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Preface

These are the somewhat expanded notes from a course in ring theory
that I have been giving for about ten years. The nature of the course has
evolved over time; I am now relatively happy with the choices made.

In this book, we use the underlying theme of projective and injective
modules to touch upon various aspects of commutative and noncommuta-
tive ring theory. In particular, we highlight and prove a number of rather
major results. .

In Part I, “Projective Modules,” we begin with basic module theory
and a brief study of free and projective modules. We then consider Wed-
derburn rings and, more general, Artinian rings. Next, come hereditary
rings and, in particular, Dedekind domains. With this, we are ready for
the key concepts of the projective dimension of a module and of the global
dimension of a ring. Finally, we introduce the tensor product of modules
and we determine all projective modules of local rings.

In Part II, “Polynomial Rings,” we study these rings in a mildly
noncommutative setting. We start with skew polynomial rings, determine
their global dimension and then compute their Grothendieck and projec-
tive Grothendieck groups. In particular, we obtain the Hilbert Syzygy
Theorem in the commutative case. Next, we offer an affirmative solution
to the Serre Conjecture and, in fact, we determine all the projective mod-
ules of these polynomial rings. Finally, we use generic flatness to prove
the Hilbert Nullstellensatz for almost commutative algebras.

In Part III, “Injective Modules,” we start with injective analogs of
projective results, but quickly move on to intrinsically injective proper-
ties. In particular, we study the maximal ring of quotients and use it to
prove the existence of the classical ring of quotients. We then obtain the
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Goldie Theorems, study uniform dimension, and characterize the injective
modules of Noetherian rings. We close with basic properties of reduced
rank and determine when Artinian quotient rings exist.

This book contains numerous exercises for the student and ends with
a list of suggested additional reading.

In closing, I would like to express my thanks to a number of people.
First, to my friends Larry Levy, Martin Lorenz, Jim Osterburg, and Lance
Small for their input and helpful criticism. Second, to Mike Slattery, who
attended the first course I gave on this subject and who offered me a copy
of his class notes. I suspect he will be rather surprised at the direction in
which this course evolved. Third, to Irving Kaplansky, who introduced
noncomputational homological algebra. These notes are written in the
spirit of his book “Fields and Rings.” Finally, my love and appreciation
to my family Marj, Barbara, and Jon for their enthusiastic support of this
project. I couldn’t have done it without them.

Donald S. Passman
Madison, Wisconsin
November, 1990
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A.c.c., See ascending chain condition.

Abelian group, divisible, 208.
structure, 160.
Additivity principle, 292.
Algebra, almost commutative, 180.
Clifford, 52, 55.
free, 21, 250.
Frobenius, 228-230.
Grassmann, 52.
group, 41.
quaternion, 52.
Weyl, 196.
Algebraic root, 194.
Almost centralizing extension, 180.
Almost commutative algebra, 180.
Nullstellensatz, 194.
Almost normalizing extension, 188.
a-free module, 181.
Amitsur’s Theorem, 192.
A (K), See Weyl algebra.
Artin-Rees Lemma, 123.
Artin-Wedderburn Theorem, 36.
Artinian module, 28.
Artinian quotient ring, 290.
Artinian ring, 28, 45-50, 52, 81.

classical quotient ring, 246.

Grothendieck group, 117.

injective module, 276.

projective Grothendieck group, 143.
Ascending chain condition, 58.
Associated graded ring, 177.
Associativity, tensor product, 88.
Automorphism, 6.

Backmap, 14.

Baer sum, 216.

Baer’s Criterion, 207, 227.
Baer’s Theorem, 209.
Balanced map, 84.

Basis, 16.

Basis Theorem, 106.

Bass’ Theorem, 176.
Bimodule, 87, 203.

Bimodule homomorphism, 87.

Cpn, 225-226, 281.
Cpoo, 225-226, 281.
c[P], See Cartan map.
C[A], See cokernel map.
C(I), 288.

