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Introduetion 

The present work is intended to develop three main results: 

(1) An extension of the Standard basis theorem, going back to Doubilet, Rota, 
and Stein, and eventually to Capelli and Young, to algebras containing positively 
signed an d negatively signe d variables, o r superalgebras a s we call them. Suc h 
an extensio n ha s require d a  rethinking o f some of the basi c concept s o f linea r 
algebra, such as "matrix " an d "coordinat e system," alon g lines that w e believe 
to be new, and which we hope will lead to an extension to "signed " module s of 
the entir e apparatu s o f linear algebra . Th e Standar d basi s theorem, whic h we 
prove, is characteristic-free an d includes, besides the classical case, straightening 
algorithms, which apply t o permanents a s well as to determinants , a s well as a 
mixed generalizatio n o f the notion o f both determinan t an d permanent , calle d 
the biproduct, which differs fro m th e Berezin determinant . 

(2) A  rigorous presentatio n o f th e symboli c metho d o f invarian t theor y fo r 
Symmetrie tensors, in characteristic zero . The results here offer no great novelty 
over the nineteenth Century , except rigor . 

(3) A  ne w symboli c metho d (foreshadowe d b y Weitzenböck ) fo r th e repre -
sentation o f invariants of skew-symmetric tensors . Here , the results turn ou t t o 
be more satisfactory. Symboli c expressions for the invariants of skew-symmetric 
tensors ar e more manageable an d easie r t o comput e tha n thos e fo r Symmetri e 
tensors. I n fact, i n contrast t o Symmetrie tensors, the "meaning " o f the vanish-
ing of an invariant can be more easily gleaned from the symbolic representation, 
as we show by several examples. 

In both instances , th e actua l invarian t i s obtained fro m th e symboli c repre-
sentation by applying an Operator which we call the umbral Operator. Invariant s 
of Symmetrie tensor s ar e obtained b y applyin g th e umbra l Operato r t o certai n 
polynomials i n a  commutativ e algebra , wherea s invariant s o f skew-symmetri c 
tensors are obtained by applying the umbral Operator to polynomials in an anti-
commutative algebra . Thus , the umbral Operator can be viewed as mapping an 
anticommutative algebr a int o a  commutative algebra , an d vic e versa. I t i s an 
instance of a Schur funetor . 



INTRODUCTION 

The umbra l Operato r thu s establishe s a  cryptomorphis m betwee n commuta -
tive an d anticommutativ e algebras , an d ca n b e use d t o systematicall y develo p 
anticommutative analog s o f concept s o f algebrai c geometry . This , w e believe , 
may ultimatel y tur n ou t t o b e th e mai n byproduc t o f the presen t investigation . 

In the exposition , we have preferred t o use algebras generated b y an aiphabe t 
over algebra s generate d b y a  fre e module . Th e result s can , however , b e recas t 
in a  basis-fre e language : th e choic e betwee n thes e tw o equivalen t language s i s 
largely a  matte r o f taste an d o f the objective s a t hand . 



Synopsis 

We prov e tw o distinct bu t closely relate d results . Th e first  i s the extensio n 
of the Standard basi s theore m t o superalgebras (define d below) . Th e second is 
the applieatio n o f the Standard basi s theore m t o the computation o f invariant s 
(and, mor e generally , o f eovariants) o f Symmetrie an d skew-symmetric tensors . 
In thi s Synopsi s w e give a n informa l descriptio n o f the main idea s an d result s 
which ean be read independentl y o f the body of the work and which can be used 
as a  guideline to the text. 

We begi n b y recalling th e three fundamenta l algebrai c System s o f invarian t 
theory: th e Symmetri e algebra , th e divide d power s algebra , an d the exterio r 
algebra. 

Given a n aiphabe t A°  (tha t is , a  se t A°  whos e element s ar e 
to be viewed as "variables") , the Symmetrie algebr a Sym.m(A°) 
generated by ̂ 4° is the familiär eommutativ e algebr a of polyno-

(1) mial s in the variables A°.  Th e coefficients o f these polynomial s 
will be integers, althoug h (her e and everywhere below ) a n arbi-
trary eommutativ e rin g with identit y coul d be taken a s the ring 
of coefficients . 

Given a n aiphabet A~,  th e exterior algebr a Exi(A~)  i s the al -
gebra generate d b y the variables J4~ , subjee t t o the identitie s 
ab =  —ba  and a 2 =  0  for a, & G  A~. Thus , Ext(A~ ) i s the 
algebra o f "polynomial s i n anticommutative variable s A~. " A 
nonzero monomia l i n Ext(A~) i s a produet o f a finite  sequenc e 
of variable s 

where no two Ü{  eoineide, and two monomials are related by the 
familiär "sig n law" 

OIÖ2 '-an =  (sgncr)a CTiaa2 • • ' ^ n 

for an y permutation o  of the set {1 ,2 , . . . , n}. 

vii 
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Given a n aiphabe t ^4 +, th e divide d power s algebr a Div(^4 +) 
is th e eommutativ e algebr a generate d b y th e variable s a ^ , a s 
a range s ove r A  an d a s i  —  0,1,2, W e se t a^  =  1  an d 
a^ =  a.  Th e ide a i s tha t a^  i s t o satisf y th e sam e identitie s 

/o\ a s a l/i\. Thu s w e impose th e identitie s 

(*) aWa W =  ( : ' ^ ' ) a < ^ 

(other identitie s usuall y impos e i n th e definitio n o f the divide d 
power algebra will not be needed, and need not be recalled here). 

We wish t o develo p a  suitabl e notatio n fo r th e tenso r produc t o f these thre e 
algebras, fo r thre e disjoin t alphabet s A° , A~~,  and A+.  Th e usua l notatio n o f 
tensor product s prove s unwieldy , an d w e choos e t o describ e th e tenso r produc t 
by a  more direc t route , namely , a s the monoid algebr a o f a certain monoi d t o b e 
presently defined . Thus , afte r takin g th e disjoin t su m A°  ©  A~ ©  A+ = i w e 
consider a  monoi d Mon[^4 ] whic h i s "almost " th e fre e monoi d generate d b y A. 
The words i n Mon[yt] shal l be products o f variables i n A°  an d i n A~  y  and o f th e 
divided power s a^  fo r a  £ A.  Thu s a  word appear s a s a  product , e.g. , 

w =  abc^de^. 

