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Notation 

á Æ -action defined by a module JV 68 
j / ( R ) ,S/'(R) von Neumann algebras of a nonsingular equivalence relation 11 
Â (R, A) set of coboundaries of R with coefficients in a group Á 18 
B(//) = the set of bounded linear Operators on a Hubert space Ç 10 
â ñ beta-function of a Markov shift 23 
C = the complex numbers 
cB restriction of a cocycle c to a set 5 21 
cp generator of Tp/Ap 23 
^ ( R ) a C*-algebra of an equivalence relation R 14 
äá b = the Kronecker delta (Sa b = 1 if á = b , and 

^ b = 0 otherwise) 11 
Ä^ a group associated with a nonnegative matrix Ñ 22 
{ß(R), ^ ( R ) + ) dimension module 48 
l?(c), l?"~(c) essential ränge of a cocycle c 19 
GL(rt, Z) = the group of invertible ç ÷ ç matrices with integer entries 40, 72 
Ã ñ a group associated with a nonnegative matrix Ñ 22 
Ë(·) entropy 7, 56 
Ç (R, Á) first cohomology group of R with coefficients 18 

in an abelian group Á 24 
^ . 5 index cocycle of a subrelation 
kn = algebraic closure of the prime field Fn = Æð 

of characteristic ð 45 
K0(S/) dimension group of a C*-algebra 
Lv nonsingular automorphism of R defined 

by an automorphism V e [R] 13 
Lv , L'V Operators in $/(R) and S/(R) associated 

with an automorphism V e[R] 11 
k(V) module of V eJV{R) 32 
ì Â = restriction of a measure ì  to a measurable 

set Â with ì(£ ) > 0 
mp measure of maximal entropy on a Markov shift 7, 8 
ì ñ Markov measure on a two-sided Markov shift Xp 6 
^R' ^R ' ^R measures on a nonsingular equivalence relation R 5 
e/#(R), */# (R) algebra of multiplication Operators in S$ (R) 

and J / (R) 11 
Í  = { 0 , 1 , 2 , . . . } 
Nx = { 1 , 2 , 3 , . . . } 
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í  ñ Markov measure on a one-sided Markov shift Yp 8 
«/^(R) normalizer of an equivalence relation R 32 
Ñ, Ñ nonnegative, irreducible matrix and the associated 

stochastic matrix 6 
n(V) outer period of F e JV(R) 32 
Q = the rationals 32 
R = the real numbers 31 
R+ [ 0 , o o ) c R 32 
Rx =R\{0} 31 
K* = l + i l l x 32 
V\(a) = real part of a complex number á 
[R] füll group of an equivalence relation 5 
[[R]] ample group 
RB equivalence relation induced on Â 5 
r(c) cohomology invariant 19 
R(c) skew product relation defined by a cocycle c 18 
R ( c ' ! ) , R ( c , 5 ) subrelation defined by a cocycle 24 
3id ring of Laurent polynomials 49 

Ñ tP 

R , R nonsingular equivalence relations on Markov shifts 6 
[R: S] index of a subrelation 24 
R equivalence relation of a nonsingular group action Ô 5 

y 

R equivalence relation of a nonsingular automorphism or 
endomorphism V ) 6, 

RK nonsingular automorphism of R associated with an 
automorphism V e [R] 15 

pR Radon-Nikodym derivative of a nonsingular relation R 5 
\S\ = cardinality of a set S 5 

{zeC:\z\ = \} 5 <S?B — a (T-algebra 3^ induced on a set Â Â 

ó( ' ' higher dimensional Markov shift 56 
SL(H , Z) = the group of ç ÷ ç matrices with integer entries and 

determinant 1 
ñ ip 

S , S nonsingular equivalence relations on Markov shifts 6, 
á ñ Markov shift 6, 
S^ = ó-algebra of Ã-invariant subsets in S? , where Ô 

is a group action 
S(f) the support of a polynomial / 69 
S equivalence relation of a nonsingular endomorphism V 9 
Ô 
T{c) 

T^ skew product action 28 
^(c) ^ - s e t of a cocycle 20 
Ws(x), Wu(x) stable and unstable sets of a point ÷ in a two-sided 7 

Markov shift 
X,F px higher dimensional Markov shift space 57 

J/~ AT 
(× , á ) dynamical System associated with a module 67 
Xp two-sided Markov shift space associated with a nonnegative 

matrix Ñ 6 
Xp* set of doubly transitive points in Xp 26 

group action on a skew product 18 
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Yp one-sided Markov shift spaee associated 
with a nonnegative matrix Ñ 8 

