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Preface

Polynomials have been around for a long time. They play a prominent role
in many applications and are basic objects in commutative algebra and algebraic
geometry. In the 20th century, the foundations of algebraic geometry required a
level of abstraction that made these tools hard to use for many people interested in
applications. But with the advent of powerful algorithms, personal computers, and
the theory of sparse polynomials, we now have computational commutative algebra
and computational algebraic geometry. Coupled with accessible introductory texts,
recent years have witnessed a remarkable range of applications.

The goal of this volume is to introduce some of these applications. The five
chapters are based on the NSF-CBMS Regional Research Conference Applications
of Polynomial Systems held at Texas Christian University (TCU), June 4–8, 2018.
The format of the conference, replicated in this book, is that each day David Cox
gave two lectures on a topic, followed by a third lecture by an expert on the topic.

The book is not a complete introduction to the topics covered. Many proofs
are sketched or omitted, and the emphasis is on the examples. The hope is that
the brief presentation provided here inspires you to learn more.

The first two chapters set the background for the rest of the book. Chapter 1
focuses on the rich history of elimination theory from the work of Newton and
Bézout in the 17th and 18th centuries through the decline of elimination theory in
the middle of the 20th century, followed by the emergence of symbolic computation
in the latter part of the century. In the final section of the chapter, Carlos D’Andrea
brings elimination theory into the 21st century.

Chapter 2 begins with the tension between the perfect information needed
for symbolic computation and the messiness of the information coming from the
real world. The chapter explores linear algebra and homotopy continuation, two
commonly used methods for solving systems of polynomial equations numerically.
This is where we meet our first substantial applications. Jonathan Hauenstein
concludes the chapter with a discussion of sampling in numerical algebraic geometry.

The remaining chapters of the book focus on three substantial applications.
Chapter 3 explores the geometry and algebra of geometric modeling, with some
unexpected connections to toric varieties, algebraic statistics, and Rees algebras.
At the end of the chapter, Hal Schenck surveys a variety of algebraic tools which
are used in geometric modeling.

Chapter 4 is devoted to the geometry and combinatorics of rigidity theory.
For bar-and-joint frameworks, basic objects include graphs and rigidity matrices,
though polytopes and matroids also have an important role to play. A fun result
due to Gross and Sullivant uses the rigidity matroid to study maximum likelihood
estimates of Gaussian graphical models coming from planar graphs. Jessica Sidman
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ends the chapter with a discussion of body-and-bar and body-and-cad frameworks
and the study of non-generic frameworks via the Grassmann-Cayley algebra.

Chapter 5 shifts the scene to chemical reaction networks, where the Law of
Mass Action leads to a lovely combination of graph theory and dynamical systems.
This framework includes examples from chemistry, biology, epidemiology, and pop-
ulation genetics. Algebraic geometry enters the picture because the steady states
are defined by a polynomial system. Toric varieties also have a role to play by the
pioneering work of Karin Gatermann. Alicia Dickenstein finishes the chapter with
an exposition of the interesting things that can happen in biochemical reaction
networks.

Each chapter starts at a relatively elementary level, with more advanced topics
introduced as needed. The algebraic geometry background can be found in the book
[104]. In addition to the main applications presented in Chapters 3, 4, and 5, the
twin themes of toric varieties and algebraic statistics play a prominent role in the
book. Readers unfamiliar with this material should consult the expository papers
[98] and [214].

We hope you enjoy the book! We had fun writing it.
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[90] T. Cortadellas Beńıtez and C. D’Andrea, Minimal generators of the defining ideal of the

Rees algebra associated with a rational plane parametrization with μ = 2, Canad. J. Math.
66 (2014), no. 6, 1225–1249, DOI 10.4153/CJM-2013-035-1. MR3270782
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actions on Graphics 30 (2011), 110:1–110:10.

