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Supplement for Foundations of Mechanics

Second Edition, American Mathematical Society

Version: February 15, 2008

Ralph Abraham1, Jerrold E. Marsden2 and Tudor S. Ratiu3

with the collaboration of Richard Cushman4

This file contains corrections and additional commentary for the American

Mathematical Society edition of Foundations of Mechanics. We are grateful to

readers of the book over the decades, who provided many thoughtful corrections.

There are too many to name individually, but we would especially like to thank

Ethan Aikin and David Rod.

This supplement contains not only errata known to us, but also some alter-

native approaches and updates on some of the topics treated in the book. It

will be be updated online at http://www.cds.caltech.edu/~marsden/books/
Foundations_of_Mechanics.html as additional items are found.

Additional Book References

Some other books on geometric mechanics that are an outgrowth of Foundations
of Mechanics, along with abbreviations we shall use to simplify references are the

following

Abraham, Marsden and Ratiu [1988], cited as [MTA]

Cendra, Marsden, and Ratiu [2001], cited as [LRBS]

Marsden and Ratiu [1999], cited as [MandS]

Marsden [1992], cited as [LoM]

Ortega and Ratiu [2004], cited as [HRed]

Marsden, Misio�lek, Ortega, Perlmutter and Ratiu [1998], cited as [HStages].

In addition, there are many other useful books on geometric mechanics that the

reader may find useful—these are listed in the references.

1email: abraham@vismath.org; web: http://www.ralph-abraham.org/
2email: jmarsden@caltech.edu; web: http://www.cds.caltech.edu/~marsden/
3email: tudor.ratiu@epfl.ch; web: http://cag.epfl.ch/
4cushman@math.ucalgary.ca
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Errata and Supplementary Comments

Preface

Chorosoff (or Khorozov) should be written Horozov; see also page 697. This is

how the name appears in several of his later papers.

Museum

The Museum is currently available only electronically; see http://www.cds.caltech.
edu/~marsden/books/Foundations_of_Mechanics.html. Some corrections are as

follows.

Leibnitz should be Leibniz

Kolmogorov (April 25, 1903–October 20, 1987),

Moser (July 4, 1928–December 17, 1999),

Carl Ludwig Siegel: December 31, 1896–April 4, 1981

Chapter 1. Differential Theory

1.1 Topology

Page 17, Exercise 1.1F. This exercise should be stated as follows: Let M
be a topological space and H : M → R continuous. Suppose that e ∈
int(H(M)). Then show that H−1(e) divides M ; that is, M\H−1(e) has at

least two components.

Chapter 2. Calculus on Manifolds

2.2 Vector Fields as Differential Operators

Page 80, second line from bottom. Xϕ should be Xϕ

Page 92. Two lines after Theorem 2.2.24, at the end of the line, the L should be

L (it is a Lie derivative)

2.4 Cartan’s Calculus of Differential Forms

Page 119, After the proof. Add this remark: The proof shows that the Poincaré

lemma in R
n is valid on any star-shaped region, in particular a ball.

2.7 Some Riemannian Geometry

Page 150, line 9. The third term Y 〈X, Y 〉 should be Y 〈X, Z〉.
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Chapter 3. Hamiltonian and Lagrangian Systems

3.2 Symplectic Geometry

Page 178. In the display in Theorem 3.2.10, αq ◦ Tτ∗
Q(wαq

) should be αq ·
Tτ∗

Q(wαq
).

3.4 Integral Invariants, Energy Surfaces. and Stability

Page 206, line −3. “Exercise 4.3H” should be “Exercise 4.3I”.

3.7 Mechanics on Riemannian Manifolds

Page 230. In part (c) of Corollary 3.7.9, it should say that Z(v) is the negative
of the normal component of ∇vv. Perhaps some clarifying remarks are also

in order regarding the comments on page 231 following the proof of this

Corollary. In fact, the simple example of a particle moving around in a circle

of radius r in the plane may help clarify things. In this case, the position

is c(t) = (r cos ωt, r sin ωt), the velocity is v(t) = (−rω sin ωt, rω cos ωt) and

the second derivative, v̇ = −ω2c(t). This is the acceleration that also equals

∇vv in this case. The negative of this is Z(v). Thus, Z(v) points in the

(outward) normal direction and has magnitude ‖v‖2/r, consistent with what

was stated on page 231. Thus, Z(v) can be thought of as the force pulling

outwards, namely the centrifugal force, while its negative corresponds to the

force of constraint, the force keeping the particle moving in the circle. Thus,

the interpretations on page 231 are correct if, in the first line after the proof,

Z(t) is changed to −Z(t).