The identitie s amon g thes e monomial s ar e thos e tha t follo w fro m th e followin g 
commutation relation s ab  =  ba  i n al l case s excep t whe n bot h a  an d b  belon g 
to A~,  i n whic h cas e w e se t ab  = —ba.  Thus , i f a, 6 € Ä~ , i f c,r f € -4° , an d i f 
e, / € A*  the n w e have, fo r example , 

(**) docV 3>6/<5> =  -c 2 6/ ( 5 W 3 ) d. 

The product o f two words i s juxtaposition, excep t tha t product s o f divided pow -
ers are to be simplified b y (*) . Thus , for example , (ae)(be)  =  2abe^.  Th e lengt h 
of a  monomia l i s computed takin g int o accoun t th e fac t tha t th e divide d powe r 
a^ i s to be considered o f Length i.  Thus , the monomia l (** ) i s of length ( = de -
gree) 13 . Wit h thes e Conventions , th e monoi d algebr a o f Mon[A] i s well define d 
by takin g forma l linea r combination s an d products . W e cal l i t th e superalgebra 
Super [A] generated by the signed aiphabet  A. Th e variables of the aiphabet A  wil l 
be designate d a s neutral , negativel y signed , an d positivel y signed , respectively . 

The superalgebr a Supeipt] , althoug h a  worthwhil e subjec t o f investigation , 
is no t th e immediat e objec t o f th e presen t study . W e nee d t o defin e a  mor e 
complex structure , whic h wil l b e calle d th e fourfold  algebra.  T o thi s end , w e 
consider tw o signe d alphabet s L  =  L + 0  L~  an d P  =  P + ©  P ~, calle d proper, 
because neithe r ha s neutra l elements . Thei r element s wil l b e calle d letters  an d 
places, respectively. Fro m thes e two alphabets we define a  third signe d aiphabe t 
[L |  P] , th e letterplace  aiphabet.  Th e definitio n o f [L  |  P ] i s fundamental . Th e 
elements o f [L  | P] wil l be pair s (x  \  a), wher e x  € L  an d a  € P ; thes e pair s wil l 
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sometimes be called letterplaces (th e geometric motivation fo r this term will be 
given shortly). Thei r signatures are determined b y the following rules: 

(i) {x\a)G[L\  P] + i f x € L+  and a  e  F + , 
(ii) (x\a)e[L\  P]°  ifx€L~ an d a  e  P~ , 
(iii) (x  |  a) € [L  \ P]~~ otherwise . 

The Superalgebra Super[£ |  P] is ealled the fourfold algebra. Ou r objective will 
be t o sho w tha t th e fourfol d algebr a i s the suitabl e machiner y t o develo p th e 
invariant theory of Symmetrie and skew-symmetric tensors, and, as a byproduet, 
to formulate a  "signed " generalizatio n o f linear algebra . 

All theorems of linear and multilinear algebras can be viewed as consequenees 
of the Laplace expansions fo r determinants . Thi s sweeping assertion i s in par t 
made precise by the second fundamental theore m of invariant theory , and it will 
serve as motivation for the generalization of some such theorem to superalgebras 
that w e shall develop below. 

In ordinar y linea r algebra , on e deals with veetor s (her e denoted b y letters ) 
and coordinates (als o known as linear functionals, her e denoted by places). Th e 
ath coordinat e o f a  vecto r x  i s a  scalar  (here denote d b y a  neutra l variable) . 
Thus, veetors must be taken a s negatively signe d letters , and coordinates mus t 
be taken as negatively signed places. Th e value of a vector x  a t th e coordinat e 
a i s denoted by (x  |  a) an d is a scalar (tha t is , a neutral element). A  matrix is a 
sei {(x\ a);x  £  X,  aG  A}  wher e X an d A ar e respectively linearly ordered sets 
of letters and places of the same size, i.e., |X | =  \A\  = n . Relabelin g the letter s 
Xiy..., x n an d the places a i , . . . , an b y their linea r order, the determinant o f a 
matrix is then defined a s usual (excep t for sign) as 

( _ l ) n ( n - l ) / 2 ^ S g n a X * ! |  a al)(x2 |  a**)  '"{x n\ O ^ ) , 
er 

where a  range s ove r al l permutation s o f th e se t {1,2 , . . . ,n} o f indices . On e 
verifies that the above expression equals (expansion by columns instead of rows) 

( _ l ) n ( » - l ) / 2 ^ S g l K T ) ^ ! |  0 0 ( ^2 |  £*„)•• • {x an \  0Ln). 

We wish to recas t thi s definition i n a  form tha t wil l be suitable fo r generaliza -
tion t o th e fourfol d algebra . T o this end , w e write th e abov e determinan t b y 
the notation (0:1X 2 • • * xn |  a\a2 •  • • an) an d we note that this expression extends 
to a  bilinea r ma p fro m th e exterio r algebr a Ext(X ) i n th e letters , an d fro m 
the exterior algebr a Ext(A) i n the places, with values in the Symmetrie algebra 
in th e letterplace s (x  \  a). W e are thu s le d t o generaliz e suc h a  bilinea r ma p 
to superalgebras b y suitably generalizin g th e notion o f determinant an d o f the 
Laplace expansio n tha t characterize s it . W e first  have t o recas t th e classica l 
Laplace expansions o f a determinant i n a  language tha t i s suitable for general -
ization. I t turn s ou t tha t th e language of Hopf algebra s i s eminently suite d t o 
this purpose. W e first review this language in the (classical ) case of two exterior 
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algebras Ext(X ) an d Ext(A)  or , wha t i s equivalent , t o th e eas e o f th e super -
algebra Superf L |  P ] wher e L°  =  L + =  P ° =  P + =  0 . I n thi s specia l case , 
the determinan t ea n b e viewe d a s a  bilinea r for m fro m Super[£ ] x  Super[P ] t o 
Super[L |  P]. Le t w  b e a  wor d i n Mon[L ] an d le t w'  b e a  wor d i n Mon[P] . W e 
shall define (w  |  w') a s an element o f Super[L |  P]. Th e bilinear function (w  |  w') 
shall satisf y th e followin g conditions : 

(i) (w  |  w') =  0  unless th e word s w  an d w'  hav e th e sam e length . 