[161] K. Gatermann, Counting stable solutions of sparse polynomial systems in chemistry, Sym-
bolic computation: solving equations in algebra, geometry, and engineering (South Hadley,
MA, 2000), Contemp. Math., vol. 286, Amer. Math. Soc., Providence, RI, 2001, pp. 53–69,
DOI 10.1090/conm/286/04754. MR1874271

[162] K. Gatermann and B. Huber, A family of sparse polynomial systems arising in chemical re-
action systems, J. Symbolic Comput. 33 (2002), no. 3, 275–305, DOI 10.1006/jsco.2001.0512.
MR1882230

[163] K. Gatermann and M. Wolfrum, Bernstein’s second theorem and Viro’s method for sparse
polynomial systems in chemistry, Adv. in Appl. Math. 34 (2005), no. 2, 252–294, DOI
10.1016/j.aam.2004.04.003. MR2110552

[164] K. Gatermann, M. Eiswirth, and A. Sensse, Toric ideals and graph theory to analyze Hopf
bifurcations in mass action systems, J. Symbolic Comput. 40 (2005), no. 6, 1361–1382, DOI
10.1016/j.jsc.2005.07.002. MR2178092

[165] I. M. Gel′fand, M. M. Kapranov, and A. V. Zelevinsky, Discriminants, resultants, and
multidimensional determinants, Mathematics: Theory & Applications, Birkhäuser Boston,
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Mathématiques d’Orsay, No. 77-75. MR0491670

[170] M. Giusti, J. Heintz, and J. Sabia, On the efficiency of effective Nullstellensätze, Comput.
Complexity 3 (1993), no. 1, 56–95, DOI 10.1007/BF01200407. MR1220078

[171] M. Giusti, J. Heintz, J. E. Morais, J. Morgenstern, and L. M. Pardo, Straight-line programs
in geometric elimination theory, J. Pure Appl. Algebra 124 (1998), no. 1-3, 101–146, DOI
10.1016/S0022-4049(96)00099-0. MR1600277

[172] H. Gluck, Almost all simply connected closed surfaces are rigid, Geometric topology (Proc.
Conf., Park City, Utah, 1974), Lecture Notes in Math, vol. 438, Springer, Berlin, 1975,
pp. 225–239. MR0400239

[173] G. Gnacadja, Reachability, persistence, and constructive chemical reaction networks (part

II): a formalism for species composition in chemical reaction network theory and application
to persistence, J. Math. Chem. 49 (2011), no. 10, 2137–2157, DOI 10.1007/s10910-011-9896-
2. MR2846708

https://www.ams.org/mathscinet-getitem?mr=3255149
https://www.ams.org/mathscinet-getitem?mr=3316984
https://www.ams.org/mathscinet-getitem?mr=1234037
https://www.ams.org/mathscinet-getitem?mr=2381606
https://www.ams.org/mathscinet-getitem?mr=2659586
https://www.ams.org/mathscinet-getitem?mr=1874271
https://www.ams.org/mathscinet-getitem?mr=1882230
https://www.ams.org/mathscinet-getitem?mr=2110552
https://www.ams.org/mathscinet-getitem?mr=2178092
https://www.ams.org/mathscinet-getitem?mr=1264417
https://www.ams.org/mathscinet-getitem?mr=3922967
arXiv:1904.11633[q-bio.MN]
arXiv:1904.11633[q-bio.MN]
https://www.ams.org/mathscinet-getitem?mr=0491670
https://www.ams.org/mathscinet-getitem?mr=1220078
https://www.ams.org/mathscinet-getitem?mr=1600277
https://www.ams.org/mathscinet-getitem?mr=0400239
https://www.ams.org/mathscinet-getitem?mr=2846708


BIBLIOGRAPHY 233

[174] G. Gnacadja, Reachability, persistence, and constructive chemical reaction networks (part
III): a mathematical formalism for binary enzymatic networks and application to per-
sistence, J. Math. Chem. 49 (2011), no. 10, 2158–2176, DOI 10.1007/s10910-011-9895-3.
MR2846709

[175] G. H. Golub and C. F. Van Loan, Matrix computations, 4th ed., Johns Hopkins Studies in the
Mathematical Sciences, Johns Hopkins University Press, Baltimore, MD, 2013. MR3024913

[176] R. Goldman, Polar forms in geometric modeling and algebraic geometry, Topics in algebraic

geometry and geometric modeling, Contemp. Math., vol. 334, Amer. Math. Soc., Providence,
RI, 2003, pp. 3–24, DOI 10.1090/conm/334/05972. MR2039963

[177] D. Grayson and M. Stillman, Macaulay2, a software system for research in algebraic geom-
etry, http://www.math.uiuc.edu/Macaulay2/.

[178] E. Gross, H. A. Harrington, Z. Rosen, and B. Sturmfels, Algebraic systems biology: a case
study for the Wnt pathway, Bull. Math. Biol. 78 (2016), no. 1, 21–51, DOI 10.1007/s11538-
015-0125-1. MR3452313

[179] E. Gross, B. Davis, K. Ho, D. Bates, and H. Harrington, Numerical algebraic geometry
for model selection and its application to the life sciences, J. R. Soc. Interface 13 (2016),
20160256.

