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PREFACE 

T H E THEOR Y of algebraic functions ha s been developed b y three dif -
ferent method s whic h hav e bee n designate d a s transcendental , alge -
braic-geometric, and arithmetic . Two very illuminatin g comparison s o f 
these theorie s hav e bee n mad e b y Hense l an d Landsber g [28 , page s 
694-702]* an d Emm y Noethe r [37] . Th e transcendenta l metho d ha d 
its origi n i n a  pape r b y Abe l [l ] i n 1826 , in whic h h e announce d th e 
remarkable generalizatio n o f th e addition formula s fo r ellipti c integral s 
which i s no w calle d AbeF s theorem . Th e theor y ha s bee n greatl y en -
riched b y man y writers , bu t especiall y b y Rieman n [11] . I t i s calle d 
transcendental becaus e i n i t Abelia n integral s pla y th e fundamenta l 
role. Th e algebraic-geometri c theor y i s a  theor y o f algebrai c plan e 
curves. Earl y exposition s wer e give n b y Clebsc h an d (Jorda n [3 ] i n 
1863-66, and by Bril l and Noethe r [17 ] in 1871 . A more recent accoun t 
is that o f Sever i [39 , 45] in 192 1 and 1926 , in whic h muc h emphasi s i s 
placed upo n th e propertie s o f linea r familie s o f curve s an d thei r inter -
sections. Th e titl e "arithmetic " i s applied t o a  grou p of theorie s whic h 
differ greatl y in detail but which have in common as central features th e 
construction an d analysi s o f th e rationa l function s whic h ar e th e inte -
grands o f Abelia n integrals . On e o f th e earlies t suggestion s o f suc h a 
theory i s found i n a  paper [7 ] which Kronecke r presented t o the Berli n 
Academy i n 186 2 bu t publishe d first  i n 1881 . More elaborat e theorie s 
in th e arithmeti c grou p ar e thos e o f Weierstras s [27 ] in hi s lectures o f 
1875-6, of Dedekind and Weber [9 ] in 1882 , and of Field s [30 ] in 1906 . 
The metho d o f Weierstras s i s a n applicatio n t o algebrai c function s o f 
his theory of analytic functions , an d somewha t th e same remark woul d 
apply t o th e metho d o f Fields . Dedekind an d Weber , however , empha -
sized the analogies between the theories of algebraic functions an d alge-
braic numbers . Thei r method s hav e bee n elaborate d an d improve d b y 
Hensel an d Landsber g i n thei r boo k o n algebrai c function s [28 ] pub -
lished in 1902 , and in later memoirs . 

In th e followin g pages , afte r a n introductor y Chapte r I , I  hav e en -
deavored t o giv e i n Chapter s I I an d I I I a  concis e bu t readabl e intro -
duction to the arithmetic theory of algebraic functions. M y purpose was 

* The numbers in square brackets here and elsewhere in th e text refe r to the list of refer -
ences at the end of this book. 
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to attai n a s directl y a s possibl e th e proof s o f th e existence , an d th e 
methods o f construction , o f th e integrand s o f th e thre e kind s o f ele -
mentary integrals, and the theorem of Riemann-Roch. These are funda -
mental results which it has always seemed to me desirable to have avail-
able early , rathe r tha n burie d deeply , i n th e tex t o f th e theory . Th e 
methods used are those of Hensel and Landsberg with many variations. 
I have , fo r example , discarde d almos t entirel y th e nomenclatur e an d 
use of th e ideals of Dedekin d an d Weber , which are of grea t interest , 
but which are auxiliary rather than essential in the development of the 
theory. 

An introductio n t o th e method s o f th e transcendenta l theor y i s 
given in Chapter s IV, V, and VI , the first of which is devoted t o Rie-
mann surfaces and Cauchy' s theorem, the second to the definition an d 
properties of Abelian integrals, and the third to the famous theorem of 
Abel which inaugurate d th e transcendenta l theory . A n advantag e o f 
this order of presentation of the arithmetic and transcendental theorie s 
is tha t n o preliminary transformatio n simplifyin g th e singularitie s of 
the fundamental algebrai c curve is required. 

