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PREFACE 

The present book represents a definitive statement o f the results obtained by 
the late Mr. R. E. A. C. Paley and myself during Mr. Paley's year as Rockefeller 
Fellow at the Massachusett s Institut e of Technology (1932-1933) . Mr . Paley 
was killed on April 7 in a skiing accident in the Canadian Rockies, during a short 
vacation which he had taken from our joint work. I  have written elsewhere of 
the great loss to mathematics by his death; here let me only state the condition 
in which our joint work was left. Ou r method of collaboration ha d been most 
informal. W e had worked together with a blackboard befor e us, and when we 
had covered it with our joint comments, one or the other would copy down wha t 
was relevant, an d reduce i t t o a  preliminary written form . Mos t o f our work 
went through several versions, in writing which both authors took part. Eve n 
in that par t o f the research committed to writing since Mr. Paley's death, it is 
completely impossible to determine how much is new and how much is a reminis-
cence of our many conversations. 

A part of our work was published in the form of a series of notes in the Trans-
actions o f th e America n Mathematica l Society . Thi s wor k covere d a  grea t 
variety o f topics, but wa s unified b y the centra l idea of the application o f the 
Fourier transfor m i n the comple x domain. I  ha d lon g bee n convinced o f th e 
importance of the Fourier-Mellin transforms a s a tool in analysis. Thei r intro-
duction is of course no novelty, but I know of no systematic development of their 
methodical use. Perhap s the nearest approach to such a development i s to be 
found i n th e researche s o f H . Bohr , Jessen and Besicovitch on almost periodic 
functions i n th e comple x domain . However , nobod y seem s t o hav e realize d 
anything like the scope of the method. Wit h its aid, we were able to attack such 
diverse analyti c question s a s thos e o f quasi-analyti c functions , o f Mercer' s 
theorem on summability, of Milne' s integral equation o f radiative equilibrium, 
of the theorems of Miin z and Szisz  concernin g the closure of sets of powers of 
an argument, of Titchmarsh's theory of entire functions of semi-exponential type 
with rea l negativ e zeros , o f trigonometri c interpolatio n an d development s i n 
polynomials of the form 

i 

of lacunary series, of generalized harmonic analysis in the complex domain, of the 
zeros of random functions, and many others. W e came to believe that an ana-
lytic method of such scope is entitled to an independent treatise. 

The American Mathematical Society has done me the honor of requesting me 
to deliver the Williamstown Colloquium Lectures for 1934. Whil e such lectures 
have not previously bee n an account o f collaborative work , my bes t availabl e 
work has been collaborative, and I  have offered i t fo r the lectures in question . 

vn 



VU1 PREFACE 

I wish to thank the American Mathematical Society for its invitation, and for its 
acceptance o f ou r plans . I  wis h to than k m y students , Messr s S . S . Saslaw, 
H. Malin, and N. Levinson, for most valuable and painstaking work of revision, 
compilation, and criticism. Mr . Levinson, in particular, has added much to the 
content of Chapter I. I  wish to thank my colleague, Professor Eberhar d Hopf, 
for permission to incorporate into this book the material of §17 , which was our 
joint work. Furthermore , i n m y ow n nam e an d i n th e nam e o f m y dea d 
co-author, I wish to thank Professor J. D. Tamarkin of Brown University for his 
untiring encouragement, advice , and criticism , without which thi s book woul d 
not have come into existence. 

NORBERT WIENER . 
MASSACHUSETTS INSTITUT E O F TECHNOLOGY , 

CAMBRIDGE, MASSACHUSETTS , MARC H 1 , 1934 . 



