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PREFACE 

This boo k contain s lecture s o n matrice s give n a t Princeto n Universit y a t 
various time s since 1920 . I t wa s my intentio n t o includ e ful l note s o n th e his -
tory o f th e subject , bu t thi s ha s prove d impossibl e owin g t o circumstance s 
beyond m y control , and I  hav e had t o conten t mysel f wit h ver y brie f note s (se e 
Appendix I) . A  bibliography i s given i n Appendi x II . I n compilin g it , espe -
cially for the period of the last twenty-five years , there was considerable difficult y 
in deciding whether to include certain papers which, if they ha d occurred earlier , 
would probabl y hav e foun d a  plac e there . I n th e main , I  hav e no t include d 
articles which do not us e matrices as an algebraic calculus , or whose interest lie s 
in som e othe r par t o f mathematics , rather tha n i n th e theor y o f matrices ; bu t 
consistency i n thi s ha s probabl y no t bee n attained . 

Since thes e lecture s hav e bee n prepare d ove r a  somewha t length y perio d o f 
time, they ow e muph t o the criticis m o f man y friends . I n particular , Professo r 
A. A . Alber t an d Dr . J . L . Dorro h rea d mos t o f th e M S makin g man y sugges -
tions, and th e forme r gav e materia l hel p in th e preparatio n o f th e late r section s 
of Chapte r X . 

J. H . M . WEDDERBURN . 

Princeton, N.  */. , 
July 20,  1934. 
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line 9  fro m top : on secon d 2  rea d j  fo r p 

Theorem 1 , add : and  conversely,  if  a  matrix  is  commutative  with  every 
other matrix, it  is  a  scalar  matrix. 

line 1 2 from foot ; fo r first  an d thir d A  rea d |A | 

lines 10 , 1 1 from foot : fo r (Q'Q ) rea d (Q'Q)- 1 

line 9  from foot : fo r Sgi x rea d Sgi X 

line 6  from foot : fo r g 8+i rea d g' s+1 

line 3  fro m top : befor e ajie j rea d 2 . 

line 8  from foot : fo r j  rea d y t 

line 8  from foot : fo r r  +  1  read r  —  1 

line 1 3 from top : fo r =  rea d — 

line 4  from foot : fo r secon d X i read xei ; add e i +  e 2 =  1 

equation (16) : for 1  read — 1 

line 1 4 from foot ; fo r (12 ) rea d (13 ) 

line 6  from foot : fo r (14 ) rea d (IS ) 

line 3  from foot : fo r (15 ) rea d (16 ) 

line 2  from foot : fo r (13 ) rea d (14 ) 

line 1 2 from top : correc t ter m afte r 2  t o rea d ki./s+jZ i 

lines 4 , 5 , 6 , 7 : th e exponen t n  o n th e secon d las t C  shoul d rea d (") • 

line 1 1 from foot : befor e 2  rea d (  — l )r 

line 8  from foot : befor e |2l | rea d (  — l )r 

line 1 1 from foot : fo r r  =  1  read r  =  3 

line 4  fro m foot : fo r l/0i ! rea d /3i ! with simila r chang e i n las t lin e 

line 1 3 from foot : interchang e i  and j, 

line 8  from foot : fo r 5 i rea d 5 i 

line 7  from top : fo r first  e i rea d e i 



page 92 , line 1 1 from foot : delet e fro m "an d if " t o en d o f paragrap h 

page 101 , line 6  from foot : afte r hermitia n inser t A  =  A ' 

page 103 , line 4  fro m foot : delet e first  0 ; fo r q  =  t  +  1  read q  =  s  +  1 

page 112 , equation (23) : for {  }  read [  ] 

page 116 , line 7  from top : add Ever y powe r serie s converges whe n x  is nilpotent . 

page 119 , line 9  fro m top : fo r "a t leas t .  . .  first"  rea d "th e H.C.F . of th e t' s 
is relatively prim e t o r n " 

page 122 , lin e 4  from foot : multipl y bracke t b y €Mi and delet e sam e insid e 

page 122 , equation (30) : for gi j rea d p y =  c~ Migij 

page 123 , lines 2  and 3  from top : fo r gi j rea d p u 

page 123 , equations (32 ) an d (33):  fo r T  read 2w 

page 125 , line 4  from top : read ai ri(A), a 2
r2(X), •  • -, a k

rk(X) 