Chapters VI I an d VII I ar e devoted t o birationa l transformations . 
In th e former , fundamenta l propertie s an d som e simpl e application s 
of such transformations t o the reduction o f special algebraic curves to 
normal form s ar e explained . Chapte r VII I i s devote d t o tw o famou s 
transformation theorems . The first of these states that ever y algebraic 
curve can be reduced by a  Cremon a transformatio n t o one having no 
singular points other tha n multipl e points with distinc t tangents , an d 
the second asserts that by a less special birational transformation ever y 
such curve can be transformed int o another having only double points 
with distinc t tangents . Thes e theorem s hav e bee n importan t fo r th e 
transcendental an d algebraic-geometri c methods , because thes e meth -
ods have a much simpler aspect when the only singularities of the alge-
braic curve under consideratio n ar e multiple point s with distinc t tan -
gents. 

The literature o f th e secon d o f th e transformatio n theorem s men -
tioned above is very large . Many of th e proofs of th e theorem are in-
complete, and very few of them have escaped amplification or criticism. 
It ha s no t bee n generall y recognize d i n th e literatur e tha t ther e ar e 
really tw o theorem s involved , on e fo r th e function-theoreti c an d on e 
for the projective plane. In a paper [43 ] published in 1923 I have given 
a histor y o f th e theore m an d hav e emphasize d thes e remarks . I n 
Chapter VII I belo w a proof o f th e theore m fo r th e function-theoreti c 
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plane is given which was suggested in the paper of 188 1 by Kronecker , 
and completed in 1902 by Hensel and Landsberg in their boo k on alge-
braic functions mentione d above [page s 402-9]. The theorem seems to 
me distinctly more difficult t o prove for the projective plane. In a paper 
[41 ] published in 192 2 I showe d how the reasoning of Kronecker , an d 
Hensel and Landsberg, can be extended to apply to the projective case 
also. The proof is reproduced in improved form in Chapter VIII. I find 
great difference s o f opinio n amon g mathematician s concernin g th e 
validity and the advantages of the many differen t method s of proving 
these transformation theorems . The method given here has at any rate 
an especia l interes t fro m th e standpoin t o f th e arithmeti c theorie s of 
algebraic functions . 

Chapter IX below is devoted to the inversion problem for algebraic 
curves of genus zero or unity, and to the relations between the theories 
of elliptic functions an d the rational functions associate d with an alge-
braic curve of genus one. I have regretted the necessity of omitting the 
theory o f th e inversio n proble m fo r greate r value s o f th e genus . Th e 
presentation of it in a satisfactory manne r would require a much larger 
book than this. 

Illustrative examples have great value for a reader who is orienting 
himself i n a  mathematica l theor y fo r th e first  time . Chapte r X  i s 
devoted t o suc h examples , which ma y b e studie d i n connectio n wit h 
the tex t fro m Chapte r I I on . No t al l o f thes e example s ar e merel y 
exercises. Th e ellipti c an d hyperellipti c case s describe d i n Sectio n 7 0 
have o f cours e grea t importanc e an d man y applications . I n th e final 
sections of the chapter the methods of Baur [14,19 ] for algebraic equa-
t ions/^, y)  =0 o f th e thir d degre e in y  ar e explained in detail . These 
have the advantage of requiring for their applications no more complex 
algebraic mechanisms tha n th e highes t commo n diviso r process. Their 
generality i s illustrate d b y th e fac t tha t the y ar e applicabl e als o t o 
equations of the fourth degree in x and y after a suitable transformation. 

Following Chapter X i s a list of books and memoirs to which refer -
ences are made above and elsewhere by numbers in square brackets. At 
the en d o f eac h chapte r a  brie f not e indicate s readin g which ma y b e 
helpful i n connectio n wit h th e materia l presente d i n tha t particula r 
chapter. 

The book as a whole is introductory in character and not a compre-
hensive treatise . I t i s a n accoun t o f lecture s o n algebrai c function s 
which I have given at the University of Chicago a number of times, the 
most recen t on e bein g th e Summe r Quarte r o f 1931 . In tha t yea r I 
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prepared fo r student s a  mimeographe d se t o f note s fro m whic h th e 
following page s have bee n developed . I n thei r preparatio n I  hav e bee n 
ably assiste d b y Dr . M . R . Hestenes . He has rea d th e manuscrip t wit h 
care an d ha s mad e man y valuabl e suggestions . I  recor d her e m y ap -
preciation o f hi s helpfu l interest . 

In conclusio n I  wis h t o acknowledg e wit h gratitud e th e interes t o f 
the Editor s o f th e Colloquiu m Publication s o f th e America n Mathe -
matical Society , an d th e assistanc e o f th e Nationa l Researc h Council , 
which hav e mad e possibl e th e publicatio n o f thi s book . 

G. A . BLIS S 

The UNIVERSIT Y O F CHICAGO , 193 2 
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