concernin g separabl e spaces . 

(LS 1 ) I s ever y I- D separabl e norme d spac e homeomorphi c t o some pre -

Hilbert space , i . e . , t o a  linear subspac e (no t necessarily closed ) o f a  Hilbert space ? 

(LS 2) Le t X  bea n I- D separabl e pre-Hilber t space . I s X X R ^ X ? X x X 

^ X ? xj f ~  X o r X 4^ 2s x? Th e answer s ar e probabl y negativ e fo r th e added condition 

of unifor m homeomorphisms . 

(LS 3) I f a  o-compac t separabl e norme d spac e E  contain s a  topological cop y 
r— 9 9 

Q? o f Q , i s E  homeomorphi c t o b e € i 0 : S i •  x. <  ooj ? Not e tha t the close d conve x 

hull o f Q ' nee d no t be compact . 

(LS 4) Identif y classe s o f subset s o f £ « whic h ar e al l homeomorphi c t o Q . Th e 

result shoul d be more genera l o r i n a different contex t tha n the Keller characterizatio n 

of al l I- D compac t conve x subset s o f X „ a s homeomorphi c t o Q . 

(LS 5) Le t E  b e locally conve x linear metri c spac e an d let X  b e a  noncomplet e 

retract o f E . I s X X E ^ ^ E* 0? I t i s know n by Torunczyk tha t X  X E^ X iL ^ E W X 4 * 

and that i f X  i s complete , the n X  X E^ 2= E^. 

Some problem s o n nonseparable space s ar e th e following . 

(LS 6) I s ever y I- D Banac h space homeomorphi c t o some Hilber t space ? 

(LS 7) Fo r ever y I- D Banac h space E  i s E ^ E W? (Th e resul t i s know n for 

Hilbert spaces. ) A  positive answe r t o this question would extend th e domain of man y 

theorems o n nonseparable space s an d manifolds whic h suppose E  — E  . 
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