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Introduction 

During th e wee k o f Jun e 17 , 198 5 a  conferenc e wa s hel d a t Mankat o Stat e 
University i n Mankato , Minnesota . Thi s monograp h contain s slightl y expande d 
versions o f th e te n talk s I  wrot e fo r th e occasion . Thei r them e i s th e interpla y 
between grou p theor y an d rin g theory . Specifically , the y concer n grou p rings , 
crossed product s an d th e Galoi s theor y o f rings. 

Group rings.  Th e grou p rin g R[G]  i s a n easil y defined , attractiv e objec t t o 
study. I t i s a  too l o f grou p theory , a  too l o f rin g theor y an d a n interestin g 
subject i n it s ow n right . I f G  i s a  finite  grou p an d R  i s a  field,  the n th e subjec t 
concerns th e ordinar y an d modula r representation s an d character s o f G.  I f R  i s 
the rin g o f integers , the n w e are dealin g wit h th e integra l representation s o f G 
and it s clos e relationship wit h maxima l order s an d algebrai c numbe r theory . 

If G is polycyclic-by-finite an d J? is a Noetherian ring , then so is R[G\. Thus we 
obtain a  large class of interesting examples of such rings , and indee d thi s subjec t 
is now closely allied with the general study o f noncommutative Noetheria n rings . 
Furthermore, ther e ar e man y analogie s her e wit h envelopin g algebra s o f finite-
dimensional Li e algebras . 

For G  arbitrary , i t i s bes t t o restric t ou r attentio n t o R  bein g a  field  K  o r 
the rin g o f integers . However , eve n wit h thi s assumption , w e can n o longe r us e 
finite technique s an d th e problem s becom e correspondingl y mor e difficult . Th e 
subject o f group algebra s o f infinite group s wa s begun i n th e 50' s an d 60' s wit h 
work o f G . Higman , I . Kaplansk y an d S . A . Amitsur . I t wa s mos t activ e i n th e 
70's. Th e first  fou r lecture s ar e devote d t o thi s material . 

Crossed products.  I n som e sens e th e crosse d produc t R  *  G i s a  generalize d 
group ring, but i t i s actually muc h more. It first  occurred i n the study o f division 
rings and, i n particular, o f the Brauer grou p of fields. A  classical question with a 
modern answe r due to Amitsur concerne d whethe r al l finite-dimensional  divisio n 
rings ar e crosse d products . I n anothe r vein , i f on e i s intereste d i n th e Galoi s 
theory o f rings , the n th e ske w grou p rin g RG  i s a n importan t tool . I t o f cours e 
contains al l the ingredients of the theory, namely the ring i?, the group G  and th e 
fixed ring R G. Result s o n crossed product s hav e had impressiv e Galoi s theoreti c 
applications. 

Furthermore, eve n i f one i s only intereste d i n ordinar y grou p algebra s K [G], 
then crosse d product s stil l occur . Fo r example , i f N  i s a  norma l subgrou p o f G , 
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VU1 INTRODUCTION 

then K[G)  —  K[N] *  {G/N) i s a  suitabl e crosse d produc t o f th e quotien t grou p 
G/N ove r th e subrin g K{N}.  In  addition , i t frequentl y happen s tha t i f P  i s a 
prime idea l o f K[G],  the n K[G]/P  ha s a  natural crosse d produc t structure . Fo r 
these an d man y othe r reasons , crosse d product s ar e interestin g an d importan t 
objects o f study . Thre e lecture s ar e devote d t o thi s subject , emphasizin g fairl y 
recent work . 

Galois theory.  Th e Galoi s theor y o f noncommutativ e ring s i s a  ne w subjec t 
with roots in invariant theory and the classical Galois theory of fields and division 
rings. I f G acts on a ring R,  the n we are concerned wit h the relationship betwee n 
R an d th e fixe d rin g i? G, an d th e relationshi p betwee n th e subgroup s o f G  an d 
the intermediat e rings . 

One ca n argu e tha t th e subjec t bega n i n th e earl y 70' s wit h th e importan t 
Bergman-Isaacs theorem on the existence of fixed points. This was later extende d 
by V . K . Kharchenk o wh o als o developed a  genera l Galoi s theory fo r semiprim e 
rings. Importan t contribution s wer e mad e b y J . W . Fisher , S . Montgomery , J . 
Osterburg an d man y others . Action s o n specifi c ring s hav e als o bee n studied . 
Of particular interes t ar e action s o n fre e rings , generi c matri x rings , polynomia l 
rings, envelopin g algebra s an d grou p algebras . Th e entir e subjec t i s quite activ e 
at presen t an d i s bein g pursue d i n man y differen t directions . Th e final  thre e 
lectures conside r selecte d aspect s o f this material . 

The ten talk s included her e are essentially independen t althoug h th e notatio n 
builds up . Eac h contain s a  selectio n o f results o n a  particula r subject , a  limite d 
number o f proof s o r sketche s an d a t leas t a  fe w ope n questions . Furthermore , 
each ha s it s ow n brie f lis t o f references . Tw o genera l reference s fo r th e serie s a s 
a whol e ar e S . Montgomery' s monograph , Fixed  Rings  of  Finite  Automorphism 
Groups of  Associative  Rings,  an d my  book , The  Algebraic  Structure  of  Group 
Rings. Finally , sinc e th e topic s chose n ar e al l par t o f a  commo n theme , the y d o 
begin t o merg e an d th e lecture s ar e eventuall y al l interrelated . 
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