Conference Board of the Mathematical Sciences

CBMS

Regional Conference Series in Mathematics

Number 133

Lectures
on Field Theory
and Topology

Daniel S. Freed

° AMERICAN

(J
° ... o
ol A MS MATHEMATICAL Lo ;‘l‘pport
. SOCIETY Jrom the




10.1090/cbms/133

Lectures
on Field Theory
and Topology






Conference Board of the Mathematical Sciences

CBMS

Regional Conference Series in Mathematics

Number 133

Lectures
on Field Theory
and Topology

Daniel S. Freed

Published for the
Conference Board of the Mathematical Sciences

by the
2000 A
S MERICAN ,
3 A M MATHEMATICAL }‘r)ﬂl support
SOCIETY




NSF-CBMS Regional Conference in the Mathematical Sciences
on Topological and Geometric Methods in Quantum Field Theory
held at Montana State University, July 31-August 4, 2017.

Partially supported by the National Science Foundation.

The author acknowledges support from the Conference Board of Mathematical Sciences
and NSF grant number DMS 1642636. Any opinions, findings, and conclusions or
recommendations expressed in this material are those of the author and do not
necessarily reflect the views of the National Science Foundation.

2010 Mathematics Subject Classification. Primary 55Nxx, 81Txx, 82Bxx, 57TRxx.

For additional information and updates on this book, visit
www.ams.org/bookpages/cbms-133

Library of Congress Cataloging-in-Publication Data

Names: Freed, Daniel S., author. | Conference Board of the Mathematical Sciences. | National
Science Foundation (U.S.)

Title: Lectures on field theory and topology / Daniel S. Freed.

Description: Providence, Rhode Island : Published for the Conference Board of the Mathematical
Sciences by the American Mathematical Society, [2019] | Series: CBMS regional conference
series in mathematics ; number 133 | “Support from the National Science Foundation.” |
Includes bibliographical references and index.

Identifiers: LCCN 2019015082 | ISBN 9781470452063 (alk. paper)

Subjects: LCSH: Algebraic topology. | Quantum field theory. | Field theory (Physics) | AMS:
Algebraic topology — Homology and cohomology theories — Homology and cohomology theories.
msc | Quantum theory — Quantum field theory; related classical field theories — Quantum
field theory; related classical field theories. msc | Statistical mechanics, structure of matter
— Equilibrium statistical mechanics — Equilibrium statistical mechanics. msc | Manifolds and
cell complexes — Differential topology — Differential topology. msc

Classification: LCC QA612 .F744 2019 | DDC 512/.3-dc23

LC record available at https://lccn.loc.gov/2019015082

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

(© 2019 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.
Printed in the United States of America.
The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10987654321 24 23 22 21 20 19


www.ams.org/bookpages/cbms-133
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/

To {Alex, David, Sonia},

with love and gratitude






Contents

Preface

Introduction
Moduli spaces and deformation classes
Axiom System for field theory
Symmetries
Extended Locality
Invertibility and homotopy theory
Extended unitarity
Non-topological invertible theories
Theorems
Free spinor fields
Anomalies
Final remarks

Lecture 1. Bordism and Topological Field Theories
1.1. Classical bordism
1.2. Topological field theories
1.3. Structures on manifolds; further examples
1.4. Varying the codomain: super vector spaces
1.5. Bordism and homotopy theory

Lecture 2. Quantum Mechanics
2.1. An axiomatic view of Hamiltonian mechanics
2.2. Example: particle on a manifold
2.3. Example: a lattice system (toric code)
2.4. Families of quantum systems
2.5.  Wick rotation in quantum mechanics
2.6. The Axiom System in quantum mechanics

Lecture 3. Wick-Rotated Quantum Field Theory and Symmetry
3.1. Axiom System for quantum field theory
3.2. Relativistic quantum field theory
3.3.  Wick rotation of relativistic quantum field theory
3.4. Symmetry groups in quantum field theory
3.5. Interlude on differential geometry
3.6.  Wick-rotated field theory on compact manifolds

Lecture 4. Classification Theorems
4.1. Review of Morse and Cerf theory
4.2. Classification of 2-dimensional topological field theories

vii

EEE EREEEEE BEEEEERE EEEELE EEEmmmomammme B



viii

4.3.
4.4.

CONTENTS

2-dimensional area-dependent theories
Classification of 1-dimensional field theories

Lecture 5. Extended Locality

5.1
9.2
5.3.
5.4.
5.5.
5.6.
9.7.