Page 244. The first display above the Exercises should read

p|V | = NkT − 1

3μe(Σe)

∑

j<k

∫

Σe

∇Vjk(qj − qk) · (qj − qk)μe

Chapter 4. Hamiltonian Systems with Symmetry

4.1 Lie Groups and Group Actions

Page 255, last line. “passing through ψξ(s)” should be “passing through φξ(s)”

Page 257, line 9 from the bottom. “for every A ∈ Gl(2, R)” should read “for

every A ∈ L(R2, R2)”

Page 258, line 11. The argument starting with the sentence “Also, B cannot...”

is incorrect. One has to rule out case (ii) on this page for the matrix B. This

is done by first noting that the eigenvalues of matrices of the form (ii) are

eα(cos β ± i sin β). These are real only when β = 0, π, . . . and in this case the

two eigenvalues are coincident. Thus, these two numbers cannot equal −2

and −1.

Page 259, line 13. The expression e2πijpk should be e2πijpkα
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Page 262, Theorem 4.1.20. We make a few remarks on an alternative expo-

sition of the ideas on quotient manifolds that are relevant to this theorem.

First of all, there is a more general result that we now state. The proof of

this more general result may be found in [MTA], towards the end of Section

3.5, in the material on quotient manifolds.

Definition. An equivalence relation R on a manifold M is called regular if
the quotient space M/R carries a manifold structure such that the canonical
projection π : M → M/R is a submersion. If R is a regular equivalence
relation, then M/R is called the quotient manifold of M by R.

There is an important characterization of regular equivalence relations due

to Godement; the exposition of the proof of this given in [MTA] follows the

presentation in Serre [2006].

Theorem. An equivalence relation R on a manifold M is regular iff

(i) graph(R) is a submanifold of M × M , and

(ii) p1 : graph(R) → M , p1(x, y) = x is a submersion.

For the case of quotients M/G by free and proper group actions one can check

these hypotheses as follows. The equivalence relation in this case is of course,

xRy when there is a g ∈ G such that y = gx, where here we denote the action

of g on x by simple concatenation. Thus,

graph(R) = {(x, gx) | x ∈ M, g ∈ G} ⊂ M × M.

To show that graph(R) is a submanifold of M × M , we consider the smooth

map

F : G × M → M × M ; (g, x) 
→ (x, gx)

Note that F is injective because the action is free. The derivative of F is

given by

T(g,x)F (TeLgξ, vx) = (vx, gvx + gξM (x)) , (*)

where g ∈ G, x ∈ M , ξ ∈ g, vx ∈ TxM and again the obvious group actions

are denoted by concatenation. We claim that T(g,x)F is injective. Indeed, if

the right hand side of (*) is zero, then clearly vx = 0, so gξM (x) = 0, and

hence ξM (x) = 0. Thus, ξ = 0 because otherwise exp(tξ) ∈ G would be

a curve of group elements fixing x, contradicting the freeness of the action.

Thus, F is an injective immersion. But F is also a closed map by definition of

properness, and hence F is an injective immersion which is a homeomorphism

onto its image (with the subset topology). Thus, F is an embedding and so

its image, which equals graph(R) is a submanifold of M × M . This verifies

condition (i) of the Theorem.

To prove (ii), note that an arbitrary tangent vector to graph(R) has the form

(*) and from this it is clear that the derivative of p1 is onto from the tangent

space to graph(R) at (x, gx) to TxM .

Specializing M to be a Lie group G and G to be a closed subgroup H, we see

that this result on M/G shows that the quotient G/H is a smooth manifold.
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Page 265. The proof of Corollary 4.1.22 is incorrect. A restatement and proof

of this Corollary is as follows.

4.1.22 Corollary If Φ : G × M → M is an action and x ∈ M , then Φ̃x :

G/Gx → M is an injective immersion whose range is the orbit G · x. If Φ is
proper, the orbit G · x is a closed submanifold of M , and Φ̃x, regarded as a
map of G/Gx → G · x is a diffeomorphism.