CONTENTS 

INTRODUCTION 1 
1. Plancherel' s Theorem 1 
2. Th e Fourie r Transform of a  Function Vanishin g Exponentially . 3 
3. Th e Fourier Transform o f a  Function i n a  Strip 3 
4. Th e Fourie r Transform o f a  Function i n a  Half-Plane 8 
5. Theorem s of th e Phragmen-Lindeld f Typ e 9 
6. Entir e Function s of Exponentia l Typ e 1 2 

CHAPTER I . QUASI-ANALYTI C FUNCTIONS 1 4 
7. Th e Proble m of Quasi-Analyti c Function s 1 4 
8. Proo f o f th e Fundamenta l Theore m on Quasi-Analytic Functions . 1 7 
9. Proo f o f Carleman' s Theorem 2 0 

10. Th e Modulu s o f th e Fourie r Transfor m o f a  Functio n Vanishin g fo r Larg e 
Arguments 2 4 

CHAPTER II . SZXBZ' S THEOREM 2 6 
11. Certai n Theorem s of Closure . 2 6 
12. Sztaz' s Theorem 3 2 

CHAPTER III . CERTAI N INTEGRAL EXPANSIONS 3 7 
13. Th e Integra l Equation s o f Laplace an d Planck 3 7 
14. Th e Integra l Equatio n o f Stieltjes . 4 1 
15. A n Asymptotic Serie s 4 4 
16. Watso n Transforms 4 4 

CHAPTER IV . A  CLAS S OF SINGULA R INTEGRAL EQUATIONS 4 9 
17. Th e Theory o f Hop f an d Wiene r 4 9 
18. A  Note o n the Volterra Equation. 5 8 
19. A  Theorem of Hardy 6 4 

CHAPTER V . ENTIR E FUNCTION S OF THE EXPONENTIAL TYPE 6 8 
20. Classica l Theorem s Concerning Entire Functions 6 8 
21. A  Tauberian Theorem Concerning Entire Function s 7 0 
22. A  Condition tha t th e Root s of a n Entire Functio n be Real . 7 5 
23. A  Theorem on the Rieman n Zet a Function 7 5 
24. Som e Theorems of Titchmarsh 7 8 
25. A  Theorem of Pdly a 8 1 
26. Anothe r Theorem of P61y a 8 3 

CHAPTER VI . TH E CLOSUR E OF SETS OF COMPLEX EXPONENTIAL FUNCTIONS 8 6 
27. Method s from the Theor y o f Entire Functions . 8 6 
28. Th e Duality betwee n Closur e an d Independence . 9 5 

CHAPTER VII . NON-HARMONI C FOURIER SERIES AND A GAP THEOREM. . 10 0 
29. A  Theorem Concernin g Closure 10 0 
30. Non-Harmoni c Fourie r Series 10 8 
31. A  New Clas s of Almos t Periodi c Function s 11 6 
32. Theorem s o n Lacunary Serie s 12 3 

CHAPTER VIII . GENERALIZE D HARMONIC ANALYSI S IN TH E COMPLEX DOMAIN 12 8 
33. Relevan t Theorem s o f Generalize d Harmonic Analysi s 12 8 
34. Cauehy' s Theore m . . 1 3 0 
35. Almos t Periodi c Function s 13 8 

CHAPTER IX . RANDO M FUNCTIONS 14 0 
36. Rando m Functions .  14 0 

IX 



x CONTENT S 

37. Th e Fundamenta l Rando m Functio n 14 6 
38. Th e Continuit y Propertie s o f a  Random Function 15 7 

CHAPTER X . TH E HARMONI C ANALYSIS O F RANDOM FUNCTION S 16 3 
39. Th e Ergodi c Theore m 16 3 
40. Th e Theor y o f Transformations 16 3 
41. Th e Harmonic Analysi s o f Rando m Functions 17 0 
42. Th e Zero s of a  Random Functio n i n the Comple x Plane . 17 2 

BIBLIOGRAPHY 17 9 
INDEX 18 3 



BIBLIOGRAPHY 

A. S. BESICOVITCH , Almost  Periodic  Functions.  Cambridge , 1932 , p. 10. 
G. D . BIRKHOFF , Proceeding s o f th e Nationa l Academ y o f Science s (U . S . A.) , vol . 1 7 

(1931), pp . 650-660. 
A theorem  on series of orthogonal functions with  an  application to  Sturm-Liouville series. 

