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PREFACE 

Our knowledg e abou t fractiona l part s o f linea r polynomial s i s fairl y satisfactory . 

Dirichlet's Theore m tel l s u s tha t fo r ever y a  an d fo r N  >  1 , ther e i s a  natura l n  <  N 

with ||cc72I I <  N"  ,  wher e | | • • • || denote s th e distanc e t o th e neares t integer ; an d thi s 

bound i s bes t possible . Ou r knowledge abou t fractiona l part s o f nonlinea r polynomial s 

is no t s o satisfactory . I n these Note s w e star t ou t wit h Heilbronn' s Theore m o n quad -

ratic polynomial s fin)  =  an  ,  accordin g t o whic h ther e i s a  natura l n  <  N  wit h ||/(w)| | 

< N~  " K. Fro m thi s w e branc h ou t i n thre e directions . I n §§7—1 2 w e dea l wit h arbi -

trary polynomial s wit h constan t ter m zero . I n §§13—1 9 w e tak e u p simultaneou s approx -

imation o f quadrati c polynomials , an d i n §§20 , 2 1 w e d iscus s specia l quadrati c poly -

nomials i n severa l variables . Ther e ar e man y ope n questions ; i n fact , mos t o f th e re -

sults obtaine d i n thes e Note s ar e almos t certainl y no t bes t poss ible . Sinc e th e theor y 

is no t i n it s fina l form , I  hav e refraine d fro m includin g th e mos t genera l situation , i .e . 

simultaneous fractiona l part s o f polynomial s i n severa l variable s o f arbitrar y degree . 

On th e othe r hand , I  hav e give n al l th e proof s i n ful l detail , a t a  leisurel y pace . 

I wis h t o than k th e Nationa l Scienc e Foundatio n an d th e Illinoi s Stat e Universit y 

for sponsorin g thi s serie s o f lectures . 

Wolfgang M . Schmid t 

December 197 6 

For furthe r references , coverin g a  rathe r wide r area , s e e Malyshe v an d Podsypani n [1974] . 
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SMALL FRACTIONA L PART S O F POLYNOMIAL S 3 7 

L 

Z I * I  »  N 2. 
7 7 2 = 1 

N N 

Am =  Z  e U a ^ 2 +  0 ^ ) ), ^  =  Z  e U c ^ / 2 +  £2 / ) ) 
7 2 = 1  ' = 1 

(21.2) 

Now wit h 

we hav e 

Srn
=AmB + A + B r r , = A B  +  0(N)  «  \A  \ 2 + \ B |  2  +  OOV) , 772 77 2 77 2 77 2 771  m m '  77 2 '  '  77 2 ' 

and therefor e 
L 

Z (\A  | 2 + |B | 2 ) » / V 2 

* - ^ I  m  I  '  77 2 ' 
7 7 2 = 1 

by (21.2) . W e may suppos e withou t los s o f generali t y tha t 

L 

Z \A  | 2 > c,N 2, 
**** '  77 2 ' ~  1  ' 

772=1 

where c^  =  Cj(e ) > 0. W e are goin g t o appl y Lemm a 11 A with &  =  2, a  =  a1 , / 3 =  / 31 , 

y4 = c.N  7  an d with 6 , i n plac e o f £ . Th e conditio n (11.2 ) i s tru e fo r larg e N  s inc e 

/ 4
1 - i » y V

2 - 2 e i = N 1 + 2 £ l N 1 - 4 £ l > N 1 + 2 £ l L . 

There i s a  natura l q  < LN +€lA"1 «  LN* 1 «  N  ~ 6 j wit h 

IMII <  H€lA~ l  «  N 61"2 , HjS Î I <  Nl+€lA~ X  « N €l~l. 

For sufficientl y larg e N  w e obtai n q  < N an d \\& lq +  fi1q\\ «  N  ,  an d therefor e 

\\al<l2 +  jSjflH <  N 6 " 1 . Thu s (20.2 ) i s tru e wit h n  =  q,  1  = 0. 

We now tur n t o Theore m 20B . W e set /  =  N ~ c ( s ) " K an d w e le t 3  b e th e interva l 

0 <  x <  I. W e apply Lemm a 3 A with r  > 1  + 3s 3e"~ t o obtai n a  functio n t/^*) * I f th e 

inequali t ies (20.4) , (20.5 ) hav e n o solution , the n 

«i «P e 9 1 V= i / ( 

where 3 ? i s th e se t (20.4) . W e may infe r tha t 

(21.3) Z  S A . > > , N * ' 
772^0 

/here 

(»l »*) e* \  W  / / 

http://dx.doi.org/10.1090/cbms/032/21



38 W . M. SCHMIDT 

With e x =  e/{3s2) an d L  = [ r V1 ] w e find tha t 

X \c  SJ  «  N s Z  Kl/\m\r r «  N ^ Z / L ) 1 - ^ «  1  = o(//V*). 
|m|>L |m|> L 

We thus obtai n 
L 

(21.4) Z l ^ l » ^ 
7 7 2 = 1 

as a  consequence o f (21.3). Th e summand s wher e \S  |  i s smal l compare d t o N sL~ giv e 

a smal l contributio n t o the sum . Henc e ther e i s a  B  wit h N SL" «  B  < Ns suc h tha t 

the se t 3 3 of integers 1  < m < L wit h 

(21.5) B<\SJ<2B 

h a s 1 'me%\sJ»NsAogN, o r 

| 8 | »  N s/(BlogN). 

