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Preface 

The pas t tw o decade s hav e see n a n extraordinar y flowerin g o f finit e grou p theory . 

Most o f thi s wor k ha s bee n aime d towar d th e specifi c proble m o f determinin g th e finit e 

simple groups . However , thi s pursui t ha s stimulate d th e stud y o f othe r aspec t s o f finit e 

groups whic h ar e o f interes t i n themselve s a s wel l a s i n thei r application s t o simpl e 

groups. Th e purpos e o f thi s monograp h i s t o descr ib e som e recen t progres s i n on e suc h 

aspect, tha t o f Sylo w subgroups . I n particular , w e addres s ourselve s t o th e followin g 

question: 

Given a  prime p  and  a Sylow  p-subgroup  S  of  a  finite group  G,  how  is the  structure  of  G 

influenced by  the  structure  of  S  and  the  manner  in which S  is  embedded  in  G? 

We wil l focu s o n tw o relate d specia l c a s e s o f thi s question : 

Question 1 . Which  elements  of  S  are  conjugate  in  G? 

Question 2 . What  is  the  relation  between  S  and  G  if  C( 0 (G) ) C 0 (G) ? 

The firs t importan t connection s betwee n S  an d G  t o b e prove d wer e obtaine d b y 

Burnside an d Frobeniu s abou t th e tur n o f th e century . However , thei r resul t s applie d 

only t o spec ia l s i tua t ions . Th e tru e strengt h o f th e connection s betwee n S  an d G  i n 

the genera l s i tuat io n wa s firs t suggeste d b y th e technique s o f Joh n Thompson' s Ph . D . 

dissertat ion i n 1959 - Thes e technique s wer e develope d an d applie d i n th e Od d Orde r 

Paper, Thompson' s /V-grou p paper , an d man y late r a r t i c les . A t a  conferenc e i n Oxfor d 

in 1969 * I  gav e a  repor t o n thi s subjec t entit le d Global  and  Local  Properties  of  Finite 

Groups (abbreviate d her e b y GL) ; th e proceeding s o f th e conferenc e appeare d i n th e 

book, Finite  Simple  Groups,  edite d b y M . B . Powel l an d G . Higman . Th e presen t mono -

graph is  base d o n lecture s give n a t a  conferenc e i n Dulut h i n 197 6 an d i s intende d t o 

supplement G L b y describin g som e o f th e progres s sinc e tha t time . 

The tex t o f G L wa s divide d int o tw o par t s . Th e firs t hal f consiste d o f resul t s b y 

Alperin, Gorenstein , Thompson , an d others , whic h develope d a  theoretica l framewor k 

for investigatin g Questio n 1  and reducin g i t t o Questio n 2 . I n th e secon d hal f o f GL , 

the method s o f Thompson , Wielandt , an d other s wer e use d t o prov e som e specia l c a s e s 

of Questio n 2  fo r od d p  and-thu s obtai n partia l answer s t o Questio n 1  . 

The mai n par t o f thi s boo k follow s th e sam e patter n a s GL , bu t wit h a  differen t 

emphasis . Th e majo r goa l i n G L wa s t o deriv e a s muc h informatio n a s possibl e fro m 

the normalize r N(W ) o f som e characterist i c subgrou p W  o f S;  thi s wa s don e b y reducin g 

to specia l c a s e s o f Questio n 2  an d the n showin g tha t N(W ) = G . I n contrast , th e majo r 

goal i n thi s boo k i s t o deriv e informatio n fro m th e normalizer s o f a  set  o f character is t i c 

subgroups b y provin g factorization s o f th e for m G  =  N(W,)N(wO . Th e reaso n fo r thi s i s 
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that recen t resul t s cove r differen t territor y (e.g. , p  =  2 ) fro m tha t i n GL , an d i t ha s 

been possibl e (s o far ) t o prov e onl y factorizations , bu t no t normality , fo r thes e re -

su l t s . 

The bod y o f thi s boo k i s divide d int o thre e chapter s a s follows : 

Chapter I . Her e w e prov e som e ne w result s whic h exten d th e reduction s o f Ques -

tion 1  i n G L t o cove r a n arbitrar y set  o f characterist i c subgroup s rathe r tha n a  singl e 

characterist ic subgroup . T o d o th i s , w e firs t revie w som e concept s an d result s fro m 

the firs t hal f o f GL . W e en d th e chapte r i n a  quit e differen t vei n wit h som e importan t 

new wor k o f Yoshid a o n transfer . 