Proceedings o f th e Nationa l Academ y o f Science s (U. S. A.), vol. 3  (1917), p. 656. 
S. BOCHNER , Inversion  formulae and  unitary transformations.  Annal s of Mathematics , (2) , 

vol. 3 4 (1934) , pp . 111-115 . 
Vorlesungen uber  Fouriersche Integrate. Leipzig , 1932 . 
Integration von  Funktionenr deren  Werle die Elemente eines Vektorraumes  sind. Funda -

menta Mathematicae , vol . 20 (1933), pp. 262-276. 
H. BOH R AN D B . JESSEN , Uber  die Werteverteilung  der  Riemannschen Zetafunklion.  Act a 

Mathematica, vol . 54 (1930), pp. 1-35; vol. 58 (1932), pp. 1-55 . 
E. BOREL , Les  probabililes  denombrables  et leurs  applications  arithmetiques.  Rendicont i 

del Circol o Matematic o d i Palermo, vol . 27 (1909) , pp. 247-271. 
I. W . BUSBRIDGE , On  general  transforms  of  the  Fourier  type.  Journa l o f th e Londo n 

Mathematical Society , vol . 9 (1934), pp. 179-187 . 
T. CARLEMAN , Les  Fonctions  Quasi-Analytiques.  Paris , 1926 . 
P. J . DANIELL , A  general  form of  integral. Annal s of Mathematics, (2) , vol. 19 (1918), pp . 

279-294. 
Integrals in  an  infinite  number  of  dimensions.  Annal s o f Mathematics , (2) , vol . 2 0 

(1919), pp . 281-288. 
Further properties  of  the  general integral. Annal s o f Mathematics , (2) , vol . 2 1 (1920) , 

pp. 203-220 . 
M. DENJOY , Compte s Rendus , vol . 17 3 (1921) , p . 1329 . 
P. DIENES , The  Taylor Series.  Oxford , 1931 , pp. 372 ff. 
A. EINSTEIN, Annale n de r Physik , vol . 17 (1905), pp. 549 ff.; vol. 1 9 (1906), pp. 371 ff. 
G. H. HARDY , A  theorem  concerning Fourier  transforms.  Journa l o f th e Londo n Mathe -

matical Society , vol . 8 (1933), pp. 227-231 . 
G. H. HARD Y AND E. C. TITCHMARSH, A class of Fourier kernels. Proceeding s of the Londo n 

Mathematical Society , (2) , vol . 3 5 (1932) , pp. 116-155. 
E. HOPF , Uber  lineare Integralgleichungen  mil  positivem  Kern.  Sitzungsbericht e de r Ber -

liner Akademi e de r Wissenschaften , 1928 , No . XVIII . 
Mathemalisches zur  Slrahlungsgleichgewichtstheorie  der  Fixsternatmosphdren.  Mathe -

matische Zeitschrift , vol . 33 (1931), p. 109. 
Complete transitivity and  the ergodic principle.  Proceeding s o f the Nationa l Academ y 

of Science s (U . S . A.) , vol . 1 8 (1932), pp . 204-209 . 
A. E. INGHAM , The  Distribution of  Primes. Cambridg e Tracts in Mathematics an d Mathe -

matical Physics , No . 30 , Ch. I l l , §7 . 
B. JESSEN , Pape r t o appea r i n th e Journa l o f Mathematic s an d Physic s o f th e Massa -

chusetts Institut e o f Technology . 
Bidrag til  Integralteorien  for  Funktioner  af  unendelig  mange  Variable.  Copenhagen , 

1930. 
C. JORDAN , Slatistique  Maihematique.  Paris , 1927 , pp . 10 5 ff. 
A. KHINTCHINE , ZU  Birkhoff}s Losung  des  Ergodenproblems. Mathematisch e Annalen , vol . 

107 (1933), pp. 285-288. 
K. KNOPP , Theory  and  Application  of  Infinite Series.  London , 1928 . 