Proof. First of all, Φ̃x : G/Gx → M is smooth because Φ̃x ◦ π = Φx, where

π : G → G/Gx is the projection and Φx is smooth (see the Remark following

4.1.20). As we have already noted, Φ̃x is one-to-one. To show it is an im-

mersion, we show that T[g]Φ̃x is one-to-one. Since Φ̃x ◦ π = Φx, we see that

T[g]Φ̃x([vg]) = TgΦx(vg) for all vg ∈ TgG. Thus, T[g]Φ̃x will be one-to-one if we

can show that kerTgΦx = TeLg (TeGx) for all g ∈ G. Since Φg ◦Φx = Φx ◦Lg

we have TgΦx ◦ TeLg = TxΦg ◦ TeΦx which implies that

ker TgΦx = {TeLgξ | 0 = (TgΦx ◦ TeLg) (ξ) = (TxΦg ◦ TeΦx) (ξ)}
= {TeLgξ | TeΦx(ξ) = 0}

since TxΦg is an isomorphism. The proof is finished if we show that the Lie

algebra of Gx equals {ξ ∈ TeG | TeΦx(ξ) = 0}. However, by Proposition

4.1.13, ξ ∈ TeG is an element of TeGx if and only if expG tξ ∈ Gx for all t ∈
R which is equivalent to the identity Φ(expG tξ, x) = x for all t ∈ R. This in

turn is equivalent to d
dtΦ(expG tξ, x) = 0 for all t ∈ R, because Φ(e, x) = 0.

The derivative at s = 0 of the identity

Φ(expG(t + s)ξ, x) =
(
ΦexpG tξ ◦ Φx

)
(expG sξ)

gives

d

dt
Φ(expG tξ, x) =

d

ds

∣∣∣∣
s=0

Φ(expG(t + s)ξ, x) =
d

ds

∣∣∣∣
s=0

(
ΦexpG tξ ◦ Φx

)
(expG sξ)

=
(
TxΦexpG tξ ◦ TeΦx

)
(ξ)

which shows that TeΦx(ξ) = 0 if and only if d
dtΦ(expG tξ, x) = 0 for all t ∈

R, since TxΦexpG tξ is an isomorphism. Therefore, the Lie algebra of Gx is

{ξ ∈ TeG | TeΦx(ξ) = 0}, as required.

If the action is also proper, then one checks from the definition of proper and

the quotient topology that Φ̃x is a closed mapping and hence its image, the

orbit G · x, is closed. Also, since Φ̃x is closed, it is a homeomorphism onto its

image. The map Φ̃x is thus an injective immersion that is a homeomorphism

onto its image and therefore this image is a closed, embedded submanifold

and the map Φ̃x itself is a diffeomorphism. �

Page 265, line 1 from bottom. “Here, ker Φx...” should read “Here, ker TΦx...”.
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Page 267, Remark. With suitable interpretations, this remark holds even if the

action is not proper and not free. The orbit G · x is endowed, by defintion,

with the manifold structure that makes Φ̃x (defined above Corollary 4.1.22) a

diffeomorphism. With this differentiable structure, the orbit G · x is an intial

manifold (see the correction for page 557). Since the range of T[x]Φ̃x is, on

one hand, the tangent space to the orbit by the definition of the manifold

structure on G ·x and, on the other hand, a direct computation shows that it

equals {ξM (x) | ξ ∈ g}, the statement in the Remark follows. For details see

[HRed], Chapter 2.

Page 275. The first displayed formula should read

Tg (Ad∗
·−1 μ) (ξg) = − ad

(
TgRg−1(ξg)

)∗
Ad∗

g−1 μ

and the second displayed formula should read:

Tg (Ad
∗
· μ) (ξg) = ad

(
TgLg−1(ξg)

)∗
Ad

∗
g μ

For another exposition of formulas like this, see [MandS], §9.3.

4.2 The Momentum Mapping

Page 282, line 2. There should be a minus sign after the equals sign.

Page 285. The momentum map in Corollary 4.2.13 is equivariant.

Page 291, line 17 from the bottom. The kinetic energy expression, namely

“K(q, q̇) = 1
2‖q‖2” should be “K(q, q̇) = 1

2‖q̇‖2”

Page 291, line 7 from the bottom. “G ◦ FL = G ” should be “G ◦ FL = G ”

Page 292, line 5. The last term on this line, namely “d(G ◦ π2)dπ1 ” should be

“d(G ◦ π2) ∧ dπ1 ”

4.3 Reduction of Phase Spaces with Symmetry

Page 301. The third displayed equation should read

T ∗
[x](M/G) ∼= {αx ∈ T ∗

x M | αx(Tx(G · x)) = 0}
See [HStages], §2.2 for details and further explanations.