(ii) (w  |  w1) =  ( x |  a) i f w  =  x  an d w'  =  a , tha t is , i f the word s ar e o f lengt h 
one, tha t is , i f the words reduc e t o a  singl e lette r an d place . 

(iii) ( 1 |  1 ) = 1 , where 1 , the identit y o f the algebra , ca n b e identifie d wit h a 
word o f length zero . 

Finally, w e shal l impos e o n (w  |  w')  th e analo g o f Laplac e expansions . T o 
State thes e properl y w e recal l tha t i f w  i s a  wor d i n a n exterio r algebra , th e 
coproduct 

w 

is th e su m ove r al l pair s o f suc h word s W(ij  an d w^)  suc h tha t w^w^)  =  ^ ? 
with suitabl e sign s (incorporate d i n th e notation ) whic h nee d onl y b e specifie d 
in the text . 

In th e notatio n o f Hop f algebras , th e Laplac e expansio n o f a  determinan t 
(w |  w'w11) take s th e pleasin g for m 

5^±(w(i) \w'){w w \™"), 
w 

where agai n w e do no t ye t worr y abou t signs . Ther e i s a  simila r expansio n "b y 
columns" tha t i s similar t o th e presen t expansio n b y rows . 

We now generalize this notation t o an arbitrary fourfol d algebr a Supe r [L \ P]. 
The fourfol d algebr a i s th e tenso r produc t o f fou r algebras , eac h on e generate d 
by thos e letterplace s (x  |  a)  wher e x  i s either positiv e o r negative , an d a  eithe r 
positive o r negativ e (recal l tha t ther e ar e n o neutra l letter s o r places) . Eac h 
factor i n such a  tensor produc t i s an exterio r algebra , a  divided power s algebra , 
or a  Symmetri e algebra . 

Similarly, each of the superalgebras Super[L ] an d Super[P ] i s the tensor prod -
uct o f a n exterio r algebr a an d a  divide d power s algebra . 

We now exten d th e definitio n o f a  "determinant " (whic h w e cal l a  biproduet) 
to th e fourfol d algebr a a s follows . I f w  € Super [L] an d w 1,w" € Super[P] , w e 
again defin e a  bilinear for m (w  \w f) takin g value s in Super [L \  P] (not e tha t w e 
now allo w L  an d P  t o b e arbitrar y prope r alphabets , tha t is , alphabets withou t 
neutral elements) . Th e biprodue t (w  \  w') wil l b e subjee t t o (i) , (ii) , an d (iii ) 
exactly a s above , an d t o th e technica l conditio n 

(iv) ( x ^ |  a W ) =  ( x |  a ) ( n ) fo r divide d power s o f positivel y signe d letter s 
and places . 
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Finally, on e assume s analog s o f the Laplac e expansion s i n th e for m 

(*) ( w I  w V ) =  J2 ^ U) I  ^)(WW I  w ")> 
w 

with suitabl e signs , wher e 

Aw =  y^W(i)  ®  117(2) 
w 

is th e coproduc t i n th e Hop f algebr a Super[L ] (se e belo w fo r furthe r explana -
tions). On e als o assume s a  simila r Laplac e expansio n wher e th e role s o f letter s 
and place s ar e interchanged . 

The su m o n th e righ t o f th e Laplac e expansio n (*) , a s wel l a s th e sig n o f 
each term , ca n b e understoo d withou t knowledg e o f Hop f algebra s a s follows . 
The su m o n th e righ t o f (* ) range s ove r al l distinc t ordere d pair s W(i) , w^)  o f 
subwords o f w  suc h tha t W(i)itf(2 ) =  w . B y (i) , the only nonzero term s ar e give n 
by pair s W(i),W(2 ) suc h tha t Length(tü( 2)) =  Length(tü' ) an d Length(u;(2) ) = 
Length(t//'). Th e sig n o f eac h ter m o n th e righ t o f (* ) i s determine d b y th e 
following rule . I n th e monoi d Mon[ L © P] generate d b y th e disjoin t su m o f th e 
alphabets L  an d P , conside r th e words ww'w"  an d w^w'w^w' 1 -  Evidently th e 
second wor d ca n b e obtaine d fro m th e firs t b y a  successio n o f transposition s o f 
adjacent element s of L ®P (wit h proper car e given to divided powers) . Th e sig n 
of th e correspondin g ter m o n th e righ t o f (* ) i s the n th e parit y o f th e numbe r 
of such transpositions , fo r whic h th e tw o adjacen t element s o f L  © P, whic h ar e 
being transposed , ar e both negativel y signed . W e stress th e fac t tha t o f the tw o 
letters bein g transposed , on e may belon g t o L  an d anothe r t o P . 

EXAMPLE. Suppos e al l letter s ar e positivel y signed , an d place s ar e o f arbi -
trary signature . The n 

(a(2)ö |  aßi) =  (a (2) |  aß)(b |  7) +  {ab  | aß){a |  7). 