179 



180 BIBLIOGRAPHY 

A. KOLMOGOROFF , Grundbcgriffc  der  Warscheinlichkeitsrechnung.  Berlin , 1933 . 
E. LANDAU , Beitrdge  zur  analytischen  Zahlenlheorie.  Rendicont i de l Circol o Matematic o 

di Palermo , vol . 2 6 (1908) , p . 218 . 
Darstellung und  Begriindung  einiger  neuerer  Ergebnisse  der  Funktionentheorie.  1929 . 

N. LEVINSON , On  a  theorem of  Carleman.  Proceeding s o f th e Nationa l Academ y o f Science s 
(U. S . A.) , vol . 2 0 (1934) , pp . 523-525 . 

P. LivY , Sur  la  convergence  absolue  des  series  de  Fourier.  Compte s Rcndus , vol . 19 6 
(1933), p . 463 . 

M. S . MANDELBROJT , Sur  I'unicilc  des  series de  Fourier.  Journa l d e i 'Ecol e Polytechnique , 
(2),.carrier 3 2 (1934) . 

J. MERCER ; On  the  limits  of  real  variants.  Proceeding s o f th e London Mathematical Society , 
(2), vol . 5  (1907) , pp . 2G6-224 . 

G. W . MORGAN, A  note  on Fourier  transform*.  Journa l o f th e Londo n Mathematica l Society , 
vol. 9  (1934) , pp . 187-193 . % 

C. H . MUNTZ , Ober  den  Approximationssatz  von  Weierslrass.  SCT|^&XZ' S Festschrift , 
Berlin, 1914 , pp . 303-312 . 

R. E . A . C . PALE Y AN D N . WIENER , Notes  on  the  theory  and  application  of  Fourier  trans-
forms. Note s I—II , Transaction s o f th e America n Mathematica l Society , vol . 3 5 
(1933), pp . 348-355 ; Note s I I I - V I I , ibid. , vol . 3 5 (1933) , pp . 761-791 . 

R. E . A . C . PALEY , N . W I E N E R AN D A . ZYGMUND , Notes  on  random  functions.  Ma the -
matische Zeitschrift , vol . 3 7 (1933) , pp . 647-668 . 

R. E . A . C . PALE Y AN D A . ZYQMUND , On  some  series  of  functions.  Proceeding s o f th e 
Cambridge Philosophica l Society , vol . 26 , pp . 337-357 , 458-474; vol . 28 , pp. 190-205 . 

J. P E R R I N , Atoms.  Translate d b y D . LI . Hammick . Secon d Englis h edition . London , 
1923, pp . 10 9 if . 

M. PLANCHEREL , Sur  les  formules de  reciprocity  du  type  de  Fourier.  Journa l o f th e Londo n 
Mathematical Society , vol . 8  (1933) , pp . 220-226 . 

Contribution a  Vetude  de  la  representation  d'une  fonction  arbitraire  par  des  integrates 
d&finies. Rendicont i de l Circol o Matematic o d i Palermo , vol . 3 0 (1910) , pp . 
289-335. 

G. P 6 L Y A , Jahresberich t de r Deutsche n Mathematiker-Vereinigung , vol . 4 0 (1931) , 2t e 
Abteiling, p . 80 , Proble m 105 ; also Proble m 10 8 (p. 81) . 

H. RADEMACHER , Einige  Sdtze  liber  Reihen  von  allgemeinen  Orthogonalfunktionen.  Mathe -
matische Annalen , vol . 8 7 (1922) , pp . 112-138 . 

L. L . SILVERMAN , On  the  consistency  and  equivalence  of  certain  generalized  definitions  of  the 
limit oj  a  function of  a  continuous  variable.  Annal s o f Mathematics , (2) , vol . 2 1 
(1920), pp . 128-140 . 

M. VO N SMOLTJCHOWSKI , Di e Naturwissenschaften , vol . 6  (1918) , pp . 253-263 . 
H. STEINHAUS , Sur  la  probability  de  la  convergence  de  series.  Studi a Mathematica , vol . 2 

(1930), pp . 21-39 . 
W. STEPANOFF , Sur  quelques  generalisations  des  fonetions  presque-periodiques.  Compte s 

Rendus, vol . 181 , pp. 90-92 . 
O. SZASZ , Ober  die  Approximation  stetiger  Funklionen  durch  gegebene  Funktionenfolgen. 