Page 301, line 3 from the bottom of the main text. One has to assume

here that H−1(e)/R is a smooth quotient manifold.

Page 305. The discussion around Figure 4.3-1 is related to the theory of Berry

phases and geometric phases, both in classical and quantum mechanics, a

topic that has seen much attention in the past couple of decades. While

the literature is now quite extensive, a couple of the classical references are

Berry [1984] and Wilczek and Shapere [1988]. There is also much mathemat-

ical literature, such as Montgomery [1990], Weinstein [1990], and Marsden,

Montgomery, and Ratiu [1990]. There is also an extensive Physics literature,
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not always connected as well as it could be with the Mathematics literature;

see, for instance Chruściński and Jamio�lkowski [2004]. Further references and

literature can be found in [MandS] and Cushman and Bates [1997].

In the figure itself, the label ϕ0 should be p0 and it should be the point where

the two curves intersect.

Page 307, Lemma 4.3.9. There is no need to assume that E = kerA ⊕ E1.

Take e1 ∈ E such that A(e1) = f . Erase the footnote.

4.5 The Topology of Simple Mechanical Systems

Page 340, line 4 from the bottom of the main text. This line should read

“If we assume that f is proper (and so the level sets are compact), then”

Page 343. In line 4, the sentence “If it is surjective then μ = J(α) is a regular

value of J , that is, μ ∈ g∗\J(σ(J)).” should read “If it is surjective then α is

a regular point of J ; that is, μ ∈ g∗\J(σ(J)).”

Chapter 5. Hamilton-Jacobi Theory and
Mathematical Physics

5.1 Time-Dependent Systems

Page 372, line −2. The expression ω = dθ should be (consistent with the

coordinate expression) ω = −dθ.

Page 373, line −2. Again, it should be ω = −dθ.

Page 374. Replace the last two lines of Proposition 5.1.9 with the following:

If ω = −dθ and θ̃ = dt + π∗
2θ, where t : R × P → R is the projection on the

first factor, then ω̃ = −dθ̃ and (R × P, θ̃) is an exact contact manifold.

Page 374. In the third displayed formula.“for all ωp” should be replaced by “for

all wp”, in the last line of proof it should read: “ since −dθ̃ = ω̃ and ....” and

on line −2, replace F̃t(s, m) = (t + s, Ft,s(m)) by F̃t(s, m) = (t + s, Ft,0(m)).

Page 375, Figure 5.1-1. Replace X by X̃.

Page 376. In the text after the proof of Proposition 5.1.12, the positioning of

the indices is reversed. It should read

d

dt

[
H

(
t, qi(t), pj(t)

)]
=

∂H

∂t

(
t, qi(t), pj(t)

)

where qi(t), pj(t) is an integral .....

Page 376. The last part of (ii) of Theorem 5.1.13 should be F̃ ∗
t ωH = ωH , where

F̃t is the flow of X̃H . The proof of this is as follows: By the Lie derivative

formula

L
eXH

ωH = di
eXH

ωH + i
eXH

dωH
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and the first term is zero since, by the first part of (ii), i
eXH

ωH = 0 and the

second term is zero since dωH = 0.

Page 376. Theorem 5.1.13 (iii) should read as follows: if ω = −dθ and θH =

π∗
2θ−Hdt, then ωH = −dθH ; if θ(XH)−H is nowhere zero, then (R×P, θH)

is an exact contact manifold.

Page 377. In the fourth line above Theorem 5.1.14, H + (θ ◦ π2)(XH) should

read θ(XH) − H.

Page 377. In the second line of Theorem 5.1.14, ω = dθ should be ω = −dθ.

Page 377. There are typos in the proof of (iii). It should read as follows:

Clearly −dθH = ωH . Also, using the definition of θH ,

θH(X̃H) = (π∗
2θ)(XH + t) − Hdt((XH + t)

= θ(XH) − H

and so θH does not vanish on the characteristic bundle of ωH . Thus, (R×P )

is an exact contact manifold (see 5.1.8) �

Notice that θ(XH)−H is the Lagrangian associated to H according to 3.6.7.

Page 378. In the first line of exercise 5.1.C (ii), insert a minus sign: ω = −dθ
and in the last line write (−1/θ(XH)) · XH .

Page 378. In the first line of Exercise 5.1 G, replace θH = θ̃0 + Hdt by θH =

θ̃0 − Hdt and in third line dg = −iY ωH by dg = iY ωH .