Chapter II . Th e secon d hal f o f G L examine d Questio n 2  i n detai l fo r p  odd . I n 

particular, on e resul t (simila r t o th e author ' s "ZJ-Theorem'* ) gav e a  sufficien t condi -

tion t o hav e N(W ) = G  fo r a  specifi c nonidentit y characterist i c subgrou p W  o f 5 . Un -

fortunately, th e proo f col lapse s completel y fo r p  =  2 . Recently , a  wea k analogu e fo r 

p = 2  ha s bee n obtaine d b y usin g factorizations , an d mos t o f Chapte r I I i s devote d t o 

proving th i s resu l t . I n th e las t sectio n o f Chapte r II , we appl y thi s resul t an d a n impor -

tant theore m o f Goldschmid t t o classif y th e simpl e group s i n whic h th e symmetri c grou p 

of degre e fou r i s no t involved . 

Chapter III . Her e w e remov e mos t o f ou r earlie r restrict ion s o n G ; i n particular , 

we allo w SL(2 , p)  t o b e involve d i n G . I n thi s si tuation , practicall y non e o f ou r pre -

vious machiner y i s applicable . W e discus s withou t proof s a  variet y o f ne w resul t s an d 

conclude wit h som e applicat ions , result s i n relate d a reas , an d ope n quest ions . 

Having describe d wha t i s containe d i n thi s book , w e mus t describ e wha t ha s bee n 

omitted. Fortunately , ver y littl e i n th e wa y o f proofs . Th e topi c o f Sylo w subgroup s 

studied her e differ s fro m som e othe r topic s i n finit e grou p theor y i n no t requirin g a n 

extensive backgroun d an d lon g proofs . Indeed , i t wa s onl y wit h extrem e reluctanc e 

that w e refraine d fro m provin g tw o theorem s o f Sylo w a t th e beginnin g o f GL . Excep t 

for thes e theorem s an d a  fe w othe r quote d resu l t s , th e mai n par t o f G L i s self-contained . 

The presen t wor k assume s somewha t greate r familiarit y wit h elementar y grou p theor y 

but i s otherwis e largel y self-containe d (excep t fo r Chapte r III , a s mentione d above) . 

There ar e thre e majo r exceptions . 

(1) I n Chapte r I , man y resul t s ar e quote d fro m GL . (Sinc e mos t o f th e resul t s an d 

techniques o f th e presen t wor k complemen t rathe r tha n generaliz e thos e o f GL y w e 

recommend bu t d o no t assum e familiarit y wit h GL. ) 

(2) Mos t o f Chapte r I I i s devote d t o th e proo f o f a  singl e resul t (Theore m B) . Th i s 

result wa s firs t prove d onl y fo r solvabl e groups . However , fo r th e sak e o f appl icat ion s 

to simpl e groups , th e resul t wa s extende d t o allo w compositio n factor s o f th e for m 

PSL(2, 3 2 r 2 + 1) an d Sz(2 2 r 2 + 1 ) . A s w e ar e intereste d onl y i n usin g th e latte r group s 

rather tha n studyin g them , th e reade r unfamilia r wit h the m i s welcom e merel y t o assum e 

all th e informatio n abou t the m neede d i n th e proo f o f Theore m B  (§§1—5 ) o r simpl y t o 

assume throughou t tha t G  i s solvable . Th e sam e remark s appl y t o a  preliminar y resul t , 

Theorem A , whic h i s prove d i n Appendi x A l . 

(3) Th e applicat ion s t o simpl e group s an d othe r topic s a t th e en d o f Chapte r I I re -

quire severa l importan t fact s whic h mus t b e quote d withou t proof . 

Unfortunately, ther e ar e man y topic s closel y relate d t o our s whic h spac e doe s no t 

vin 



permit u s t o include . Ou r initia l questio n ask s ho w 5  influence s th e structur e o f G . 

In thi s book , w e restric t ou r attention mainl y t o th e influenc e o f S  o n th e internal , o r 

'local* structur e o f G , a s exemplifie d b y Question s 1  and 2 . However , ther e i s much 

research directe d towar d th e 'global * structur e o f G , i .e . , th e structur e o f G  a s a 

whole. I n particular , ther e ar e man y result s whic h yiel d th e precis e structur e o f G 

when p  =  2 , G  i s simple , an d S  (o r the centralize r o f a n elemen t o f orde r tw o i n S) 

is isomorphi c t o a  give n group . Unfortunately , mos t wor k o f thi s typ e depend s o n suc h 

'global* tool s a s ordinar y characte r theory , bloc k theory , o r generators an d relations . 

In compariso n wit h th e 'local * theory , paper s i n thi s are a generall y requir e mor e 

breadth, mor e depth , an d mor e length . Fo r thi s reason , w e give  onl y a  brie f sampl e o f 

this wor k i n th e sectio n o n simpl e group s i n Chapte r I I and i n th e quote d result s i n 

Chapter III . 

Another large , relate d questio n tha t w e hav e bee n force d t o omi t i s ho w th e struc -

ture o f G  is  influence d b y restriction s o n it s Sylo w subgroup s fo r mor e tha n on e prime . 