Cartan map, 144.
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Cartan matrix, 144, 150.
Change of variables, 161.
Checkered matrix ring, 34, 42.
Chevalley-Jacobson Theorem, 39.
Chinese Remainder Theorem, 31.
Class group, 271.
Classical quotient ring, 245.
Artinian ring, 246.
simple Wedderburn, 258.
Wedderburn, 258.
Clifford algebra, 52, 55.
Closure operation, 234, 247.
Cokernel, 12.
Cokernel map, 214.

Column operations, elementary, 153.

Commutative Noetherian ring, 277-
281.

Commuting diagram, 3.

Complete direct sum, See strong di-
rect sum.

Completely reducible module, 23-25.

Complex, 13, See zero sequence.
Composition, 3.

left notation, 4.

right notation, 3.
Composition factors, 26.
Composition length, 26, 284.
Composition series, 26, 47.

factors, 26.

length, 26.
Conjugate module, 107.
Contravariant, 204.
Countably generated module, 98.
Covariant, 204.
Cuts across the grade, 128.
Cyclic module, 10, 81.

D, 208.

D(R), See dense ideal.

D.c.c., See descending chain condi-
tion.

Index

Decomposable module, 49.
Dedekind domain, 66-72.
class group, 271.
Degree, total, 128.
Denominator set, left, 245.
right, 242-245.
Dense ideal, 235-238.
minimum, 238.
Dense ring of transformations, 39.
Density Theorem, 39.
Derivation, 113.
inner, 113.
Descending chain condition, 28.
Determinantal trick, 159.
Diagram, commuting, 3.
Dimension, global, 76, 81.
injective, 214.
projective, 75-81.
uniform, 262, 264, 266-267.
Direct product, 210.
Direct sum, external, 7.
internal, 7, 24.
strong, 7, 210.
tensor product, 88.
weak, 7.
Direct summand, 15, 23.
Directed system, 94.
Distributive law, 12.
Divisible abelian group, 208.
Division algebra, finite dimensional,
185.
Division ring, 40.
Domain, 268-270.
Dedekind, 66-72, 271.
hereditary, 66-68.
Ore, 245.
Doubly transitive, 43.
Dual basis, 228.

E(A, B), See extension group.
E(4, B) = 0, 215, 217-220.
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E(V), See injective hull.
Eilenberg Trick, 171.
Element, homogeneous, 124.
normal, 110.
regular, 256.
Elementary column operations, 153.
Embedded prime ideal, 280.
End(V), 5.
Endomorphism, 5, 6.
Endg(V), 6, 33-36.
Epimorphism, 13.
Equivalent extension, 215.
Equivalent matrices, 159.
Equivalent series, 25.
Essential extension, 223.
transitivity, 223.
Essential ideal, 256.
Essential submodule, 223, 226.
essg, See essential extension.
Exact, left, 204.
Exact at, 13.
Exact sequence, 13.
Extended centroid, 241.
Extendible row, 152, 163.
Extension, 215.
almost centralizing, 180.
almost normalizing, 188.
Baer sum, 216.
equivalent, 215.
essential, 223.
finite centralizing, 190.
finite normalizing, 198.
group, 216.
External direct sum, 7.
Ext"(A, B), 217, 222.

Factors through, 8.

Faithful module, 38.

Faithfully flat module, 94.

Field extension, separably generated,
168.
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Filtered ring, 177.
Finite centralizing extension, 190.
Finite dimensional division algebra,
185.

Finite normalizing extension, 198.
Finitely generated module, 10, 59.
First Isomorphism Theorem, 8.
Fitting’s Lemma, 62-63.

essential version, 254.
Five Lemma, 21.
Fixed ring, 131.
Flat module, 89-92, 211.
Fractional ideal, 68-70, 271.
Free algebra, 21, 250.
Free basis, 16.
Free module, 16-18.

rank, 17.
Free resolution, 82.
Frobenius algebra, 228-230.
Function on 2-sphere, 167.
Functional, linear, 228.
Fundamental Theorem of Abelian

Groups, 160.