5.2 Canonical Transformations and Hamilton-Jacobi Theory

Page 381, lines 7,8,9 from the bottom. The d should be d.

Page 384, line 18. [1972) should be [1972]

Page 386, third line of 5.2.8. Replace π by π2.

Page 386, lines 6 and 8 from the bottom. The d should be d. Same correction

on the last two lines of the proof of 5.2.13 on page 388.

Page 387. In the third line of the proof of Proposition 5.2.13, “from 5.2.12”

should be “from 5.1.13(ii)”.

Page 388. In the third line from the end of the proof of Proposition 5.2.13,

replace iF∗
t
ω̃1 by iF∗tω̃1 and replace “and as” by “and by 5.1.13,”.

Page 389, the sentence after 5.2.15. This sentence should read: “Notice that

if F satisfies (C1) and (C2) then the local existence W is equivalent to F
being canonical.”

Page 389. Two lines above Definition 5.2.17, “All points for X̃K” should read

“At all points, XK = 0 and hence are”.
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Page 390, lines 3 and 4. These lines need correction and a little more explana-

tion. For clarity, let us write W̃ (t, Qi, Pi) for the W which is a time dependent

function on P1, which, in the text, is the W that appears in Definition 5.2.15

and Proposition 5.2.16. Let W be the function of (t, qi, Qi) that is obtained

by changing variables. That is,

W (t, qi(t, Qj , Pj), Q
i) = W̃ (t, Qj , Pj).

By the chain rule,

∂W̃

∂t
=

∂W

∂t
+

∂W

∂qi

∂qi

∂t
.

One also computes, using the displayed equation preceding Proposition 5.2.16

and the second line on page 390, that

Ḟ = pi
∂qi

∂t
=

∂W

∂qi

∂qi

∂t
.

Therefore,

K = H ◦ F +
∂W̃

∂t
− Ḟ = H ◦ F +

∂W

∂t
.

Remarks. For different arrangement of Hamilton-Jacobi theory that has

a simpler treatment of time dependent canonical transformation theory, see

[MandS], Section 7.9. Another basic result in this theory, which was an omis-

sion in Foundations is the Jacobi theorem. Namely, Allowing L to be time-
dependent , Jacobi in 1866 showed that the action integral defined by

S(qi, qi, t) =

∫ t

t0

L(qi(s), q̇i(s), s) ds,

where qi(s) is the solution of the Euler–Lagrange equation subject to the

conditions qi(t0) = qi and qi(t) = qi, satisfies the Hamilton–Jacobi equation.

There are several implicit assumptions in Jacobi’s argument: L is regular and

the time |t − t0| is assumed to be small, so that S is a well-defined function

of the endpoints. One can allow |t − t0| to be large as long as the solution

q(t) is near a nonconjugate solution. For a proof and discussion, see [MandS],

Section 8.2.

Page 391. In the second paragraph of the proof of Theorem 5.2.19, the third

sentence should read: Also, Fλ is symplectic and F̃∗t = X̃H .

Page 392, line 5. The domain of the map α should be (−ε, ε) × V .

Page 393. The last part of Definition 5.2.20 defines complete integrability in

infinite dimensions. Certainly on line 6, one has to replace TpP by the tangent

space to the common level sets of the integrals. But this topic has many

subtleties that are discussed in the literature, such as Kappeler and Pöschel

[2003].

Page 394, line −5 of the proof. Replace the lower index k by n.
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Page 395, Proposition 5.2.23.

First notice that a proof of the special case for the two torus is given in

Example 4.1.11. Since a complete proof in the general case is not so easy

to find, we include it here. Our proof of Proposition 5.2.23 will be based on

the following classical result that Bröcker and tom Dieck [1995] attribute to

Kronecker.

Theorem. Let ν = (ν1, . . . , νn) ∈ Rn\{0}. The cyclic group {k[ν] | k ∈
Z} ⊂ T n is dense in the n torus T n = Rn/Zn if and only if the real numbers
{1, ν1, . . . , νn} are linearly independent over Z.

Proof. The proof consists of two steps.

Step 1. We will show that K := {k[ν] | k ∈ Z} �= T n if and only if [ν] ∈ ker f
for some non-trivial Lie group homomorphism f : T n → T 1 := S1. Indeed,

first, note that K �= {[0]} since ν �= 0. If K �= T n, the quotient group

T n/K is a non-trivial compact connected commutative Lie group and hence

is isomorphic to a torus T p, p ≥ 1 (see Exercise 4.1K). Denote this Lie group

isomorphism by ϕ : T n/K → T p. The canonical projection π : T n → T n/K
is a surjective submersive Lie group homomorphism. Let p : T p → S1 denote

the projection on one of the factors in T p = S1 × · · · × S1 (p times). Since

π(K) = {[0]}, it follows that K ⊂ ker(p ◦ ϕ ◦ π).