(v) Finally , on e assumes a  dua l Laplac e expansio n 

{w'w" I  w)  =  $ ^ ± ( t i / I  ww){w" I  w {2)) 

with a  simila r rul e fo r th e signs . 
We sho w i n th e tex t tha t thes e expansio n rule s ar e consistent . The y defin e 

a bilinea r form , whic h w e cal l th e biproduct,  whic h ca n b e viewe d a s a  signe d 
generalization o f th e determinant . Whe n w  an d w'  ar e product s o f distinc t 
positively signe d letter s an d places , the n th e biproduc t (w  \  wf) reduce s t o th e 
permanent. Thi s i s no t th e case , however , fo r (w  |  w')  whe n w  an d w'  ar e 
arbitrary product s o f divide d powers . I n thi s case , th e pai r (w  |  w f) ca n i n n o 
way b e see n a s th e generalizatio n o f the determinan t o r permanen t o f a  matri x 
(unless on e i s willing t o conside r th e possibilit y tha t th e se t o f rows an d th e se t 
of columns o f such a  "matrix " shal l b e allowe d t o becom e multisets) . 

The biproduc t preserve s al l forma l propertie s (tha t is , th e Laplac e expan -
sions) o f a  determinant , excep t fo r signs . A s already remarked , al l o f linear an d 
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multilinear algebr a can be recas t i n terms o f Laplaee identities . I t Stand s to rea -
son, therefore , t o expee t tha t th e biproduc t wil l yiel d a  generalizatio n o f linea r 
algebra t o "signed " veeto r Space s an d signe d module s generally . I n thi s pape r 
we take tw o steps toward th e realizatio n o f this program, whic h we now procee d 
to informall y describe . 

The first  Ste p i s th e extensio n t o th e fourfol d algebr a o f th e Standar d basi s 
theorem o f Doubilet , Rota , an d Stei n ( a specia l cas e o f ou r result , whic h i n 
the presen t notatio n correspond s t o settin g L  =  L~  an d P  =  P").  Suc h a 
generalization proceeds as follows. Dehn e a Young diagram over L (an d similarl y 
over P)  a s a  sequenc e D  =  {w\,W2,  •  •. ,wn) o f word s Wi  in Mon[L] , suc h tha t 
Xi =  Length(tüi ) an d X\  >  X 2 >  •  •  • > A n. Th e veeto r A  = (Ai , A2,...) i s th e 
shape of the Youn g diagram. I f 

Wi =  XnXi2  '  • • XiXi,  Xij  E  £ , 

where w e hav e writte n ou t eac h divide d powe r b y repeatin g th e sam e lette r 
(strictly speaking , thi s i s an abus e o f notation) , the n th e word s 

Wj =  XijX^j  '  ' ' X\j.j 

define th e dual  diagram  D  o f shape A . 
A Youn g diagram D  ove r L  (o r over P)  will  be said t o be Standard  when, fo r 

every pai r o f word s 
Wi =  X1X2  •  •  -  xr , Xj  € £ , 

Wi = 2/12/ 2 - t / s , Vj  € L , 

where Wi  is i n D  an d Wi  i s i n D  th e foUowin g condition s ar e satisfied . Le t u s 
refer t o w% a s a row  of the diagram an d to Wi  as a column  of the diagram. Choos e 
a linea r orde r o n the aiphabe t i , whic h wil l remai n fixed  fro m no w on . The n 

(i) tw o successiv e letter s Xi  an d 2^+ 1 i n th e sam e ro w ar e i n nondecreasin g 
order (xi  <  x t + i ) i f the y ar e bot h positivel y signe d an d i n strictl y increasin g 
order (xi  <  z t+i) i f they ar e bot h negativel y signed . 

(ii) tw o successiv e letter s y * and 2/i+ 1 i n th e sam e colum n o f th e tablea u D 
(i.e., in the same row of the tableau D)  ar e in strictly increasing order (yi  <  2/i+i ) 
if they ar e both positivel y signe d an d i n nondecreasing orde r (yi  <  2/*+i) i f the y 
are bot h negativel y signed . 

(iii) two successive letters i n the sam e row (o r i n the sam e column) whic h ar e 
of different signature s ar e i n strictly increasin g order . 

A simila r definitio n i s given fo r Youn g diagrams mad e ou t o f P. 
Now le t D  an d E  =  [w[,. .., w' n) be Youn g diagrams o f the sam e shape mad e 

out o f th e alphabet s L  an d P , respectively . W e define th e Young  tableau  of th e 
diagram pai r D , E t o b e 

Tab(D I  E) =  ±(w x I  w[)(w 2 \w' 2)'- (w n |  < ) . 

(This i s a slight oversimplification , becaus e o f the possibl e oecurrence of divide d 
powers—the tex t give s the precis e definition. ) 
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A Standard Young tableau Tab(D |  E) i s a Young tableau where both diagrams 
D an d E  ar e Standard . Ou r mai n resul t state s tha t Standar d Youn g tableau x 
are an integral basis of the superalgebra Super[ L |  P]. Actually , the final result 
is stronger . I t state s tha t a  (no t necessaril y Standard ) tablea u Tab(£ > |  E)  i s 
luaiquely expressible as a linear combination with integer eoefiicients of Standard 
Young tableaux . I f Tab(£ > |  E)  i s o f shape A , then th e onl y Standar d Youn g 
tableaux occurrin g wit h nonzer o coefficient s ar e o f shape s whic h ar e greate r 
than A  in the dominance order of shapes. Thu s the submodules, spanned by all 
tableaux whose shapes form an order ideal in the partially ordered set of shapes 
under the dominance order, span an invariant submodule of Super[L |  P], under 
permutations of both letters and plaees. 

An immediate corollary of this theorem is that the number of Standard Young 
diagrams is independent of the linear ordering chosen for the aiphabet. N o direct 
combinatorial proof of this surprising fact i s known at present . 

The proof of the Standard basis theorem proceeds in two steps. Th e fact tha t 
the Standar d tableau x spa n th e superalgebr a i s a consequence o f the foUowin g 
straightening formula 

] T ±(vti;(i ) |  v!){w{2)W | u) = ]T±(tiw (1) |  ufu{l))(vi2)w' 11* (2)). 
w u,v 

(For the actual computation o f the signs, consult the text. ) 
The straightenin g formul a lead s t o a  recursiv e algorith m (ultimatel y goin g 

back to Alfred Young) to express any monomial in the superalgebra as an integral 
linear combination of Standard tableaux . 