G-domain, 185.
G-graded ring, 131.
Go(R), See Grothendieck group.
Generator, 178.
Generic flatness, 181, 183, 188.
vector, 189.
Generic Flatness Theorem, 183.
gldim R, See global dimension.
Global dimension, 76, 81, 107-113,
220.
finite, 268.
injective, 215, 220.
Goldie ring, 253, 256.
prime, 258, 264.
semiprime, 258, 264.
Goldie’s Theorem, 258.
gr R, See associated graded ring.
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gr Go(R), See graded Grothendieck
group.
Graded, homomorphism, 125.
module, 124-130.
prime ring, 188.
- ring, 124-130.
semiprime ring, 188.
submodule, 125.
Graded Artinian ring, 177.

Graded Grothendieck group, 127-130.

Graded Nakayama's Lemma, 127.
Graded Noetherian ring, 130, 177.
Graded ring, 124-130.

graded prime, 188.

graded semiprime, 188.

Jacobson radical, 191.
Graded-free module, 126.
Graded-projective module, 126.
Grassmann algebra, 52.
Grothendieck group, 115-121, 270.

Artinian ring, 117.

graded, 127-130.

integers, 118.

projective, 142-146.

skew polynomial ring, 137-139.
Grothendieck-Quillen Theorem, 138.
Group algebra, 41.
Group ring, 41, 83.

Hairy Ball Theorem, 167, 169-170.
Hereditary domain, 66-68.
Hereditary module, 56.
Hereditary ring, 57, 65, 76.
Herstein’s counterexample, 169.
Hilbert Basis Theorem, 106.
Hilbert Nullstellensatz, 195.
Hilbert Syzygy Theorem, 113, 146.
Hom(A, B), 5.
Homogeneous element, 124.
Homomorphism, 4.

automorphism, 6.

Index

endomorphism, 6.

factors through, 8.

graded, 125.

isomorphism, 6.

module, 6.

ring, 6.
Hompg(A, B), 6, 33-36, 203-206.
Hopkins-Levitzki Theorem, 47, 59.

I-adic topology, 169.
IBN ring, 18, 21, 42.
idr V, See injective dimension.
Ideal, dense, 235-238.
essential, 256.
fractional, 68-70, 271.
integral, 68.
invertible, 64-66.
meet irreducible, 274.
minimal prime, 263-264.
nil, 44.
P-primary, 278.
primary, 277, 282.
prime, 60, 6669, 252, 281, 287,
292.
primitive, 50.
projective, 65.
quasi-regular, 50.
residual, 235.
Idempotent, 29.
lifted, 48.
primitive, 53.
Idempotents, orthogonal, 53.
Im(#), 7.
Image, 7.
Incomparable prime ideal, 263.
Indecomposable module, 49, 63.
Indecomposable projective module,
50.
Induced module, 92, 135-136.
Induced module map, 117, 144.
Infinitely divisible, 21.
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inj gl dim R, See injective global di-
mension.
Injective dimension, 214.
Injective global dimension, 215, 220.
Injective hull, 224-226.
Injective module, 206-210, 223.
Artinian ring, 276.
integers, 225-226, 281.
Noetherian ring, 273, 275, 281.
uniform, 274-276.
Injective resolution, 222.
Injective Schanuel’s Lemma, 213-214,
231.
Injective Z-module, 225-226, 281.
Inner, derivation, 113.
Integers, Grothendieck group, 118.
injective module, 281.
Integral element, 66.
Integral extension, 71.
Integral ideal, 68.
Integrally closed, 66.
Internal direct sum, 7, 24.
Intersection Theorem, 169.
Invariant basis number, 18.
Invertible ideal, 64-66.
Invertible matrix, 17.
Irreducible module, See simple mod-
ule.
Isomorphic modules, 6.
Isomorphism, 6.
Isomorphism invariant, 20.
Isomorphism Theorem, First, 8.
Second, 9.
Third, 9.