Conversely, assume that [ν] ∈ ker f for some nontrivial Lie group homomor-

phism f : T n → S1. Thus {k[ν] | k ∈ Z} ⊂ ker f �= T n since ker f is a closed

Lie subgroup of T n and f is not the trivial homomorphism mapping T n to

the identity element of S1.

Step 2. We use Step 1 to prove the theorem. Take a non-trivial Lie group

homomorphism f : T n → S1. Let {e1, . . . , en} be the standard basis of Rn

and let ki = f ′(ei) ∈ R, where f ′ : Rn → R is the induced Lie algebra

homomorphism. Since the projections πn : Rn → Rn/Zn = T n are the

exponential maps (see Proposition 4.1.7), it follows that π1 ◦ f ′ = f ◦ πn and

hence (π1 ◦ f ′)(Zn) = (f ◦ πn)(Zn) = {[0]}, which implies that f ′(Zn) ⊂
ker π1 = Z and hence ki ∈ Z. Consequently, [ν] ∈ ker f if and only if

[0] = f([ν]) = (f◦πn)(ν) = (π1◦f ′)(ν) = (π1◦f ′)

(
n∑

i=1

νiei

)
= π1

(
n∑

i=1

νiki

)

which is equivalent to
∑n

i=1 νiki ∈ Z, that is, to the existence of some k0 ∈ Z
such that k0 +

∑n
i=1 νiki = 0. We have thus shown that [ν] ∈ ker f if and

only if {1, ν1, . . . , νn} are linearly dependent over Z.

By Step 1, we conclude that {1, ν1, . . . , νn} are linearly dependent over Z if

and only if {k[ν] | k ∈ Z} �= T n. �

We will next turn to the proof of Proposition 5.2.23. Note that it assumes

something a bit different than Kronecker’s result, namely that the numbers

ν1, . . . , νn are linearly independent over Z, without the extra 1. We will need

to show that this condition is equivalent to the denseness of each nontrivial

ϕt orbit .
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Proof of Proposition 5.2.23. Let μ ∈ Rn and recall that ϕt([μ]) =

[μ + tν]. For fixed μ ∈ Rn, the map ψμ : [λ] ∈ T n 
→ [λ + μ] ∈ T n is a

diffeomorphism and the ϕt-orbit through [μ] is

{ϕt([μ] | t ∈ R} = {[μ + tν] | t ∈ R}
= ψμ ({[tν] | t ∈ R})
= ψμ ({ϕt([0]) | t ∈ R}) .

Therefore, the ϕt-orbit through [μ] is dense in T n if and only if the ϕt-orbit

through [0] is dense in T n. Thus, to prove the proposition, we only need to

show that the ϕt-orbit through [0] is dense in T n if and only if {ν1, . . . , νn}
are linearly independent over Z.

Since ν �= 0 by hypothesis, at least one of its components is not zero. So, let

us assume that νn �= 0. Then {ν1, . . . , νn} are linearly independent over Z
if and only if {ν1/νn, . . . , νn−1/νn, 1} are linearly independent over Z which,

by Kronecker’s theorem, is equivalent to the fact that the cyclic group C
generated by [ν ′] is dense in T n−1, where ν ′ := (ν1/νn, . . . , νn−1/νn) ∈ Rn−1.

However,

S : = {ϕt([0]) | t ∈ R} ∩ (
T n−1 × {[0]})

= {[tν1, . . . , tνn] | t ∈ R, tνn ∈ Z}

=

{[
tνn

ν1

νn
, · · · , tνn

νn−1

νn
, tνn

] ∣∣∣ t ∈ R, tνn ∈ Z

}

=

{[
k

ν1

νn
, · · · , k

νn−1

νn
, k

] ∣∣∣ k ∈ Z

}

=

{[
k

ν1

νn
, · · · , k

νn−1

νn
, 0

] ∣∣∣ k ∈ Z

}

is exactly this cyclic group C.