page 126 , line 1 3 from top : fo r |  |  read |  | 

page 126 , equatio n (45) : for first  a  rea d a 

page 129 , equation (63) : in first  ter m th e bar s shoul d b e heav y 

page 129 , lin e 5  from foot : fo r |x | rea d |x j 

page 134 , lin e 6  from top : multiply righ t sid e o f equatio n b y 2 

page 136 , line 1 0 from top : fo r f r rea d ? r-i 

page 137 , equation (103) : read p  =  —  d^ 

page 144 , equation (24) : read x'axa -1 

page 156 , line 6 from top : for second =  rea d <  an d add "« < A , whence A =  SAi; " 

page 164 , line 8  from top : fo r primitiv e rea d minima l 

page 164 , line 7  from foot : fo r invarian t rea d semi-invarian t 

page 164 , las t line : before "complete " inser t "suitabl y chosen " 

page 166 , lin e 1 0 from foot : fo r equivalen t rea d invarian t 

page 166 , lin e 5  from foot : fo r first  B 2 rea d B i 

page 167 , Theorem 9 : fo r j  +  k  rea d i  =( = t 

page 171 , line 5  from top : delete 8 0 



APPENDIX I 

NOTES1 

CHAPTER I 

The calculu s of matrices was  first  used in 1853 by Hamilton (1 , p. 559ff, 480ff ) unde r the 
name of "Linea r an d vector functions. " Cayle y used the term matrix  i n 1854, but merel y 
for a scheme of coefficients, an d not in connection with a calculus. I n 1858 (2) he developed 
the basic notions of the algebra of matrices without recognizin g the relation o f his work to 
that o f Hamilton ; i n som e case s (e.g. , th e theor y o f th e characteristi c equation ) Cayle y 
gave merel y a  verification, wherea s Hamilton ha d already use d method s i n three an d fou r 
dimensions whic h exten d immediatel y t o an y numbe r o f dimensions . Th e algebr a o f 
matrices was rediscovered by Laguerre (9 ) in 1867, and by Frobenius (18 ) in 1878. 

1.03 Matri c unit s see m to have bee n first  use d by B. Peirce (17) ; see also Grassman n (5 , 
§381). 

1.10 Fo r the histor y o f the notion o f rank an d nullity se e Muir, Theory  of  .Determinants, 
London 1906-1930 ; the most importan t pape r i s by Frobenius (290) . 

CHAPTER I I 

2.01-03 Th e principle o f substitution give n in §2.0 1 was understood b y most o f th e earl y 
writers, but was first clearly stated by Frobenius, who was also the first  to use the division 
transformation freel y (20 , p. 203) . 

2.04 Th e remainder theorem is implicit in Hamilton's proof of th e characteristic equation ; 
see also Frobenius (280) . 

2.05-12 Th e characteristic equation was proved by general methods for n =  3 , 4 by Hamil-
ton (1 , p. 567; 8, p. 484ff; cf . als o 4, 6). Th e first  genera l statemen t wa s given b y Cayle y 
(2); the first  genera l proo f b y Frobenius (18) . Se e also the work of Frobenius cite d belo w 
and 9, 10,39, 41, 56, 59. 

Hamilton, Cayle y and other writers were aware that a  matrix might satisfy a n equatio n 
of lower degree than n , but the theory of the reduced equation seem s to be due entirely t o 
Frobenius (18 , 140) . 

The theory of invariant vector s was foreshadowed by Hamilton, but the general case was 
first handle d b y Grassmann (5) . 

2.10 Se e Sylvester (42 , 44) and Taber (96) ; see also 252. 

2.13 Th e square roo t of a  matri x wa s considered b y Cayle y (3 , 12), Frobenius (139 ) and 
many others . 

CHAPTER II I 

3.01 Th e idea of an elementary transformatio n seem s to be due in the main to Grassman n 
(5). 

1 In these Notes, numbers refer to the Bibliography unles s otherwise indicated . 

169 
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3.02-07 Th e theory o f pair s of bilinea r forms , whic h i s equivalent t o tha t o f linea r poly -
nomials, was first given in satisfactory for m by Weierstras s (se e Muth , 175 ) althoug h th e 
importance o f som e o f th e invariant s ha d been previousl y recognize d b y Sylvester . Th e 
theory in its matrix form is principally due to Frobenius (18 , 20). 

The theory of matrices with integral elements was first investigated by Smith (see Muth, 
175) but was first given in satisfactory for m by Frobenius (20) . Th e form given in the tex t 
is essentially that of Kronecker (92) . 

S.04 Th e proof of Theorem 3 is a slight modification of that of Frobenius (20). 