Æ = the integers 
Z /n = Æ/ËÆ 

Zl(R, A) set of (l-)cocycles of R with coefficients in a group Á 18 
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Index 

Adjoint Operator, 10 
AF-algebra, 13 
Algebra 

AF, 14 
C \ 10 

maximal abelian, 10 
von Neumann, 10 

Allowed 
map, 56 
word, 56 

Alphabet, 55 
Amenable 

equivalence relation, 15 
group, 15 
group action, 15 

Ample group, 13 
Araki, 22 
Asymptotically invariant sequence, 38 

trivial, 38 
Automorphism 

of a measure Space 
conservative, 6 
induced, 5 
measure preserving, 5 
nonsingular, 4 

of an equivalence relation, 4, 31 
inner, 4 

Belinskaya, 31 
Bernoulli action, 36 
Beta function (of a Markov shift), 23 
Borel 

equivalence relation, 4 
set, 3 
space, 3 

C*-algebra, 10 
of an equivalence relation, 12 
of a Markov shift, 12 

Cellular automaton, 61 

Central 
limit theorem, 21 
sequence, 38 

Chain recurrence, 46 
Coboundary 

of an equivalence relation, 18 
of a group action, 28 

Cocycle, 18 
bounded, 29 
cohomologous, 18 
index, 24 
induced, 21 
Information, 41 

of a group action, 28 
of a Markov shift, 41 
recurrent, 20 
transient, 20 

Cohomologous, 18, 28 
Cohomology, 18 

group, 18 
invariant, 19 
lemma, 23 

Commutant (of a self-adjoint set of 
Operators), 10 

Completely positive entropy, 62 
Conditional expectation, 17 
Conjugacy 

of automorphisms of an equivalence 
relation, 31 
outer, 32 

of group actions, 5 
of Markov shifts, 68 

algebraic, 68 
metric, 7 
topological, 68 

Connes, 14, 16, 23, 32, 35,40 
Containment of the trivial 

representation, 39 
Continued fraction 

expansion, 10 
transformation, 9 
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Convex hüll, 78 
Crossed product, 46 
Crossed product construction, 46 
Cuntz, 14, 55 
Cyclic vector, 11 
Cyclotomic polynomial, 74 

Degree (of a factor map), 25 
Descending chain condition, 64 
Dimension 

of a C*-algebra, 45 
of a factor, 43 
group 

of a C*-algebra, 45 
of a Markov shift, 47 

module, 48 
Dirichlet measure, 29 
Domain (of a semifinite trace), 11 
Doubly transitive point (in a Markov 

shift), 26 
Dye, 3, 33, 34 

Eigenvalue (of a nonsingular 
automorphism), 28 

Endomorphism 
countable-to-one, 9 
measure preserving, 5 
nonsingular, 4 

Entropy 
of a Markov shift, 7 
topological (for Æ -actions), 56 

Equivalence 
dass, 4 
relation, 4 

amenable, 15 
Borel, 4 
conservative, 20 
countable (or discrete), 4 
of an endomorphism, 9 
of a group action, 4 
equal (mod ì  ), 4 
ergodic, 4 
finite, 4 
hyperfinite, 15 
induced, 5 
intransitive, 4 
isomorphic, 4 
Markov, 25 
on a Markov shift, 6 
measure preserving, 5 
nonsingular, 4 
on a one-sided Markov shift, 8 
properly ergodic, 4 
shift invariant, 6 
strongly ergodic, 38 

topological, 12 
transitive, 4 

Equivalent projections, 43 
Ergodic theorem, 21 
Essential ränge (of a cocycle), 20 
Expansive 

group action, 63 
neighbourhood, 63 

Extension (of an endomorphism to an 
automorphism), 10 

Extension problem, 56 

Factor , 10 
hyperfinite, 17 
injective, 16 
map (of a Markov shift), 25 

Faithful State, 11 
Feldman J., 11,24 
Flip (on an equivalence relation), 
Flow 

equivalence, 53 
under a function, 34, 60 
of weights, 35 

Füll 
group, 5 
shift, 57 

Furstenberg, 61 

Golden mean, 58 
Group 

action, 4 
amenable, 15 
Bernoulli, 36 
conjugate, 5 
ergodic, 4 
expansive, 63 
free, 12 
measure preserving, 5 
mixing, 71 
mixing of order r , 74 
nonsingular, 4 
orbit equivalent, 31 
properly ergodic, 4 
transitive, 4 
weakly mixing, 40 