Higher categories

Examples of higher categories
Extended field theories
Extended operators

Algebra structures on spheres
Cobordism hypothesis
Extended example

Lecture 6. Invertibility and Stable Homotopy Theory

6.1.
6.2.
6.3.
6.4.
6.5.
6.6.
6.7.
6.8.
6.9.
6.10.

Categorical preliminaries
Invertible field theories
Geometric realization of 1-dimensional bordism
Non-extended invertible field theories and Reinhart bordism
Picard groupoids and spectra
Madsen-Tillmann and Thom spectra
Duals to the sphere spectrum
Invertible field theories as maps of spectra
Deformation classes of invertible field theories
Continuous invertible topological field theories

Lecture 7.  Wick-Rotated Unitarity

7.1.
7.2.
7.3.
7.4.
7.5.
7.6.

Positive definite Hermitian vector spaces

Wick-rotated unitarity in quantum mechanics

Wick-rotated unitarity in Euclidean quantum field theory
Reflection structures and naive positivity

Positivity and doubles

Introduction to extended reflection structures and positivity

Lecture 8. Extended Positivity and Stable Homotopy Theory

8.1.
8.2.
8.3.
8.4.
8.5.
8.6.

Naive positivity and stability

Equivariant spectra

Complex conjugation

Higher super lines

Spaces of invertible field theories; extended positivity
Main theorems

Lecture 9. Non-Topological Invertible Field Theories

9.1.
9.2.
9.3.
9.4.

Short-range entangled lattice systems; topological* field theories
The long range limit of 3-dimensional Yang-Mills + Chern-Simons

Examples of non-topological invertible theories
Differential cohomology and a conjecture

Lecture 10. Computations for Electron Systems

10.1.
10.2.

The 10-fold way for free electron systems
The long range effective theory of free fermions

ERE EEREREEEE EBIE]

o0
0

EEEl EEEEE EEEEEEE EEEEEEE EEER=mmeE



10.3.
10.4.

CONTENTS

Computations
Conclusions

Lecture 11. Anomalies in Field Theory

11.1.
11.2.
11.3.
11.4.

Pfaffians of Dirac operators

Anomalies as invertible field theories
The anomaly theory of a free spinor field
Anomalies everywhere

Appendix A. Review of Categories

A.1. Categories and groupoids
A.2. Symmetric monoidal categories and duality
A.3. Symmetric monoidal functors
A.4. Picard groupoids
A.5. TInvolutions
Bibliography
Index

&

E Bl EEEEEE ERERE EE






Preface

In early August of 2017 David Ayala and Ryan Grady organized a CBMS
conference on Topological and Geometric Methods in Quantum Field Theory at
Montana State University in Bozeman. I gave a series of ten lectures which form
the basis for this volume. There were supplementary lectures by several other
mathematicians and physicists. Some of those are collected in a companion vol-
ume [AFG]. Many students and postdocs attended, as did several more senior
mathematicians. The beautiful natural setting and relaxed atmosphere were per-
fect catalysts for interactions among the participants.

I thank David and Ryan for their outstanding work bringing the conference
together. Agnes Beaudry, Robert Bryant, Tudor Dimofte, Sam Gunningham, Max
Metlitski, Dave Morrison, and Andy Neitzke gave terrific lectures at the confer-
ence. Beth Burroughs, Jane Crawford, and Katie Sutich in the Department of
Mathematical Sciences at MSU provided massive assistance during the planning
and execution of the conference. The College of Letters and Science and the VP of
Research at Montana State University provided support for the CBMS conference
as well. The Aspen Center for Physics provided me hospitality during the period
when I wrote the first draft of the lectures. I thank them all.

Dan Freed
December, 2018
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These lectures recount an application of stable homotopy
theory to a concrete problem in low energy physics: the
classification of special phases of matter. While the joint
work of the author and Michael Hopkins is a focal point,
a general geometric frame of reference on quantum field
theory is emphasized.

Early lectures describe the geometric axiom systems intro-
duced by Graeme Segal and Michael Atiyah in the late 1980s,
as well as subsequent extensions. This material provides an
entry point for mathematicians to delve into quantum field theory. Classification
theorems in low dimensions are proved to illustrate the framework. The later
lectures turn to more specialized topics in field theory, including the relationship
between invertible field theories and stable homotopy theory, extended unitarity,
anomalies, and relativistic free fermion systems. The accompanying mathematical
explanations touch upon (higher) category theory, duals to the sphere spectrum,
equivariant spectra, differential cohomology, and Dirac operators.

The outcome of computations made using the Adams spectral sequence is
presented and compared to results in the condensed matter literature obtained
by very different means. The general perspectives and specific applications
fuse into a compelling story at the interface of contemporary mathematics and
theoretical physics.
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