In summary, the proposition is proved if we can show that {ϕt([0]) | t ∈ R}
is dense in T n if and only if S is dense in T n−1 × {[0]}. To do this, we first

show the “only if” part. So, first assume that {ϕt([0]) | t ∈ R} is dense

in T n; we need to show that S is dense in T n−1 × {[0]}. So we work in

the unit n-cube with boundaries identified in the usual way. Choose a point

x = (x1, x2, . . . xn−1, 0) ∈ T n−1×{[0]} and pick a Euclidean disk Dε(x) about

x of radius ε > 0 in T n, so that Dε(x)∩ (
T n−1 × {[0]}) is a neighborhood of

x in T n−1 × {[0]}. Since the orbit {ϕt([0]) | t ∈ R} is dense in T n, there is a

t0 such that ϕt0([0]) = (t0ν1, . . . t0νn) ∈ Dε(x). Let τ = t0νn − [[t0νn]], where

[[t0νn]] denotes the integer part of t0νn. Then it is easily checked that the

point ϕt0−τ/νn
([0]) lies in Dε(x)∩ (

T n−1 × {[0]}); that is, its last component

is zero. This proves the “only if” part as required.

Conversely, showing the “if” part proceeds in a somewhat similar manner; we

sketch the main ingredients. So, assume that S is dense in T n−1×{[0]}. Now

pick a point x = (x1, x2, . . . xn−1, xn) ∈ T n; specifically, assume we work with

the representative of x that lies in the unit cube. Now again, let Dε(x) be

an ε-disk about x; we need to show that the orbit {ϕt([0]) | t ∈ R} intersects



820 R. Abraham, J. E. Marsden, T. S. Ratiu, and Richard Cushman

this disk at some point t0. This is done as follows, consider the new ε disk

Dε(y) that is obtained by translating the disk Dε(x) as a set, along the orbit

through x (which of course need not be the orbit through zero) by an amount

−τ , until the center hits the set T n−1 × {[0]}; that is, y has last component

zero. By assumption, there is a point z ∈ (S ∩ Dε(y). Translating this point

z along the orbit by the same amount τ produces a point that is close to x.

One has to take into account the fact that the image of Dε(y) under the flow

by an amount τ might not be entirely contained in Dε(x); but this is just a

matter of shrinking the original ε by a geometrical factor.

Page 395, line 3 of the proof of 5.2.24. Replace 5.2.20 by 5.2.21.

Page 395, the line after the diagram. In the right hand side of the second

formula, replace ϕt by χt.

Page 396, line −8. Replace Tk by Tn.

Page 397. In the displayed formula in (ii) of Definition 5.2.25 replace ϕ−1 by

ψ−1.

Page 399, the third displayed equations. The various d should be d and the

second two integrals should be closed path integrals:
∮
.

Page 401, Exercise 5.2E. The (i) and (ii) in this Exercise refer to Theorem

5.2.18.

Page 402, Exercise 5.2I. At the end of line 7 of the Exercise, replace Gμ × g∗

by Gμ × g∗μ.

5.3 Lagrangian Submanifolds

Page 403. A more direct proof of (iii) of Proposition 5.3.2 is as follows. As in

this section, (E, ω) is a finite-dimensional symplectic vector space and F ⊂ E
is a subspace. We want to show that dim F + dim F⊥ = dim E. To prove

this, note that F⊥ = ker(i∗ ◦ ω
), where i : F → E is the inclusion and

i∗ : E∗ → F ∗ is its dual, which is surjective. But ω
 is an isomorphism

and so i∗ ◦ ω
 : E → F ∗ is surjective. Thus, E/F⊥ is isomorphic to F ∗, so

dim E − F⊥ = dim F ∗ = dim F .

Page 423. In Exercise 5.3.K, the “5” is missing in the Exercise label.

5.4 Quantization

Page 445, first paragraph. Assume that P is connected. The last phrase of

the paragraph should read as follows: ... are invariant, then {H, Ĵ(ξ)} is a

constant function on P for each ξ ∈ g. The reason for this is as follows: Since

H ◦ Φexp tξ − H = c(exp tξ) is constant on P for all t ∈ R and ξ ∈ g, taking

the derivative at t = 0 we conclude that Tec(ξ) = dH (ξP ) = dH
(
X
bJ(ξ)

)
=

{H, Ĵ(ξ)} which is a constant function on P , for every ξ ∈ g.
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5.5 Introduction to Infinite Dimensional Hamiltonian Systems

Page 467, line 1. c = 4 should be c = −4.

Page 467, line 9. f0(u) = u should be f0(u) = u/2 and δf0/δu = 1 should be

δf0/δu = 1/2.