Jacobson radical, 50-52, 95.

graded ring, 191.

not nil, 199.

polynomial ring, 192.
Jacobson’s Conjecture, 169.
Johnson’s Theorem, 259.
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Jordan-Hoélder Theorem, 26.

K[A], See kernel map.

Ko(R), See projective Grothendieck
group.

Kaplansky’s Theorem, 101.

Ker(0), 7.

Kernel, 7.

Kernel map, 75.

Krull Intersection Theorem, 169.

Krull-Schmidt Theorem, 63.

Lasker-Noether Theorem, 279.

Left exact, 204.

Left module, 5.

Left notation, 4.

Left quotient ring, 245.

len V', See composition length.

Lexicographical order, 182.

Lifted idempotent, 48.

Linear functional, 228.

Local ring, 96-101, 269.
projective module, 97, 101.

Local system, 91, 94.

Localization, 97, 174.

Martindale quotient ring, 240.
symmetric, 241, 249.
Maschke’s Theorem, 41, 131.
Matlis’ Theorem, 281.
Matrices, equivalent, 159.
Matrix, invertible, 17.
Matrix ring, checkered, 34, 42.
Max, See maximum condition.
Max-c, See maximum condition, com-
plement.
Max-ra, See maximum condition,
right annihilator.
Max-re¢, See maximum condition,
complement.
Maximal quotient ring, 233-240.
center, 239.
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Maximum condition, 58.
complemerit, 253.
right annihilator, 193, 253.
Meet irreducible ideal, 274.
Min, See minimum condition.
Minimal covering prime ideal, 278,
279.
Minimal prime ideal, 263-264.
Minimal right ideal, 28.
Minimum condition, 28.
Modular Law, 10.
Module, 5.
a-free, 181.
Artinian, 28.
completely reducible, 23-25.
conjugate, 107.
countably generated, 98.
cyclic, 10, 81.
decomposable, 49.
faithful, 38.
faithfully flat, 94.
finitely generated, 10, 59.
flat, 89-92, 211.
free, 16-18.
graded, 124-130.
graded-free, 126.
graded-projective, 126.
hereditary, 56.
indecomposable, 49, 63.
induced, 92, 135-136.
infinitely divisible, 21.
injective, 206-210, 223, 273, 281.
irreducible, 23, 46.
left, 5.
Noetherian, 58.
nonsingular, 255.

principal indecomposable, 50, 143.

projective, 18-20, 47, 49, 91, 98,
120, 172, 176, 205.

regular, 7.

right, 5.

Index

simple, 23, 46, 49.
stably free, 145, 165.
submodule, 7.
torsion, 286.
torsion free, 92, 174, 286.
uniform, 263.
uniform injective, 274-276.
unital, 6.
Modules, isomorphic, 6.
Monic polynomial, 161.

Monic Polynomial Theorem, 161, 163.

Monomorphism, 13.

Morita correspondence, 122.
Multiplicatively closed, 97.
Multiplicatively closed set, 242.

n-fir, 62.

Nakayama’s Lemma, 95.
graded, 127.

Nil(R), See nil radical.

Nil ideal, 44.

Nil radical, 45, 52.

Nilpotent element, 44.

Nilpotent right ideal, 28.

Nilpotent subset, 28.

Noether Normalization Theorem, 162.

Noetherian module, 58.

Noetherian ring, 59, 106, 287-291.
commutative, 277-281.
injective module, 273, 275, 281.
semiprime, 268, 270.

Nonsingular, 255.

Nonsingular ring, 259.

Normal element, 110.

Normal primary decomposition, 279.

Normalization Theorem, 162.

Nullstellensatz, 190-199.
almost commutative algebra, 194.
Hilbert, 195.
uncountable field, 198.
Zariski, 187.
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Order, lexicographical, 182.
product, 183.
Ore condition, 245.
pseudo, 289.
Ore domain, 245.
Ore extension, 113.
global dimension, 114.
Ore ring, 245, 250.
Ore’s Theorem, 244, 250.
Orthogonal idempotents, 53.