The fact tha t th e Standard tableaux are linearly independent i s subtler; i t i s 
based o n a refined duality . On e defines a  dual aiphabe t L*  = £* + U l * " wit h 
Ir*+ i n bijectiv e correspondenc e wit h L~~  and L*~  wit h L + . Thus , i f x  i s a 
letter, then x* is a letter of the opposite sign; similarly, for P*. On e then defines 
a scalar bilinear for m 

(p, g), p  € Super[L* |  P*], q  € Super[ I |  P], 

by the foUowing rules: 
(i) ({x m |a*),(» | /? )>=0ifx#2/o r <*#/? , and 
(ii) ((x * |  a*), (x |  a)}  =  ±1 , where the sig n on the righ t i s negative i f and 

only if both x  and a*  are negatively signed. T o see the motivation for this rule, 
we (quite unrigorously) rewrit e the left sid e as 

(x* |  <**)(x | a) =  ±(x* |x)(a * |  a), 

and we see that th e minus sign is due to the "fact " tha t th e elements x and a* 
have been commuted. 

(iii) Analog s of Laplace expansions . Fo r example , i f w'w"  € Super[i * |  P*] 
and w  G Super[L |  P], we set 

(wlw",w) =  J^±(ti; /,^(1))(«;,,,'u;(2)>. 
w 
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Here, th e coprodue t 

Aw =  Y2W(1) ® wffl 
w 

is take n i n th e Hop f algebr a Supe r [L |  P] , whic h i s th e tenso r produc t o f tw o 
Hopf algebras ; tha t is , th e pair s w^  an d w^)  räng e ove r al l subword s o f w, 
for w  € Super [L |  P] , suc h tha t w  =  W(i)tü( 2). Again , th e sign s o n th e righ t 
are determined aceordin g t o th e number o f transpositions o f adjacent negativel y 
signed element s (letter s o r places) . 

The byprodue t o f thi s seemingl y unusua l setu p fo r dualit y o f tw o algebra s 
is th e generalizatio n t o superalgebra s o f th e celebrate d resul t o f A . Youn g (i n 
Young's language , statin g tha t P(12)iV(12 ) =  0) . I n thi s presen t context , w e 
prove that {(w*  |  ti*), (w* | u')) =  0  whenever th e lengt h o f the biproduets i s two 
or more . Thi s lead s t o a  considerabl e simplificatio n o f th e computatio n o f 

(Tab(ZT |  £*), Tab(£> ' |  E')). 

One finds  upo n evaluatin g tha t o n th e righ t sid e onl y sum s o f certai n simpl e 
monomials appea r (whic h we have called Gale-Ryse r interpolant s afte r a  famou s 
theorem of Gale and Ryser on the existence of 0-1-matriees havin g given row an d 
column sums) . On e goe s o n t o establis h a  triangulä r biorthogonalit y propert y 
for Standar d tableaux , fro m whic h linea r independenc e i s inferred . 

In orde r t o describe th e invariant-theoreti c results , we shall assum e from no w 
on tha t P  =  P ~ =  {1 ,2 , . . . , n). W e defin e a  bracket  (o f lengt h n)  t o b e th e 
element [w]  = (w  |  12 - • -n) o f Supe r [L |  P] . Clearl y th e bracke t wil l vanis h 
unless th e wor d w  i n Super[£ ] i s o f lengt h n . Fro m no w o n w e shal l separatel y 
consider eithe r o f the tw o special case s L  =  L~  o r L  —  L + . I n th e cas e L  =  L~ , 
the bracke t coincide s wit h th e classica l bracke t first  define d b y Cayley ; tha t is , 
if w =  X1X2 - •  xni th e bracke t i s the determinan t o f the matri x o f n  ro w vector s 
Xi which hav e the entrie s 

Xi = ((xi  I  l),(xt- I  2),. . . ,(xt- I  n)). 

Note that because L =  L~  an d P =  P ~ , eac h entry is a neutral element, and thu s 
can legitimately b e called a  scalar . Th e straightening formul a no w specializes t o 
give identitie s o n bracket s o f the for m 

(**) X ) * ^ 1 ) ] ! ^ ) ^ ] =  E ±Ki)][! ;ffl , , , /l' 
W V 

which, a s i s known, ca n b e use d fo r a n abstrac t characterizatio n o f the bracket . 
All o f linea r algebr a i s "coded " i n thes e identities . 

In th e secon d case , L  =  L + , on e obtain s a  remarkabl e generalizatio n o f th e 
determinant. Th e bracket [tu] , for w  € Super [L] =  Super[L +], will now no longer 
be scalar valued but wil l take it s value in an exterio r algebra . W e shall cal l i t th e 
skew bracket.  I t ca n n o longe r b e viewe d a s th e determinan t o r th e permanen t 
of a  "matrix" , unles s w  i s a  produc t o f n  distinc t letters . On e computes , fo r 
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example, [a^]  =  (a  |  l)( a |  2 ) • •  • (a |  n) , wher e eac h ( a |  i)  i s a n elemen t o f 
degree on e o f an exterio r algebra . Mor e generally , on e ha s 

H K l =  (-i)B K]N , 
and identitie s o f th e for m (** ) hol d fo r ske w bracket s (wit h fewe r signs ) an d i n 
fact ca n b e use d t o characteriz e ske w brackets . Thus , th e possibilit y arise s tha t 
skew bracket s ar e th e synta x fo r a  semanti c construc t whic h wil l b e a  "skew " 
analog o f linea r algebra . W e shal l leav e thi s enticin g possibilit y untouche d fo r 
the moment , an d procee d directl y t o th e invariant-theoreti c application s o f th e 
bracket (bot h classica l an d skew) . 