[180] E. Gross and S. Sullivant, The maximum likelihood threshold of a graph, Bernoulli 24 (2018),
no. 1, 386–407, DOI 10.3150/16-BEJ881. MR3706762
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[214] S. Hoşten and S. Ruffa, Introductory notes to algebraic statistics, Rend. Istit. Mat. Univ.
Trieste 37 (2005), no. 1-2, 39–70 (2006). MR2227048

[215] J. Huh, Varieties with maximum likelihood degree one, J. Algebr. Stat. 5 (2014), no. 1, 1–17,
DOI 10.18409/jas.v5i1.22. MR3279951

[216] C. Huneke and B. Ulrich, Divisor class groups and deformations, Amer. J. Math. 107 (1985),
no. 6, 1265–1303 (1986), DOI 10.2307/2374407. MR815763

[217] W. Isaacson, Leonardo da Vinci, Simon & Schuster, New York, 2017.
[218] C. G. J. Jacobi, Theoremata nova algebraica circa systema duarum aequationum, inter

duas variabiles propositarum (Latin), J. Reine Angew. Math. 14 (1835), 281–288, DOI
10.1515/crll.1835.14.281. MR1578080

[219] B. Jackson and J. C. Owen, Point-line frameworks, Handbook of geometric constraint sys-
tems principles, Discrete Math. Appl. (Boca Raton), CRC Press, Boca Raton, FL, 2019,
pp. 487–504. MR3837067

https://www.ams.org/mathscinet-getitem?mr=3171099
https://www.ams.org/mathscinet-getitem?mr=3204156
https://www.ams.org/mathscinet-getitem?mr=2561289
https://www.ams.org/mathscinet-getitem?mr=3573178
https://www.ams.org/mathscinet-getitem?mr=1299725
https://www.ams.org/mathscinet-getitem?mr=647249
https://www.ams.org/mathscinet-getitem?mr=701036
https://www.ams.org/mathscinet-getitem?mr=1578380
https://www.ams.org/mathscinet-getitem?mr=1510634
https://www.ams.org/mathscinet-getitem?mr=1510781
https://www.ams.org/mathscinet-getitem?mr=304376
https://www.ams.org/mathscinet-getitem?mr=3119394
https://www.ams.org/mathscinet-getitem?mr=2402032
https://www.ams.org/mathscinet-getitem?mr=413929
https://www.ams.org/mathscinet-getitem?mr=0468667
https://www.ams.org/mathscinet-getitem?mr=400923
https://www.ams.org/mathscinet-getitem?mr=2227048
https://www.ams.org/mathscinet-getitem?mr=3279951
https://www.ams.org/mathscinet-getitem?mr=815763
https://www.ams.org/mathscinet-getitem?mr=1578080
https://www.ams.org/mathscinet-getitem?mr=3837067


BIBLIOGRAPHY 235

[220] A. Jensen and J. Yu, Computing tropical resultants, J. Algebra 387 (2013), 287–319, DOI
10.1016/j.jalgebra.2013.03.031. MR3056698

[221] G. Jeronimo, T. Krick, J. Sabia, and M. Sombra, The computational complexity of the
Chow form, Found. Comput. Math. 4 (2004), no. 1, 41–117, DOI 10.1007/s10208-002-0078-
2. MR2035410

[222] G. Jeronimo and J. Sabia, Sparse resultants and straight-line programs, J. Symbolic Comput.
87 (2018), 14–27, DOI 10.1016/j.jsc.2017.05.005. MR3744337

[223] B. Joshi and A. Shiu, Which small reaction networks are multistationary?, SIAM J. Appl.
Dyn. Syst. 16 (2017), no. 2, 802–833, DOI 10.1137/16M1069705. MR3633777

[224] J. P. Jouanolou, Singularités rationnelles du résultant (French), Algebraic geometry (Proc.
Summer Meeting, Univ. Copenhagen, Copenhagen, 1978), Lecture Notes in Math., vol. 732,
Springer, Berlin, 1979, pp. 183–213. MR555699
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Pérez Millán, M., 218
Perron-Frobenius Theorem, 191

persistence, 219
Peterson, C., 44
PHCpack, 63, 70, 75
phosphatase, 212, 214, 215
phosphorylation, 211–216, 221
phylogenetics, 73
planar graph, 162

maximal, 162
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