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To see a world in a grain of sand
And a heaven in a wild flower,
Hold infinity in the palm of your hand

And eternity in an hour.
—Wm. Blake



This page intentionally left blank



Table of Contents

Chapter 1. Complex Geometry and Applications
1.1. Nonisotropic Spaces
1.2. From Classical to Modern Analysis
1.3. Finite Type
1.4. Aire on Invariant Metrics
1.5. Boundary Limits of Holomorphic Functions
1.6. A Geometric Look at the Fatou Theorem
1.7. Rigidity of Holomorphic Mappings
1.8. Rigidity at the Boundary
1.9. The Geometric Theory of Boundary Rigidity of Holomorphic Map-
pings
1.10. Automorphism Groups of Domains
1.11. Uniform Estimates for Automorphisms

Chapter 2. Function Spaces and Real Analysis Concepts
2.1. Bloch Spaces
2.2. Normal Functions and Normal Families
2.3. H', BMO, and T(1)
2.4. The Bergman Kernel and Metric
2.5. Designing Hardy Spaces
2.6. Smoothness of Functions

References

Index

26
40
47
52
68
75

87
92
105

113
113
120
128
139
150
162

179

197



This page intentionally left blank



Preface

This short book is not a mathematics monograph in the usual sense of the
word. It is more of a manifesto. Its purpose is to illustrate, by way of a number of
examples, an interaction between geometry and analysis. In some of these exam-
ples the geometry is of the classical Euclidean variety; in others it is Riemannian
or Kahler or Finsler geometry. By the same token, some of the analysis that
occurs is at the textbook level while other instances use many of the powerhouse
tools from the last fifteen or twenty years. The interest is in the symbiosis.

Some of the material in this book is standard. Other parts are well known
but have not been recorded. Still others are rather speculative in nature. We
shall try to be specific about the places where the picture is incomplete.

In virtually every example that I treat, complex function theory (of either one
or several variables) acts as a catalyst. In some instances, the function theory
helps to set up or motivate an attractive problem and then quickly fades into the
background. In other instances the complex analysis remains nearly to the end,
being stripped away in layers to reveal geometry, analysis, and operator theory
hidden in its folds.

Another unifying theme of this work will be partial differential equations. In
many of the examples, either the Cauchy Riemann equations (of one or several
variables), the classical Laplacian, or the Laplace-Beltrami operator for some
Riemannian metric will play a role. Partial differential equations will not only
serve us as a technical tool, but also as a driving force behind certain questions.

And one question that I want to ask repeatedly is this: “Where do the function
spaces that we use come from? Are they still well-suited for the problems that
we study today?” Function spaces are a relatively modern invention. The L7,
Holder/Lipschitz, and Sobolev spaces have all been developed primarily in the
twentieth century. These spaces behave canonically under the groups that act on
Euclidean space: the translations, rotations, and dilations. And so they should,
because they were developed in significant part to study the regularity properties
of the classical Laplacian.

From the vantage point of the 1990’s, it is safe to say that the theory of
translation invariant operators on Euclidean space, and their mapping properties
on the classical function spaces mentioned above, is well understood. Both in
the setting of (harmonic) analysis on Euclidean space and of the function theory
of several complex variables we have now turned our attention to the analysis of
domains. It has become clear in the last fifteen years that the function theory
of several complex variables consists in understanding how the Levi geometry
of the boundary of a domain influences the holomorphic function theory on the
interior. I want to suggest in this context, among others, that it is useful to
set aside the classical function spaces and think in terms of new spaces that are
adapted to the geometry of the given situation.

xi
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We shall not throw out the proverbial baby with the bath water: the new
function spaces are closely linked to, and motivated by, the classical ones. In
many familiar settings the new function spaces are in fact classical ones in dis-
guise. Because we give them new descriptions, and because they are developed
canonically for the given context, they will be easier and more natural to treat.

Already in the preface we have introduced a number of themes: analysis, ge-
ometry, partial differential equations, and function spaces. These will be present,
woven into what we hope is a comfortable tapestry, throughout this book. Of
course there is a simple explanation for this setup. It is natural for me to speak
here of topics in which I have had a hand in the last twenty years. For synergistic
reasons, if for none other, there are bound to be at least tenuous links among
these topics. This is thus an opportunity for me to make the links more explicit
and, I hope, to clarify some connections and to point in new directions.

It is a pleasure to thank F. Beatrous, F. Di Biase, S. Fu, X. Huang, I. Graham,
K. T. Kim, J. McNeal, T. Nguyen, H. Parks, P. Pflug, and J. Yu for reading
various drafts of the manuscript and contributing useful suggestions.

Flavia Colonna, David Singman, and Daniele Struppa did a splendid job of
organizing the CBMS conference during which the lectures on which this book
is based were presented. I thank them for giving me this opportunity.

—Steven G. Krantz
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