For ease of exposition, we deal separately with Symmetrie and skew-symmetri e 
tensors, keepin g th e narrativ e a s informa l a s possible , a t th e cos t o f some inac -
curacies whic h ar e correcte d i n th e text . 

Given a  vecto r spac e V  o f dimensio n n  ove r a  field  o f characteristi c zero , a 
Symmetrie tenso r t  ove r V  (tha t is , a  homogeneou s elemen t o f th e Symmetri e 
algebra S(V))  has , relative t o a  basi s ei,e2 , • •. ,e„, th e coordinate s o>j lj2-jn, s o 
that 

t = ^  U,Ä , • • • Jn ) a^'-^^ '  ' ' '̂ 
where the su m range s ove r al l n-tuples (j\  •  • •  jn ) ; not e tha t almos t al l the term s 
equal zer o (becaus e th e multinomia l coefficien t vanishes) . Th e intege r k  i s th e 
degree or step  of the tensor. A n invariant  I  o f Hs a  polynomial in the coordinate s 
ajij2-jn whic h i s independen t o f th e choie e o f th e basis , excep t fo r a  constan t 
factor. Thus , i f I  i s an invariant , the n th e condition  I  =  0  i s geometric,  tha t is , 
it i s independen t o f th e coordinat e System . Th e ide a o f invarian t theor y i s t o 
express by the vanishing of invariants certain logically or combinatorially define d 
properties of tensors such as decomposability, rank , divisibility by another tensor , 
etc. T o thi s end , a  sligh t extensio n o f the notio n o f invarian t i s needed, namely , 
the notio n o f a  covariant . 

Observe that a  Joint invariant  o f a set of tensors may be defined i n the obviou s 
way. Whe n the coordinates o f one or more of the tensors of such a set ar e allowed 
to b e independen t transcendental s (adjoine d t o th e bas e field), a  Joint invarian t 
will tur n ou t t o b e a  polynomia l i n thes e independen t transcendentals . Suc h a 
polynomial is called a covariant,  wit h the understanding that a  covariant vanishe s 
when i t vanishe s identicall y a s a  polynomial i n it s independen t transcendentals . 

We next describ e th e symboli c method fo r the representation o f all invariant s 
(and henc e al l covariants ) o f Symmetri e tensors . T o every (symmetric ) tenso r t 
we associate an indefinit e suppl y o f letters (o r symbols)  belonging to a  negatively 
signed aiphabe t L~ , an d w e say tha t a  lette r "belongs " t o th e tenso r t. 

We nex t defin e a n Operato r U,  th e umbral  Operator,  from th e superalgebr a 
Super [L \ P] t o th e "scalar " coordinate s o f a  tenso r o f step k.  W e simply se t 

< t f , ( a | l ) » ( a | 2 ) * . . - ( a | n ) ' - ) = a i l i s 
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where a  is any o f the letter s o f L  belongin g t o a  tensor t  o f step fc, and where 
ii +  J2 H \"  in =  & . If ji +  J2 H h  Jn ¥" &> th e righ t side is set equal to zero. 
Note that al l (a  \ i)  ar e neutral elements. 

If w  i s an y monomia l i n Super[ £ |  P]  ( a Symmetri e algebra ) w e can writ e 
w = w(a)w(b)  • - • when w(a)  i s the produet o f all letterplaces (a  | i) containin g 
the letter a , etc . W e set 

(U, w) = (U,  w(a)w(b) •••) =  (£/ , w(a)) (U, w(b)) 

Finally, we extend the definition of U to all of Super [L | P] by linearity. Th e main 
result state s that a  polynomial I  i s an invariant o f a set o f Symmetrie tensors if 
and only i f J =  (U^p),  where p is a polynomial i n braekets (i n the present case 
of Symmetrie tensors, the braekets are nothing but ordinary determinants) . 

The Classification o f invariants can be further simplifie d by applying the Stan-
dard basi s theorem. Accordin g to this theorem, any polynomial in braekets can 
be integrall y expresse d a s a n integra l linea r combinatio n o f bracke t produet s 
which correspond t o Standar d tableaux , i n th e give n linear orderin g o f the ai -
phabet L.  Thus , i t suffice s (b y an d large ) t o conside r th e cas e wher e p  i s a 
Standard tablea u i n Super [L \  P], where eac h ro w i s o f length n  (thus , th e n 
places 1,2,... , n appea r i n each row on the right side of the tableau). I f X{ i s a 
transcendental, we can safely se t 

(u,(x\iy) =  xi, 

thereby identifyin g x  wit h a  symbol . I f we further agre e tha t th e linea r orde r 
of L shal l be chosen in such a way as to place last al l Symbols corresponding to 
transcendentals (that is, after all Symbols corresponding to genuine tensors), then 
a Standard tableau fo r a  covariant i s partitioned int o an upper part , containin g 
all symbol s correspondin g t o th e tensor(s) , an d a  lowe r part , containin g onl y 
(symbols for ) transcendentals . Fo r al l practica l purposes , onl y th e uppe r par t 
will matter i n the description o f the covariant . W e thus succeed in associatin g 
to every covariant a  Standard Young diagram in the familiär for m such as 

abcd 
abe 
bfg. 

The invariant theory of Symmetrie tensors can be carried much farther by the 
symbolic method, but the present exposition now turns to the much less explored 
subjeet o f skew-symmetri c tensors , wher e previou s wor k (don e largel y i n th e 
nineteenth Century) was considerably more limited in scope. Ou r objeetives will 
be, first,  to develop a symbolic method tha t wil l be strikingly analogou s to the 
symbolic method fo r Symmetrie tensors , and second, to show by examples tha t 
the metho d i s (fo r skew-symmetri c tensor s bette r tha n fo r Symmetri e tensors ) 
effective bot h fo r th e construetio n an d fo r th e Interpretatio n o f invariants an d 
covariants. 
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The metho d i s "dual " t o the one described abov e fo r Symmetri e tensors , i n 
the sens e tha t th e words "commutative " an d "antieommutative " ar e judieiously 
interchanged. I t i s not clear a  priori , however , ho w such a n interchange shoul d 
be carried out, and in fact th e method we are about t o describe reveals new clues 
to how this interchang e ma y be effective i n disparate situations . 