P-primary ideal, 278.
Patching Theorem, 157, 163.
pdg V, See projective dimension.
Polynomial, 105.
monic, 161.
Polynomial ring, Jacobson radical,
192.
projective module, 177.
Primary decomposition, 278, 282.
normal, 279.
Primary ideal, 277, 282.
Prime ideal, 60, 6669, 252, 281, 287,
292.
embedded, 280.
incomparable, 263.
minimal, 263-264.
minimal covering, 278, 279.
Prime radical, 287.
Prime ring, 60, 240, 252.
Primitive ideal, 50.
Primitive idempotent, 53.
Primitive ring, 38-40, 50.
Principal ideal domain, 58, 159.
Principal indecomposable module, 50,
143.
Product order, 183.
Progenerator, 178.
Projective cover, 102, 224.
Projective dimension, 75-81.
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Projective Grothendieck group, 142-

146.
Artinian ring, 143.
skew polynomial ring, 144.

Projective ideal, 65.

Projective indecomposable module,
See principal indecomposable
module.

Projective module, 18-20, 47, 49, 91,
98, 120, 205.

integer, 22.

local ring, 97, 101.

not finitely generated, 172, 176.
polynomial ring, 177.

Projective resolution, 82, 140.

Projective Z-module, 22.

Pseudo Ore condition, 289.

Q, 225-226, 281.
Qci(R), See classical quotient ring.
Qmax(R), See maximal quotient
ring.

Q:(R), See quotient ring, right.
Qs(R), See quotient ring, symmetric.
Quasi-regular ideal, 50.
Quaternion algebra, 52.
Quillen Patching Theorem, 157, 163.
Quillen-Suslin Theorem, 165.
Quotient ring, classical, 245.

left, 245.

Martindale, 240.

maximal, 233-240.

right, 242-249.

symmetric, 241, 249.

R, 167.

RG], See group ring.

R|z], See polynomial ring.

R[z; 6], See Ore extension.

R|z; 0], See skew polynomial ring.
R+, See skew group ring.
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R-homomorphism, See homomor-
phism.
R-module, See module.
R-submodule, See submodule.
Rad(R), See Jacobson radical.
Radical, Jacobson, 50-52, 95.
nil, 45, 52.
prime, 287.
Rank, reduced, 284, 287-288.
torsion-free, 287.
Rank of free module, 17.
Reduced rank, 284, 287-288.
Refinement, 25.
Regular element, 256.
Regular module, 7.
Relation, 115, 127, 147.
Replacement Theorem, 265.
Representation, 6.
Residual ideal, 235.
Resolution, free, 82.
injective, 222.
projective, 82, 140.
Respects direct sums, 142.
Respects short exact sequences, 116.
graded, 128.
pr(V'), See reduced rank.
Right annihilator, 77.
maximum condition, 193.
Right exact, tensor product, 88.
Right ideal, minimal, 28.
nilpotent, 28.
Right module, 5.
Right notation, 3.
Right quotient ring, 242-249.
Artinian, 290.

Ring, Artinian, 28, 45-50, 52, 81, 276.
commutative Noetherian, 277-281.

division ring, 40.
filtered, 177.
fixed, 131.
G-graded, 131.