Mathematische Annalen , vol . 10 4 (1931) , pp . 155-160 . 
Ober die  Approximation  stetiger  Funklionen  durch  lineare  Aggregate  von  Potenzen 

Mathematische Annalen , vol . 7 7 (1916) , pp . 482-496 . 
E. C . TITCHMARSH , The  zeros  of  certain  integral  functions.  Proceeding s o f th e Londo n 

Mathematical Society , (2) , vol . 2 5 (1926) , pp . 283-302 . 
On integral functions  with  real  negative  zeros.  Proceeding s of th e Londo n Mathematica l 

Society, (2) , vol . 2 6 (1927) , pp . 185-200 . 
A proof  of  a  theorem  of  Watson.  Journa l o f th e Londo n Mathematica l Society , vol . 8 

(1933), pp . 217-220 . 
The Theory  of  Functions.  Oxford , 1932 . 

C. J . D E L A VALLK E POUSSIN , Compte s Rendus , vol . 17 6 (1923) , p . 635. 



BIBLIOGRAPHY 181 

V. VOLTERRA , Legons  sur les  Equations  Integrates  et les  Equations  Integro-Diff&rentielles. 
Paris, 1913 . 

J. L . WALSH , A  generalization  of  the Fourier cosine series. Transaction s o f th e America n 
Mathematical Society , vol . 22 (1921), pp. 230-239. 

G. N . WATSON , General  transforms. Proceeding s o f th e Londo n Mathematica l Society , 
(2), vol . 3 5 (1932) , pp . 156-199 . 

J. M . WHITTAKER , On  the  cardinal function  of  interpolation  theory.  Proceeding s o f th e 
Edinburgh Mathematica l Society , (2) , vol . 1  (1927), pp . 41-47. 

The "Fourier1* theory  of the cardinal  function. Ibid. , (2) , vol. 1  (1928), pp. 169-177. 
The lower  order of integral  functions.  Journa l o f th e Londo n Mathematica l Society , 

vol. 8  (1933) , pp. 20-27. 
D. V . WIDDER, The  inversion  of the Laplace integral and the related  moment problem. Trans -

actions o f th e America n Mathematica l Society , vol . 3 6 (1934) , pp . 107-201 . 
N. WIENER , A  new  method  in Tauberian  theorems.  Journa l o f Mathematic s an d Physic s 

of th e Massachusett s Institut e o f Technology , vol . 7  (1928) , pp . 161-184 . 
Tauberian theorems.  Annal s o f Mathematics ^ (2) , vol . 3 3 (1932) , pp . 1-100 . 
Generalized harmonic analysis.  Act a Mathematica , vol . 55 (1930) , pp. 117-258 . 
The Fourier Integral  and  Certain  of  its Applications.  Cambridge , 1933 . 
On the closure of certain assemblages  of trigonometrical functions. Proceeding s o f th e 

National Academ y o f Science s (U . S. A.) , vol . 1 3 (1927), p . 27. 
N. WIENE R AND E. HOPF, Uber eine Klasse singuldrer Iniegralgleichungen. Sitzungsbericht e 

der Berline r Akademi e de r Wissenschaften , 1931 , p. 696. 



This page intentionally left blank



INDEX 
Almost periodic functions , 11 6 ff., 138 ff. 
Approximation theorem s for closure , 95 ff. 
Asymptotic series , 44. 

Birkhoff's theorem, 163. 

Carleman's theorem, 1 4 ff., 20 ff. 
Cauchy's theorem, 13 0 ff. 
Closure, 26 ff., 95 ff., 100 ff. 
Continuity o f random functions, 15 7 ff. 
Convergence in the mean, and ordinary con-

vergence, 1 . 
Convergence of almos t periodi c series , 123. 
Convergence properties , non-harmoni c 

Fourier series, 113. 
Convergence theorem s fo r almos t periodi c 

functions, 123. 
Cosine transforms, 48. 