Putting 
N 

S
mi =  L  eimia.n 2 +  fl.*)) 7722 

7 2 = 1 

we hav e 

(2L6) l * I < 11(10 +a 7722' 
= 1 

Without los s o f generality w e may suppos e tha t th e subset 3 3 o f 3 3 consis t ing o f 77 2 

with \S  ,  I > •  • • > |S I , ha s cardinality 

(21.7) |33' | » N s / ( B l o g N ) . 

Again le t h  b e the largest intege r wit h 2h(h  + l) < s. W e clai m tha t fo r 77 2 6 33', 

(21.8) ! * m , . | 2 ( 1 * C l ) > N I + £ l ( f - 1 A) . 

IT t . •  u  J  I c I  / M  j  I c I  ^ M ( l - K l ) / ( 2 ( l - f i » ^  1/2+2* 1 r  7  / For otherwise , w e had S  .  <  N. an d S  .  <  N <  N fo r / ? < 
' ' 7722 1 ~ ' ' 772 Z 1 — _ _ 

z < 5, whenc e b y (21.6), 

Ic I  ss M * - 1 + ( 1 / 2 + 2 * 1 ) ( s - * + l ) ^  . . ( l / 2 ) U + A - l ) + 2 j £ 1 
Pj «  N  <N 

But i t is eas i l y see n tha t 5b  < s +  1, whenc e %( s +  h-l)<s-2h =  s —  c{s),  s o tha t 

|*J «  N*-*** 2"! =  o(/V5-c(s)+£-f!) «  N*L- J « B , 

in contradictio n t o (21.5) . 

We no w appl y Lemm a 11 A wit h k  = 2, L  = 1, a = 772a. , / 3 = 772)8. , A  = |S . | ,  and 

with e.  i n p lace o f e.  Th e conditio n (11.2 ) hold s b y (21.8). Accordingly , ther e i s a 

natural r.  wit h 

http://dx.doi.org/10.1090/cbms/032/21



SMALL FRACTIONA L PART S O F POLYNOMIAL S 3 9 

r.<N2+(l\S \~\ 
(21.9) 

Ha.wir.ll <N l\S ]~ 2. (21.10) "  i  i " '  rnV 

(The assert io n o f Lemm a 11 A abou t ||)8.rwr.| | wil l no t b e used. ) Suc h a n intege r r. 

exis ts fo r 1  <  i  <  h an d fo r 77 2 £ 33' . No w fo r m  e 35 ' w e hav e \S  .  I •  • • \S  ,  I  » — —  ' m l 1 1 mh ' 

| S , J A / 5 »  B * .  Thu s i f w e writ e tf =  V 2 "  " V  w e S e t 

? < N 2 ^ f l B - 2 * ^ , \\a. mq\\<N2ih~1)+S(1B-2h/s U=l,...,h). 

Such a n intege r q  =  q{m)  ex is t s fo r ever y m  £ 55 .  Th e produc t mq  i s 

< LN  B"  .  Sinc e th e numbe r o f divisor s 772 ' o f 772 ^ i s «  N  ,  w e obtai n 

» |8 ' | / V »  N  B ~ dist inc t product s 772* 7 as 77 2 runs throug h 35' . Ther e wil l 

be tw o suc h product s whos e differenc e i s a  natura l numbe r 

Z«(Ns-2(1B-1)-1LN2h+S(1B-2h/s. 

This numbe r z  wil l hav e 

| | V | | « N 2 ( A , - 1 ) + ^ B - 2 ^ 0  =  1 , . . . , / , ) . 

Thus 

* fl IIM I <*  fl Ml « L N ' ^ A " , + 2 S 4 £ I B 1 - ( 2 * ( * + 1 ) / * ) 

1 = 1 z  1 = 1 

2 i 2 - 5 + 2 5 2 q i_ ( 

Since th e exponen t o f B  her e i s nonnegative , an d sinc e B  «  N s, w e furthe r obtai n 

n !M I « L « - 2 * + 2 ' ! < I «« 2*-w'«-2»+2*2"««-". 
* » • • • 

But sinc e z  i s bounde d b y a  certai n powe r N  o f N 9 thi s i s impossibl e fo r larg e N 

in vie w o f th e conditio n tha t a  , . . . ,  a b e no t ver y wel l approximable . 

http://dx.doi.org/10.1090/cbms/032/21
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