Index

Goldie, 253, 256.
graded, 124-130.
graded Artinian, 177.
graded Noetherian, 130, 177.
group, 41, 83.
hereditary, 57, 65, 76.
IBN, 18, 21, 42.
local, 96-101, 269.
n-fir, 62.
Noetherian, 59, 106, 273, 275, 287-
291.
nonsingular, 255, 259.
Ore, 245, 250.
prime, 60, 240, 252.
prime Goldie, 258, 264.
primitive, 38-40, 50.
self-injective, 228-229, 259.
semigroup, 83.
semihereditary, 72.
- semilocal, 153.
semiprimary, 54, 63.
semiprime, 193, 252.
semiprime Goldie, 258, 264.
semiprime Noetherian, 268, 270,
284.
semiprimitive, 50.
simple, 38.
simple Artinian, 38.
skew group, 131.
skew polynomial, 105-109.
strongly G-graded, 131.
von Neumann regular, 54, 93, 212,
259.
Wedderburn, 28, 30, 36, 45-50, 76,
227, 249.
Ring homomorphism, 6.
Root, algebraic, 194.
Row, extendible, 152, 163.
unimodular, 152, 163.
Row matrix, 152.
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Schanuel’s Lemma, 74-75, 82.
injective, 213-214, 231.

Schreier-Zassenhaus Lemma, 25.

Schur’s Lemma, 36.

Second Isomorphism Theorem, 9.

Self-injective ring, 228-229, 259.

Semigroup ring, 83.

Semihereditary ring, 72.

Semilocal ring, 153.

Semiprimary ring, 54, 63.

Semiprime Noetherian ring, 284.

Semiprime ring, 193, 252.

Semiprimitive ring, 50.

Separably generated, 168.

Sequence, exact, 13.
short exact, 14.
zero, 13.

Series, 25.
composition, 26, 47.
equivalent, 25.
factors, 25.
length, 25.
refinement, 25.

Serre Conjecture, 152, 165.

Serre’s Theorem, 144.

Short exact sequence, 14.
split, 14.

Simple Artinian ring, 38.

Simple module, 23, 46, 49.

Simple ring, 38.

Sing(V'), See singular submodule.

Singular ideal, 255.

Singular submodule, 255, 285.

Skew group ring, 131.

Skew polynomial ring, 105-109.
global dimension, 107, 112.
Grothendieck group, 137-139.
Noetherian, 106.

projective Grothendieck group, 144.

Small’s Theorem, 290.
soc(V'), See socle.
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Socle, 226, 239.
Split, 14.
Splitting backmap, 14.
Stably free module, 145.
not free, 165.
Stably isomorphic, 145.
Strong direct sum, 7, 210.
Strongly G-graded ring, 131.
Submodule, 7.
essential, 223, 226.
graded, 125.
singular, 255, 285.
torsion, 286.
Subring, 5.
Suslin Monic Polynomial Theorem,
161, 163.
Sylvester rank function, 291.
Symbolic power, 292.
Symmetric difference, 52.
Symmetric quotient ring, 241, 249.
Syzygy, 147.
Syzygy Theorem, 113, 146.

T(V), See trace ideal.
Tensor product, 84-93.
associativity, 88.
maps, 87.
right exact, 88.
Third Isomorphism Theorem, 9.
Tor;(A, R) = 0, 134.
Tors (A, R) =0, 134.
Tor,, (A, B), 140.
Torsion free module, 92, 174, 286.
Torsion free rank, 287.
Torsion module, 286.
Torsion submodule, 286.
Total degree, 128.
Trace ideal, 172.
Trace map, 21.
Transitive, 36, 43.
Transitivity, essential extension, 223.
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Transitivity of induction, 93.
Triangular matrix, 82.

u.dim V, See uniform dimension.
Uniform dimension, 262, 264, 266~
267.

Uniform injective module, 274-276.

Uniform module, 263.
Unimodular row, 152, 163.
Unital module, 6.

Utumi’s Theorem, 238.

Vector generic flatness, 189.
von Neumann regular ring, 54, 93,
212, 259.

Index

Walker’s Theorem, 268.

Walker’s Theorem Revisited, 270.

Weak direct sum, 7.

Weakly ascending, 189.

Wedderburn ring, 28, 30, 36, 45-50,
76, 227, 249.

Weyl algebra, 196.

Z, See integers.

Z(f), See zero set.

Zariski Nullstellensatz, 187.
Zero, algebraic, 194.

Zero sequence, 13.

Zero set, 194.
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