Deficiency, 92 , 94. 
Displacement theorems , 86 ff.,  113 ff. 

Entire functions o f exponentia l type , 6 8 ff. 
Entire functions, 68 ff., 86 ff. 
Ergodic theorem, 163. 
Excess, 92 , 94. 

Function vanishin g exponentially , Fourie r 
transform, 3 . 

Function i n strip, Fourier transform, 3  ff. 
Function in half-plane, Fourier transform, 8. 
Function space integration, 14 6 ff. 
Fundamental theore m o f quasi-analyti c 

functions, 14 , 17 ff. 

Gap theorems, 97 ff., 123 ff. 
Generalized harmonic analysis , 12 8 ff. 

Hankel transforms , 48 . 
Hardy's theorem, 6 4 ff. 
Harmonic analysi s o f rando m functions , 

170 ff. 
Hilbert space , 143 , 164 ff. 

Integral equations, 49 ff. 
Integration in function space , 14 6 ff. 
Independence, 95 ff. 

Jensen's theorem, 19 , 32, 69, 173. 

Khintchine's proo f o f Birkhoff' s theorem , 
163. 

Lacunary series, 97 ff., 123 ff. 
Lagrange interpolation, 114 , 115. 
Lalesco integral equation , 49 , 56. 
Laplace transforms , 3 7 ff. 
Lebesgue.integral, 2. 
Levinson's lemma, 22 , 23. 

Mercer's theorem, 58 ff. 
Method of averaging , 1 , 145-156. 
Methods, 1. 
Milne integral equation , 49, 57, 58. 
Mixture, 164. 
Muntz theorem, 36. 
Mutilation of functions , 1 . 

Non-differentiable continuou s functions , 
158 ff. 

Non-harmonic Fourie r series, 108 ff. 
Non-harmonic Fourie r series , convergenc e 

properties, 113. 
Normal functions , 120. 

Parseval theorem , 1 , 2. 
Plancherel's theorem, 1 , 2. 
Planck's integral equation , 40 , 41. 
Pdlya's first theorem, 81, 82. 
Polya's second theorem , 83 ff. 
Pseudo-periodic functions , 11 6 ff. 

Quasi-analytic functions , 1 4 ff. 

Rademacher's theorem, 154. 
Random functions , 14 0 ff. 
Random functions, continuity , 15 7 ff. 
Random functions , forma l Fourie r series , 

147 ff. 
Random functions, harmonic analysis, 170 ff. 
Random functions, zeros , 17 2 ff. 
Riemann ^-function , 40, 41, 75 ff. 
Riesz-Fischer theorem, 1 . 
Roots o f entir e functions ; conditio n fo r 

roots to b e real, 75 . 



184 INDEX 

Schwarz inequality , 1 . 
Sine transforms, 48. 
Spectrum theory , 12 8 ff., 170, 171. 
Stepanoff almos t periodi c functions , 116 . 
Stieltjes' integra l equation , 41 ff 
Szasz's form o f Miint z theorem , 36. 
Szasz's second theorem, 35. 
Sz&sz's theorem, 32, 31. 

Tauberian theorems , 7 2 ff. 
Theorems of PhragmSn-Lindelof type, 12,13. 
Theory o f transformations , 16 3 ff. 
Titchmarsh's theorem , 7 8 ff. 

Transforms of functions vanishing for large 
arguments, 24, 25, 64 ff. 

Trigonometric functions , 86-116 . 
Trigometrical interpolation , 114 , 115. 

Unitary transforms, 16 4 ff. 

Volterra integral equation , 58 ff. 

Watson transforms, 4 4 ff, 
Weierstrass functions, 15 8 ff. 
Weyl's lemma, 1 . 
Widder's theory o f Laplac e transforms , 37, 

38. 




		2014-09-11T12:08:27+0530
	Preflight Ticket Signature