In othe r words , ho w d o th e /'-subgroup s an d ^-subgroup s o f G  interac t whe n q  4  P, 

and ho w ca n w e integrat e informatio n obtaine d fo r individua l primes ? Answer s t o thi s 

question hav e produce d man y application s t o signalize r functors , uniquenes s theorem s 

for simpl e groups , an d fixed-point-fre e group s o f automorphisms . Fortunately , th e 

reader ca n obtai n a n excellen t introductio n t o thi s subjec t fro m thre e shor t paper s [ l ] , 

[11 ]> [12] recommende d a s preliminar y readin g fo r participant s i n th e conference . I n 

particular, [ l ] give s a n expositor y accoun t o f th e entir e are a o f relation s betwee n lo -

cal an d globa l information . 

We emphasiz e on e importan t conventio n whic h w e wil l observe . Throughou t th e 

book, G  wil l denot e a  fixe d bu t arbitrar y finit e group ; p>  a  fixed  bu t arbitrary prime ; 

and 5 , a  fixe d bu t arbitrar y Sylo w p-subgrou p o f G . O f course , al l o f th e group s con -

sidered i n thi s boo k ar e finite . 

It is  a  grea t pleasur e fo r m e t o than k th e institution s whic h mad e th e Dulut h Con -

ference an d thi s boo k possible—th e Conferenc e Boar d o f th e Mathematica l Sciences , 

the Universit y o f Minnesot a a t Duluth , an d th e Nationa l Scienc e Foundatio n (whic h 

a l so ass iste d b y researc h grants) . I  have benefite d ver y muc h fro m th e comment s o f 

the participants , especiall y I . M . Isaacs , wh o als o contribute d th e materia l i n §1. 6 o f 

this book . I n addition , I  am indebte d t o R . Ni le s an d T . Yoshid a fo r permissio n t o us e 

their unpublishe d work , an d t o Chat-Yi n H o fo r man y correction s t o G L whic h appea r 

in th e Appendix . Mos t o f all , I  wis h t o than k Josep h Gallia n fo r a  yea r o f tireles s ef -

fort t o arrange , organize , an d ru n th e Conferenc e superlatively . 

I would a l s o lik e t o acknowledg e m y gratitud e t o L . A . Shep p and George Bachman , 

who bega n m y educatio n i n grou p theory , an d t o J . G . Thompso n an d H . Wieland t fo r 

their furthe r encouragemen t an d stimulation . I  a m particularl y gratefu l t o R . H . Bruc k 

as a  teache r an d frien d fo r man y years . I n a  sense , Danie l Gorenstei n an d Richar d 

Lyons ar e th e rea l author s o f thi s book , becaus e nearl y al l o f it s content s hav e grow n 

out o f tw o problem s whic h the y propose d tw o year s ago . 

Finally, I  wish t o expres s m y thank s t o Mr . Fred Flower s fo r a n excellen t jo b o f 

typing unde r extremel y tryin g circumstance s an d t o m y wif e (  and cop y editor ) an d 

my children , Danie l an d Rachel , fo r copin g wit h simila r circumstances . 

University o f Chicag o Georg e Glauberma n 



Preface t o Secon d Printin g 

As mentione d above , thi s wor k supplement s th e author' s earlie r report , GL , o n th e connectio n 

between global and local properties of finite groups . Sinc e the first printing , there has been significan t 

progress in this area, and we have made corresponding additions to the text: 

(1) Bernd Stellmacher has solved an outstanding open problem (Questio n 4.1 in Section 3.4 ) con-

cerning an analogue to Koo and Z J fo r p = 2 . Thi s yields a simpler proof of the most important resul t 

of Chapter II , the classification o f non-abelia n simpl e groups in which the symmetric grou p of degree 

four is not involved (Theore m C). His proof uses Section IL2 and Appendix Al o f this work. W e have 

added a  new section, Appendi x A3, which is an account by the author of Stellmacher's article , written 

for Mathematical Reviews , with the kind permission of the American Mathematical Society . 

(2) Severa l author s hav e solved othe r open questions i n G L and Sectio n 3.4 . W e have extende d 

Section 3.4 to mention these solutions. 

(3) There has been an explosion of activity in the area of Sections 3.1 and 3.2, "pushing-up " (includ-

ing "failure of factorizationw), especially after a landmark article by David Goldschmidt on amalgams in 

1980. Spac e permits us only to mention here an expository introductio n to new ideas in this subject in 

Sections 4.12 and 4.13 of Daniel Gorenstein' s book [73] , published in 1982. 

In addition, al l known errors have been corrected. 

I thank Saunder s Ma c Lane for valuable advice on preparing this  printing an d Andre w Cherma k 

and Ronald Solomon for information abou t current research. 

University o f Chicag o Georg e Glauberma n 
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