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Preface 

This monograph is based on the marathon lecture series given at the NSF-CBMS 
Regional Conferenc e o n Extrema l Grap h Theor y hel d i n Jun e 198 4 a t Emor y 
University, Atlanta . Th e autho r i s grateful t o Dwigh t Duffus , Ro n Gould , an d 
Peter Winkler for their superb organization of the meeting; the additional lectures 
by Dic k Duke , Ralph Faudree , Ron Graham, and Tom Trotter greatly enriched 
the conference . 

Since the publication of the author's book, Extremal  Graph Theory  (Academic 
Press, London, New York, and San Francisco, 1978, to be referred t o as EGT), a 
number of important results have been proved, and one of the aims of the lectures 
was to update EGT by presenting some of these developments. 

Over th e pas t fe w year s a  noticeable shif t ha s been takin g plac e in extrema l 
graph theor y toward s probabilisti c methods . Th e mos t obviou s sig n i s tha t 
random graph s ar e used mor e and more , but tha t i s not all . Even more signifi -
cantly, a  probabilisti c fram e o f min d wa s neede d t o fin d man y o f th e proofs , 
which o n th e surfac e hav e nothin g t o d o wit h probabilisti c ideas . I n severa l 
beautiful an d difficul t proof s the underlying philosophy is that we do not have to 
care about single vertices, say, for it suffices t o make use of the fact that there are 
many subsets of vertices of a given cardinality with the right properties. To give a 
simple example , on e ofte n make s us e o f th e fac t tha t i f X v X 2,..., X N ar e 
nonnegative integer s bounde d b y A, E ^ X t =  Na  an d 0  <  b  < a, then a t leas t 
(a —  b)N/(A  -  b)  of the X/s ar e greater than b.  Equivalently, if X t i s a random 
variable, 0 <  X  <  A and E(X)  =  a , then 
(1) P(X>b)>  (a-b)/(A  -b)  for  MO <b<a. 

Inequality (1) has the following reformulation i n graph-theoretic terms. If B  i s 
a bipartit e grap h wit h bipartitio n (X,  7) , X  =  {x v x 2,. . . , x m), Y  = 
{yi, y 2>- • •, y*}> d(yj)  <  A  for al l j \ 1 <y <  « , then for d'  <d  =  Ejli <*(*,-)/* 
there are at least (d —  d')n/(k  —  d ;) vertice s j . o f degree at least d'. 

Needless to emphasize, in the great majority o f the cases the merit is in finding 
the nee d fo r probabilisti c inequalitie s an d applyin g the m cleverly , an d no t i n 
proving the inequalities. The main aim of the lecture was to show how fruitful a 
probabilistic frame of mind is in tackling main line extremal problems. 

v 
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The notation in these notes is taken from EGT. In particular, |G | is the order of 
a graph G, i.e. the number of vertices, and e(G)  is the size of G, i.e. the number of 
edges. The cardinality of a set U  is denoted by \U\9 and the collection of r-subset s 
of U  is U(r). Thoug h these notes are practically self-contained, familiarity with at 
least som e parts  o f EG T wil l certainly hel p th e reader . A  consciou s effor t ha s 
been mad e to prevent the lectures from turnin g into a  long catalogue of results ; 
without thi s effort , th e monograp h coul d hav e ende d u p wit h severa l hundre d 
results. However, there seems little doubt tha t i t i s much more useful t o present 
just a few of the deeper results and thereby leave time to dwell on the proofs. 

The first tw o sections are closely related. They deal with subdivisions of graphs 
and subcontractions . Bot h area s ow e a  considerabl e amoun t t o Mader , wh o 
proved that for every / > GN ther e are constants s(p), c(p)  suc h that every graph 
of orde r n  and size greater than s(p)n  contain s a topological complete graph of 
order /? , an d ever y grap h o f orde r n  an d siz e greate r tha n c(p)n  ha s a 
subcontraction t o K p. (Needles s t o say , s(p)  an d c(p)  ar e take n t o b e th e 
smallest values that will do in the statements above.) Consequently for every fixed 
graph H  ther e i s a  constan t s(H)  suc h tha t ever y grap h o f orde r n  an d siz e 
greater tha n s(H)n  contain s a  subdivisio n o f H  an d ther e i s a n analogou s 
constant c(H).  BoUoba s started th e stud y o f subdivision s o f graph s wit h som e 
constraints on the subdivisions one allows. For example, we may wish to restrict 
the number o f time s we subdivide an edge , at least modulo some integer k.  Th e 
main ai m o f § 1 i s t o presen t recen t resul t o f Thomasse n i n thi s area , wit h a 
considerably better bound than the original one given by Thomassen. 

