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PREFACE 

The primar y purpos e o f thi s boo k i s t o develo p th e theor y o f system s o f 
partial differentia l equation s and tha t o f pfaffian system s so as to exhibi t clearl y 
the relatio n betwee n th e tw o theories . Th e question s treate d concer n almos t 
exclusively th e existenc e o f solution s an d method s o f approximatin g the m 
rather tha n thei r properties , whos e stud y seem s t o belon g t o th e theor y o f 
functions. 

In writin g th e boo k th e autho r ha s bee n guide d b y a  desir e fo r generalit y 
in result s an d concisenes s i n subjec t matte r an d proofs . A s a  consequence , 
the postulationa l metho d seeme d t o forc e itsel f upo n him . Roughly , th e pla n 
has bee n t o tak e a  fe w existenc e theorem s a s postulate s an d construc t th e 
theory upo n them . A  consistenc y proo f i s include d b y provin g th e postulate s 
in particula r cases . Th e origina l pla n include d extension s o f th e consistenc y 
proofs, bu t th e pressur e o f othe r dutie s prevente d carryin g thi s out . 

The idea s an d nomenclatur e o f moder n algebra , a s developed , fo r instance , 
in van de r Waerden ;s admirabl e treatise , hav e bee n freely used . Som e modifi -
cations o f certai n topics , essentia l fo r ou r purposes , hav e bee n included , bu t 
no systemati c developmen t o f th e theor y o f commutativ e polynomia l ring s 
has bee n made . O n th e othe r hand , th e theor y o f a  certai n non-commutativ e 
polynomial ring , calle d her e a  Grassman n ring , i s developed i n detai l fro m th e 
postulates i n Chapte r III , whic h togethe r wit h Chapte r I V develop s idea s 
introduced b y Grassman n an d brough t t o suc h a  hig h degre e o f perfectio n b y 
Cartan. A  combinatio n o f Cartan' s notation , th e tensor calculus , and moder n 
algebraic concept s seem s ver y effective . Incidentally , th e result s abou t de -
terminants an d linea r dependence , whic h ar e needed , ca n b e prove d directl y 
from th e postulate s a s readil y a s th e manne r o f statin g the m i n th e literatur e 
can b e modified t o fit  th e cas e in hand . 

The treatmen t o f th e algebrai c case  i s th e author's . Althoug h i t ha s clos e 
connection throug h th e highes t commo n facto r wit h Ritt' s excellen t discussion , 
which i s base d o n th e divisio n algorithm , i t differ s radicall y i n severa l respect s 
from tha t wor k becaus e o f a  differenc e i n purpos e an d viewpoint . I n th e first 
place, th e basi s o f ou r metho d i s algebra , rathe r tha n analysis . Secondly , 
reducibility, whic h play s suc h a  prominen t rol e i n Ritt' s developments , i s o f 
little importanc e i n ours . Wit h existenc e theorem s a s ou r chie f objective , th e 
important thin g fo r u s i s t o eliminat e multipl e roots . A  polynomial' s havin g 
two factors , fo r example , doe s no t preven t th e applicatio n o f th e implici t func -
tion theorem , i f th e factor s ar e distinct , an d makin g tha t theore m applicabl e 
is th e chie f purpos e o f th e reductio n process . Incidentally , i t migh t b e wel l 
to poin t ou t tha t th e ter m "  reducible'' ha s slightl y differen t meaning s i n th e 
two theories . Th e syste m y 2, which Rit t classe s a s irreducible , i s reducibl e i n 
ours. 
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Another featur e o f ou r treatment , whic h assume s it s mos t elegan t an d satis -
factory for m i n th e algebrai c case , althoug h employe d i n th e whol e work , i s 
the admissio n o f th e inequatio n o n a n equa l footin g wit h th e equation . This , 
together wit h th e us e o f resultant s o f al l order s (subresultants) , obviate s th e 
necessity of making th e preliminary linea r transformation o f the indeterminates , 
which is an essential step in Kronecker's method o f solution of algebraic systems . 

Finally, th e algebrai c cas e furnishe s th e mode l fo r treatin g th e eliminatio n 
problem fo r system s o f functions. Thi s is done in Chapte r VIII . Th e metho d 
is subjec t t o certai n limitations . First , ther e i s n o algorith m fo r determinin g 
the zero s o f a n analyti c functio n i n a  give n region . Th e difficult y o f removin g 
this restrictio n ca n b e appreciate d i f th e zero s o f th e Rieman n f-functio n ar e 
cited. Second , there may exis t zero s which ar e not th e center s of regions where 
assumption W  is true. Thes e zero s may be termed singular . Thei r determina -
tion and study seem destined to remain for some time a highly complex problem , 
only t o b e solve d i n specia l case s b y specia l methods . I n thi s respec t the y 
resemble th e solution s o f a  syste m o f partia l differentia l equation s i n th e 
neighborhood o f a  singula r point . I n spit e o f thes e limitations , th e genera l 
method o f eliminatio n give n her e seem s t o furnis h a  definit e result , whic h i s 
perhaps a s satisfactor y a s ca n b e obtaine d a t present . 

In additio n t o bringin g Cartan' s existenc e theore m fo r pfaffia n system s int o 
the scheme , Chapte r I X show s clearl y tha t i t ha s limitation s becaus e i t doe s 
not giv e th e singula r integra l varietie s unles s substantiall y modified . Th e 
same chapte r als o give s wha t i s believe d t o b e th e onl y metho d ye t develope d 
for finding  an d makin g a  partia l classificatio n o f th e singula r integra l varieties . 
The metho d ultimately—an d i t seem s essentially—depend s o n Riquier' s funda -
mental researches . 

In orde r no t t o interrup t th e continuit y o f th e development , th e illustrativ e 
examples hav e bee n segregate d i n Chapte r XI . Th e reade r ma y find  i t con -
venient t o study the m a t th e appropriat e plac e in th e text . 

The autho r ha s draw n freel y fro m th e wor k o f Cartan , Goursat , an d Janet , 
but h e is particularly indebted t o Riquier's treatise. Th e book also incorporate s 
many suggestion s mad e b y student s i n hi s course s durin g th e pas t nin e years ; 
the presen t nea t statemen t o f th e rul e o f sign s i n Theore m 9.1 , fo r example , 
was suggeste d b y Mr . Alexande r Makarov . Th e autho r i s even mor e indebte d 
to al l thos e wh o hav e listene d t o hi s lecture s fo r sustainin g hi s interes t i n th e 
subject b y thei r sympatheti c attention . 

J. M . THOMA S 

July, 193 6 
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