amenable, 15 
ample, 13 
füll, 5 
Markov, 65 
measure Space construction, 12 

Haagerup, 16 
Haar measure, 68 
Homomorphism 

of C*-algebras, 11 



of equivalence relations, 41 
Hopf, 3, 21, 45 
Hurewicz, 21 
Hyperfinite 

equivalence relation, 15 
factor, 17 

Index 
cocycle, 24 
of a subfactor, 24 
of a subrelation, 24 

Information cocycle 
of an equivalence relation, 41 
of a Markov shift, 41 

Injective factor, 16 
Inner automorphism (of an equivalence 

relation), 4 
Isomorphism, 

of C*-algebras, 11 
of equivalence relations, 4 
of Markov shifts, 7 

finitary, 7 
with finite expected code lengths, 7 
hyperbolic, 7 

Jones, 24 

Krieger, 7, 16, 17, 22, 32, 33, 35, 53, 

Laurent polynomial, 49 
Lehmer's problem, 74 

Mackey's program, 3, 21 
Mackey ränge (of a cocycle), 19 
Mahler measure, 74 
Markov 

equivalence relation, 25 
group, 65 
measure, 6 
shift, 6, 8 

higher dimensional, 55 
shift Space 

higher dimensional, 55 
one-sided, 8 
two-sided, 6 

Matrix 
aperiodic, 6 
compatible, 7 
irreducible, 6 
nonnegative, 6 
stochastic, 6 

Maximal abelian subalgebra, 10 
Mean (left or right invariant), 15 

on an equivalence relation, 15 
on a group, 15 
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Measure 
equivalent, 4 
ergodic, 4 
Haar, 68 
invariant, 5 
Mahler, 74 
Markov, 6 
of maximal entropy, 6, 8 
quasi-invariant, 5 

Measure Space, 3 
Mixing 

of order r , 74 
shape, 75 
strong, 71 
weak, 40 

Module, 32, 67 
Moore, C. C, 1 
Multiplication Operator, 10 
Murray, 3, 12, 43, 46 

Normal subrelation, 24 
Normalizer 

of an equivalence relation, 32 
of Jt(R), 11 

Operator 
adjoint, 10 
multiplication, 10 
partial isometry, 43 
projection, 43 
unitary, 

Orbit equivalence, 31 
Outer 

aperiodic, 32 
conjugate, 32 
period, 32 

Parry, 7, 23 
Periodic point, 56 
Permissible word, 56 
Pimsner, 46 
Poincare flow 

of a cocycle, 19 
of an equivalence relation, 32 

Polynomial 
(generalized) cyclotomic, 74 
Laurent, 49 

Prime 
ideal, 68 

associated, 68 
filtration, 69 

Projection, 43 
equivalent, 43 
finite, 43 
infinite, 43 
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Property (Ã), 
for equivalence relations, 39 
for groups, 39 

Radon-Nikodym derivative, 5 
Recurrence set (of a cocycle), 30 
Reduced primary decomposition, 68 
Representation 

of an equivalence relation, 39 
trivial, 39 

Rieffei, 46 
Rigidity theorem, 31 
Rokhlin, 36 

lemma, 36 
set, 37 
tower, 36 

Rotation algebra, 46 
Rudolph, 59, 60 

Saturation, 4 
Self-adjoint subset (of an Operator 

algebra), 10 
Shape, 75 

mixing, 75 
nonmixing, 75 

minimal, 75 
regularly, 75 

Shift 
action, 56 
equivalence, 48 
invariant, 55 

Skew product, 28 
Stable set, 7 
Standard 

Borel Space, 3 
measure Space, 3 

Strong 
ergodicity, 38 
mixing, 71 
topology (on an Operator algebra), 10 

Subgroup 
cofinite, 71 
lattice, 31 

Subrelation, 4 
normal, 24 

Subshift (of finite type), 55 
Support (of a polynomial), 69, 77 
Sutherland, 2 

Ã-set (of a cocycle), 20 
Takesaki, 35 
Tiling, 59 
Toral automorphism, 64, 72 
Trace, 11 

normalized, 11 
semifinite, 11 

Trivial representation, 39 
Tuncel, 23, 48 
Type 

of an equivalence relation, 22 
of a factor, 43 

Undecidability, 56 
Unitary 

Operator, 7 
representation (of an equivalence 

relation), 39 
Unstable set, 7 

Velocity change, 31 
von Neumann, 3, 11, 14 
von Neumann algebra, 10 

equivalence relation, 11 
isomorphic, 11 
of a free group action, 11 
of a transitive equivalence relation, 12 

Weak 
Containment of trivial representation, 39 
mixing, 40 
Pinsker property, 62 

Weiss, B., 14 
Woods, 22 

Zimmer, 14, 24, 31 
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