The second section, on subcontractions, is devoted to a new result of Thomason 
and Kostochka , improving the upper bound on c(p)  prove d by Mader. Together 
with a rather easy result of BoUobas, Catlin, and Erdos, this result implies that the 
order of c(p)  i s /?(log/?)1/2, a fact not many of us would have expected. 

The third an d fourth section s concern different aspect s of essentially the same 
problem. At least how many vertices must we have if the minimal degree is S and 
the girt h i s a t leas t g ? At mos t ho w many vertices can we have if th e maximal 
degree i s a t mos t A  and th e diamete r i s a t mos t D ? A n "ideal " grap h woul d 
answer bot h questions , bu t th e troubl e i s tha t ther e ar e ver y fe w suc h idea l 
graphs. On e i s lef t wit h approximatin g th e appropriat e function s eithe r b y 
constructing suitabl e functions o r by showing, usually by probabilistic methods, 
that suitabl e graph s d o exist . As fa r a s the bounds ar e concerned , th e noncon -
structive method s du e t o Erdos , Sachs , BoUobas , d e l a Vega , an d other s giv e 
better results, but the constructions have obvious advantages. In these sections the 
emphasis i s o n ne w constructiv e method s du e t o Bermond , Delorme , Farhi , 
Leland, Solomon, Jerrum, Skyum, and Margulis. 

In § 5 we concentrate o n a  substantia l recen t resul t o f Gyarfas , Komlos , and 
Szemeredi concerning the distribution of cycle lengths in graphs with fairly many 
edges. Thoug h th e theore m i s interesting , i t i s th e proof , ric h i n idea s an d 
techniques, that really justified spendin g two lectures on the result. 
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The sixth sectio n contains a  telegraphic review of th e theory o f random graphs . 
The highlight s ar e th e classica l theore m o f Erdo s an d Reny i o n th e evolutio n o f 
random graph s and it s recent extensions due to Bollobas. 

In § 7 w e presen t a  surprisin g an d beautifu l resul t o f Bec k o n siz e Ramse y 
numbers. A s a  simpl e applicatio n o f rando m graphs , Bec k prove d tha t ther e ar e 
graphs G v G 2 , . . . suc h tha t G t ha s at most ci  edges, where c  is a constant, and i n 
any colorin g o f th e edge s o f G t wit h tw o color s w e ca n fin d a  monochromati c 
path o f length s. 

Saturated graph s were introduced ove r twent y years ago by Erdos , Hajnal , an d 
Moon. Thei r resul t wa s extende d considerabl y b y Bollobas , who als o introduce d 
weakly saturated graphs . The main conjecture concerning weakly saturated graph s 
was prove d recentl y b y Alon , Frankl , an d Kalai ; th e simpl e an d elegan t proof , 
based o n exterio r products (!), is presented in §8. 

The las t section , §9 , concern s restricte d coloring s o f graphs . W e kno w fro m 
Vizing's theore m tha t a  grap h o f maxima l degre e A  i s ( A +  l)-colorable . Wha t 
happens i f w e prescribe a  lis t fo r eac h edg e from whic h th e color o f th e edge ha s 
to be chosen ? What i s the maximal length o f th e lists that alway s let us color ou r 
graph? I t ha s been conjecture d tha t list s of length A  4- 1 will do. This conjecture , 
if true , would clearl y be best possible. 

At th e moment , th e conjectur e i s fa r fro m bein g prove d an d man y grap h 
theorists suspec t i t t o be false . The mai n ai m o f th e sectio n i s to presen t a  recen t 
result o f Bolloba s an d Harris , implying tha t fo r som e constant c  <  2  lists of siz e 
at mos t c A wil l d o fo r ever y grap h o f maxima l degre e A  > 3 . A s a  trivia l 
consequence of thi s result, Bollobas and Harri s made the first substantia l progres s 
towards a  proo f o f a  long-standin g conjectur e o f Behza d concernin g th e tota l 
chromatic number . 

It i s a  pleasur e t o than k Fa n Chung , D  wight Duf f us, Ro n Graham , Ha l 
Kierstead, an d Andre w Thomason fo r thei r ideas and suggestions , many o f whic h 
have been incorporate d int o the text. Finally, I  would like to express my gratitud e 
to al l participant s o f th e conferenc e fo r thei r enthusias m fo r th e subjec t an d th e 
warm reception o f the lectures. 

Research wa s partiall y supporte d b y Nationa l Scienc e Foundatio n Gran t 
DMS-8400643. 
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