3.08 Invarian t vectors were discussed by Hamilton (1 , 8) and other writers on quaternions 
and vector analysis. Th e earliest satisfactory accoun t seems to be that of Grassmann (5) , 

CHAPTER I V 

The development s o f thi s chapte r are , i n the main , a  translation o f Kronecker' s wor k 
(see Muth, 175 , p. 93ff). Se e also de Seguier (259). 

CHAPTER V 

5.03 Fro m th e poin t o f vie w o f matri x theory , th e principa l reference s ar e Schu r (198) , 
Rados (105 , 106) , Stephanos (185) , an d Hurwitz (117) . Se e Loew y (284 , p . 138 ) fo r addi -
tional references ; also Muir, Theory  of Determinants, Londo n 1906-1930. 

5.09 Non-commutativ e determinant s wer e first  considere d b y Cayle y (Phjl . Mag . 2 6 
(1845), 141-145); see also Joly (195 ) and Sylvester (43) . 

5.10-11 Se e Loewy (284 , p. 149) ; also 176, 178, 185, 198. 

5.12 Th e principal references are Schur (198) and Weyl (440, chap. 5). 

CHAPTER V I 

For general reference s see Loewy (284 , pp. 118-137) , also Muth (175) , Hilton (314 , chap. 
6, 8) and Muir, Theory of Determinants, London 1906-1930. 

6.01 Th e method of proving that the roots are real is essentially that of Tait (10 , chap. 5); 
see also 36, 60, 228, 399. 

6.03 Se e Loew y (284 , pp . 130-137) , Bake r (215 ) an d Frobeniu s (292) . Se e als o 7 , 18 , 99, 
113,114,115,124,135,139, 210, 221, 273, 302, 307, 320, 371, 400, 414, 466, 476. 

6.04 Se e Dickso n (392) . 

6.05 Se e Loewy (284 , pp. 128-135). 

6.07 Fo r references see Muth (175, p. 125) and Frobenius (139). 

CHAPTER VI I 

7.10-02 Se e Cayle y (2) , Frobeniu s (18) , Buchei m (59) , Tabe r (98 , 112) , an d Hilto n (314 , 
chap. 5); also 83, 86,98,137,184,197, 209, 223, 242, 250, 264, 301, 382. 

7.03 Se e Frobenius (280) . 

7.05 Se e Frobeniu s (140) ; also 350. 

7.06-07 Se e Sylvester (42 , 44) and Taber (96) ; see also 252. 
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CHAPTER VII I 

8.01-03 Se e Sylvester (36) , Bucheim (59 , 69); also 134, 371 . 

8.02,07 Se e Hamilto n (1 , p . 545ff ; 8 , §316) , Grassman n (5 , §454) , Laguerr e (9) . Man y 
writers define the exponential and trigonometric functions an d consider the question of con-
vergence, e.g. , 79 , 80, 103 , 389, 449; also i n connectio n wit h differentia l equations , 13 , 133 , 
258. 

8.04-05 Root s o f 0  and 1  have bee n considere d b y a  large numbe r o f writers ; se e partic -
ularly the suite of papers by Sylvester in 1882-84; also 18 , 67, 76, 107, 242, 255, 264, 277, 279, 
381, 411, 430, 474, 539. 

8.08 Se e 20, 94, 246, 256, 257, 274, 303, 338, 399. 

8.09-11 Th e absolut e valu e o f a  matrix was  first  considere d b y Pean o (75 ) in a  somewha t 
different for m fro m tha t give n here ; see also 273, 348, 389, 472, 473, 494. Fo r infinit e prod -
ucts see 133, 324, 326, 389, 494. 

8.12 I n addition to the references alread y given above, see 10, 16,18,187, 418, 419, and also 
many writers on differential equations . 

CHAPTER I X 

The problem of the automorphic transformation i n matrices was first considered by Cay -
ley (3 , 7) who, followin g a  metho d use d b y Hermite , gav e th e solutio n fo r symmetri c an d 
skew matrices ; hi s solutio n wa s pu t i n simple r for m b y Frobeniu s (18) . Cayle y faile d t o 
impose necessary conditions in the general case which was first solved by Voss (85, 108, 162, 
163). Th e properties of the principa l elements were given by Taber (125 , 134; see also 127, 
149,156,158, 231). Othe r references wil l be found in Loewy (284, pp. 130-137); see also 9,19, 
153,154,161, 167,168,169,187, 229, 371. 
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