A skew-symmetric tenso r t  of step k  is a homogeneous elemen t o f the exterior 
algebra f\(V).  Relativ e t o a basi s e i , e 2 j . . . , e n o f V, the tensor ca n be writte n 
in the form 

t = Yl  ( aiii2-tfc)cti Aej 2 A  ••• Ae ik 

%i<i2< —  <ik 

where th e sum ranges ove r al l subsets {i\ , i2,..., ü } o f {1 ,2 , . . . , n}, wit h th e 
customary Convention s relativ e to signs, namely . 

0>a1a2-^k =  (Sgna)ai2.. .fc . 

An invarian t I  o f t  i s a  polynomia l i n the coordinate s a^^... ^ whic h i s inde -
pendent o f th e coordinates , excep t fo r a  constan t factor , s o tha t (again ) th e 
condition /  =  0  is geometric. Join t invariant s an d covariants ar e defined a s in 
the Symmetri e case . 

We now describe th e delicate symboli c metho d b y which al l invariants (and 
covariants) o f skew-symmetric tensor s can be represented. Choos e a  linearly or-
dered aiphabe t L  which is now positively signed  (L  = L + ) . Recal l tha t th e place 
aiphabet P  i s the negatively signed  set {1 ,2 , . . . , n}. T o every (skew-symmetric ) 
tensor t  we assign an infinite suppl y o f letters "belonging " t o it, and we assume 
that th e supply i s ample enough fo r all purposes. I n addition, we assume tha t L 
contains an indefinitely larg e suppl y o f letters belongin g t o an indefinitely larg e 
supply of independent transcendental s that may be adjoined to the ground field if 
and when necessary. W e next defin e an umbral Operator U  that (again ) maps the 
superalgebra Super[ L |  P] to the field of scalars, eventually wit h transcendental s 
adjoined. 

If a  is a letter belongin g t o the skew-symmetric tenso r t  of step A; , we set 

(U,(a{k) | t ' i t 2 •••*'*) ) = ö t , t v . . i v 

On th e righ t sid e i s the scala r componen t o f the tenso r t  relativ e t o the basi s 
^1,62,.. . , en , which wil l remai n fixed  fro m no w on. O n the left side , a^  i s the 
fcth divided powe r o f the letter a , so that (b y the properties o f the byproduet ) 

( a w |  iti2 •  ••*'*) = ( a | ix){a |  i2) •  • •  (a | i k). 

Note tha t fo r i  ^  j  w e have (a  |  i)(a  \  j) =  —  (a \  j)(a |  i) , since (a  |  i)  i s 
negatively signe d t o all a G L an d i € P. 

Next, se t (U,  (a  ̂\  ixi2 •  • • ij)) =  0 , if j #  k. 
Now le t n  be an arbitrary monomia l i n Super[L \  P], B y altering th e sign of 

m, i f necessary, we can write 

m =  ±m(a)m(b)  •  • •  , 
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where m(a)  i s the produc t o f al l lette r place s (a  \  i) containin g th e lette r a , etc. , 
and, wha t i s essential , wher e a  <  b < •  •  i n th e linea r orde r o f L.  Thus , 

m(a) =  (a^  |  i\i2 •  • -ij) 

for som e j , similarly fo r m(6) , etc . 
Now se t 

([/, m{a)m(b) ••• ) =  {(/ , m{a))(U, m(b)) 

and exten d t o Super[ L |  P ] b y linearity . W e prov e tha t th e Operato r U  i s wel l 
defined. Fo r example , le t a  an d b  be bot h letter s belongin g t o th e tenso r £ , and 
suppose tha t a  <  b. The n 

(C/,(aW|12..-fc)(6W|12.. .fc)) =  (a 12 . . . ,)2 , 

but 
(U, (6<*> I  12 • • •  k){a^ I  12 • • •  k)) =  - ( a i 2 •  •  •  k) 2. 

if Ä : i s odd . A s anothe r example , le t u  an d v  b e vector s i n F , tha t is , skew -
symmetric tensor s o f step one . The n w e have 

(U,(a\i))=Ui, {U,(b\i))  =  Vi, 

if a  belongs t o u  an d b  belongs t o v.  Thus , i f a  <  6, the n 

([/, (a6 I  ij))  =  (U,  (a \  i)(b |  j) +  ( 6 | i)(a |  j)) =  mvj  -  ^ - ^ , 

and w e find  (spectacularl y enough ) tha t 

<£/, (a6 I  ti) > =  <17 , (fco I  *j)>, 

as we might wel l expect , sinc e (ab  \  ij) =  (ba  |  ij) i n Super [L |  P], an d sinc e U 
is well defined . 

More generally , le t tx 1, t r2 , . . . , u n b e vectors , an d le t a%  <  a%  <  •  • • < a n b e 
Symbols (letters ) belongin g t o each . The n w e find 

([/, [a ta2 •  • •  an]) =  [u lu2 •  • •  un] 

where the lef t bracke t i s the bracke t i n Super[L |  P], and th e righ t bracke t i s the 
ordinary determinan t o f th e vector s u 1 , . . . , u n relativ e t o th e basi s e i , . . . , e n. 
In particular , w e find  tha t 

{[/, [aalaa2 •  •' aan)) =  [v}u 2 •  • •  un) 

for an y permutatio n er . Thi s poin t i s worth stressing , becaus e i t i s the poin t a t 
which Weitzenböck' s attemp t t o develop a  symbolic method fo r skew-symmetri c 
tensors failed . Weitzenböc k (lik e al l othe r classica l invarian t theorists ) faile d t o 
distinguish betwee n a  vecto r u  an d a  symbo l a  representin g tz , an d use d th e 
same notatio n fo r both . A s a  consequence , hi s bracket s [u lu2--un] wer e t o 
be take n sometime s a s Symmetri e an d sometime s a s skew-symmetri c relativ e t o 
permutations o f {1 ,2 , . . . , n} dependin g o n th e context ! Smal l wonde r tha t fe w 
invariants (othe r tha n thos e previousl y known ) shoul d hav e bee n compute d b y 
such a  technique . 
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Our main result i s formally simila r to the main theorem for Symmetrie tensors . 
It state s tha t ever y invarian t (o r Join t invariant ) o f a  skew-symmetri c tenso r t 
can b e writte n i n th e for m (U,p),  wher e p  i s a  polynomia l i n ske w bracket s 
containing onl y Symbol s belonging t o t, 