Chapter 7. Differentiable Dynamics

7.2 Stable Manifolds

Page 527, line 10. The sentence

“Recall from, Sect. 1.5 that A subset S ⊂ M is an immersed submanifold

of it is the image of a mapping f : V → M that is injective and locally a

diffeomorphism onto a submanifold of M .”

with the following text:

“For the statement of the next corollary we need to introduce the concept of

an initial manifold. Let M and V be smooth manifolds. Then V is said to be

an initial submanifold of M if there is an injective immersion f : V → M
satisfying the following condition: for any smooth manifold P , an arbitrary

map g : P → V is smooth if and only if f ◦ g : P → M is smooth. Often one

does not distinguish between V and its image f(V ) ⊂ M and refers to f(V )

as an initial submanifold of M .

Useful criteria for when a manifold satisfies this condition may be found in

[HRed], Lemma 1.1.11 on page 6 and 1.1.12 in formula (1.1.4) on page 7. The

main implications are that any embedded submanifold is an initial manifold

which in turn is an injectively immersed submanifold. The reverse implica-

tions are, in general, false.

Page 527, last word of line 14. “immersed” should be changed to “initial”.

Chapter 8. Hamiltonian Dynamics

8.1 Critical Elements

Page 573, line 2. Replace “Section 3.3” by “ Section 3.1”.

8.3 Stability of Orbits

Page 585. The famous figure 8.3-3 is of course related to KAM theory about

which much has been written since the book was written, such as Gallavotti

[1983] and Celletti and Chierchia [2007] and even material in infinite dimen-

sions, such as Kappeler and Pöschel [2003] and Kuksin [2000].
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Chapter 9. The Two–Body Problem

Sections 9.2–9.5. The proof of the symplectic nature of the Delaunay variables

is incorrect in these sections because of a confusion between the mean and

true anomaly, although the overall strategy may be correct. For a correct

proof and an interesting approach to this result, the reader can consult the

following references:

1. In the paper of Chang and Marsden [2003] an elegant and geometric

construction of the Delaunay variables is given as follows: a symplectic

T
3 (three torus) action, together with its associated momentum mapping

J is constructed on the elliptic elements of the Kepler problem with the

property that the angle variables of T
3 together with the components

of J comprise the Delaunay variables. It follows naturally from this

construction that these variables are canonical. This is the main result,

attributed to Lagrange, in Theorem 9.4.1 on page 635. The construction

of Chang and Marsden [2003] has other nice features, such as yielding

an interpretation of the phase shift of satellites, when the bulge of the

Earth is taken into account, as a geometric phase.

2. There is another derivation of the Delaunay variables using Hamilton-

Jacobi theory, which can be found in § 21, 22 of Born [1927], which is

summarized as follows. The rotational symmetry of the Kepler Hamil-

tonian allows one to use separation of variables in the Hamilton-Jacobi

equation, yielding three action variables. This step involves a special

integration trick using complex variables due to Sommerfeld. Then, one

makes use of the degeneracy of the corresponding angle variables to ob-

tain a new set of angle and action variables so that two of the three angle

variables do not change in time. Finally, one seeks the physical meaning

of this set of action-angle variables, which requires nontrivial geometric

intuition.

3. Another approach to constructing the Delaunay variables can be based

on the Liouville-Arnold theorem. This approach is sketched in Arnold,

Kozlov, and Neishtadt [2006], which refers to Charlier [1927] for de-

tails. In this approach one begins with first integrals in involution.

Even though this general machinery guarantees that one gets a set of

action-angle variables, it lacks geometric insight and it involves some

complicated integrations.

9.6 Poincaré Variables

Page 647. The reference for this section is Poincaré [2005]. In particular, in

this reference in Volume I, Chapter III, pages 79-84, it is shown that the

transformation between the Poincaré elements and the Cartesian coordinates

with their conjugate variables is an analytic diffeomorphism from the set
{
(L, x, y) ∈ R

3 | L > 0, |x| <
√

2L, |y| <
√

2L
}
× S1

to the subset of the phase space of the Kepler planar problem consisting of

the elliptic Keplarian orbits.
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Chapter 10. The Three–Body Problem

10.4 Topology of the Planar n-Body Problem

Page 721. Figure 10.4.1, illustrating Theorem 10.4.13 should look as follows.

Page 740, Conjecture 10.4.25. This conjecture has been solved in Llibre and

Simo [1981].
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826 REFERENCES
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