Again, th e listin g o f invariant s i s simplifie d b y applyin g th e Standar d basi s 
theorem t o th e subalgebr a o f Supe r [L |  P]  spanne d b y polynomial s i n ske w 
brackets. A  skew bracke t monomial , tha t is , a  produe t o f skew bracket s 

ra = K][^ 2 ] ' - 'Ki 

where W{  i s a word i n Super[L] whic h i s of Length n , Stands for a  Young diagra m 
D =  (w  i,u>2? ...,Wj). Le t u s writ e n  =  Tab(D) . (Th e tableau x i n th e place s 
need no t b e writte n out , sinc e the y al l consis t o f succession s o f th e Singl e wor d 
w' =  1 2 • • •  n.) B y th e Standar d basi s theorem , thos e monomial s m  =  Tab(D) , 
where D  i s a  Standar d Youn g diagram , spa n th e subspac e o f Superf L |  P]  o f 
bracket polynomials . Sinc e L  =  L + , a  diagram D  wil l be Standar d i f along eac h 
row the letters appea r i n nondecreasing order , an d alon g each column the letter s 
appear i n strictl y increasin g order . I n othe r words , tw o successive letter s a  an d 
6 in a  word Wi  must satisf y th e conditio n a  <  6, whereas th e j»th letters c  and d 
of two successive words Wi  and Wi+i  mus t satisf y th e conditio n c  < d. 

For covariants , i t i s agai n convenien t t o le t th e letter s belongin g t o vector s 
(and tensors ) wit h independen t transcendenta l entrie s be last i n the orde r o f th e 
aiphabet L , s o tha t D  partition s int o a n uppe r an d a  lowe r par t a s before . Th e 
upper par t o f D  suffice s t o defin e a  covariant . I n othe r words , a  covarian t i s 
to b e speeifie d b y a  Youn g diagra m D'  =  (w[, ... ,u^- ) wher e Length(^ ) <  n . 
The covarian t wil l b e Tab(w' 1Wi1...1WjW,j), wher e w^w"  i s o f lengt h n , an d 
where th e word s w"  ar e mad e u p o f Symbol s (letters ) belongin g t o independen t 
transcendentals. 

Contrary t o wha t happen s fo r Symmetri e tensors , th e translatio n o f a  geo -
metric propert y int o th e vanishin g o f covariant s tur n ou t t o b e successfu l fo r 
skew-symmetric tensors , and w e devote Chapte r 5  to the discussio n o f a numbe r 
of such example s ol d an d new . 

For a  tenso r t  o f step 2 , or bivector , th e onl y invarian t i s easily prove d t o b e 
the PfafBan , whic h fo r n  =  2k  i s symbolically represente d b y 

al a 2 a k ' 

where a ; ar e distine t letter s belongin g t o t.  Th e covariant s o f t  ar e represente d 
by incomplet e Pfaffia n 

and (a s i s well known) the y giv e the ran k o f the tensor . 



SYNOPSIS 

For a tensor o f step k,  the covariant s 

a\Ü2 '  •  ' CL V 

CP: . l 

determine th e ran k o f the tensor : i f C r + i vanishe s bu t C r does not vanish , the n 
the tenso r i s of rank r. 

The classica l Grassmann condition s for a tensor to be decomposable translat e 
into th e vanishin g o f either o f the tw o covariant s 

aWb aWft W 
b(k-i) o r

 b (k-2) 

where a and 6  are distinc t letter s belongin g t o th e tensor . 
The conditio n tha t a  tensor o f step 3  be divisible b y a vector i s the vanishin g 

of the covarian t , rt, /o x 
a(2)6(3) 

acW 

where a,b,c  ar e Symbol s belongin g t o the sam e tensor . Thes e condition s ar e 
generalized i n the tex t t o give covariant s specifyin g whethe r a  given tenso r o f 
arbitrary ste p i s divisible b y one , two, etc. , linearly independen t vectors . 

In conclusion , w e lis t thos e covariant s whic h specif y eac h o f the canonica l 
forms fo r a tensor o f step 3  in dimension n = 6 and 7 . 

For n = 6 the covariant s tha t specif y eac h o f the fou r canonica l form s ar e 

a(3)&(2) 

b; 

a^bWc 
bcW; 

md a(»)6C« c 
bcWS3l 

We find  i t remarkable tha t eac h o f these turn s ou t t o be a Standar d Youn g 
diagram. A  simila r phenomeno n happen s fo r n = 7. 



Notation Guid e 

Mon(i4), 2 
cont(t*;;a), 3 
A ,  A  5  .Z I , « n L ? « 5 

Ad, 3 
fl("»,3 

Div(A), 3 
Disp(w), 3 
Cont(w), 3 

H.4 
Tens[A], 4 
Super [A], 4 

AU =  YJ UW ® U ( 2 ) I 8 

e(w), 1 0 
S(u/), 1 0 

A W , 1 0 
(x |  a ), 1 5 
(w \  u), 1 6 
tab(u> |  «), 2 2 
Tab(£> |  £ ), 2 7 
Tab+(I> |  £ ), 3 4 
K{W], 4 2 

A*(V), 42 
Sk(V), 4 3 
(t / , />,48 
cov(D), 5 1 
Sp2 m( /f) , 5 3 

On(Ä"), 5 4 
a A  ß, 5 6 
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adjoint, 3 
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