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PREFACE 

Recent year s hav e see n a  grea t dea l o f progres s i n th e field  o f orthogona l 
polynomials, a  subjec t closel y relate d t o man y importan t branche s o f analysis . 
Orthogonal polynomial s ar e connecte d wit h trigonometric , hypergeometric , 
Bessel, an d ellipti c functions , ar e relate d t o th e theor y o f continue d fraction s 
and t o importan t problem s o f interpolatio n an d mechanica l quadrature , an d 
are of occasiona l occurrence in the theories of differentia l an d integra l equations . 
In addition , the y furnis h comparativel y genera l an d instructiv e illustration s o f 
certain situations in the theory o f orthogonal systems . Recently , som e of thes e 
polynomials hav e bee n show n t o b e o f significanc e i n quantu m mechanic s an d 
in mathematica l statistics . 

The origin s o f th e subjec t ar e t o b e foun d i n th e investigatio n o f a  certai n 
type o f continued fractions , bearing the name of Stieltjes. Specia l cases of these 
fractions wer e studied b y Gauss , Jacobi, Christoffel , an d Mehler , amon g others , 
while mor e genera l aspect s o f thei r theor y wer e give n b y Tchebichef , Heine , 
Stieltjes, an d A . Markoff . 

Despite th e clos e relationshi p betwee n continue d fraction s an d th e proble m 
of moments , an d notwithstandin g recen t importan t advance s i n thi s latte r 
subject, continue d fraction s hav e been graduall y abandone d a s a  startin g poin t 
for th e theor y o f orthogona l polynomials . I n thei r place , th e orthogona l 
property itself ha s been taken as basic, and it is this poin t of view which has been 
adopted i n th e followin g expositio n o f th e subject . Choosin g thi s sam e basi c 
property, w e discus s certai n specia l orthogona l polynomials , whic h hav e bee n 
treated i n grea t detai l independentl y o f th e genera l theory , an d indeed , eve n 
before thi s theor y existe d a t all . I n thi s connectio n w e ad d th e name s o f La -
place, Legendre , Fourier , Abel , Laguerre , an d Hermit e t o thos e previousl y 
mentioned. 

As regard s treatise s o n th e subject , w e not e tha t th e onl y systemati c treat -
ment thu s fa r give n i s foun d i n J . Shohat' s monograph , Theorie  Ge'ne'rale  des 
Polynomes Orthogonaux  de  Tchebichef,  Memorial de s Sciences Math6matiques , 
Paris, 1934 . Limitation s o f spac e hav e compelle d tha t wor k t o b e brief , an d 
consequently, i t doe s no t ente r int o a  detaile d treatmen t o f man y problem s 
which hav e bee n especiall y advance d i n recen t years . I t ha s therefor e seeme d 
desirable t o attemp t a  ne w an d detaile d developmen t o f th e mai n idea s o f thi s 
field, devoting , i n particular , som e space to recent investigations of th e distribu -
tion o f th e zeros , o f asymptoti c representations , o f expansio n problems , an d o f 
certain question s o f interpolation an d mechanica l quadrature . 

In what follows, we are concerned partly with the general theory of orthogona l 
polynomials, an d partl y wit h th e stud y o f specia l classe s o f thes e polynomials . 
As might b e expected , w e have more exhaustive result s for thes e specia l classes , 
and w e cite as an instanc e th e classica l polynomial s satisfyin g linea r differentia l 
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equations o f th e secon d order . Also , whe n th e primar y importanc e o f thes e 
special classe s in application s i s taken int o account , i t shoul d no t b e a t al l sur -
prising tha t th e presen t boo k i s mainl y devote d t o thei r study . Th e genera l 
theory, however , a s develope d i n Chapter s XI I an d XIII , doubtles s represent s 
the most importan t progres s made in recent years . 

In the presen t work , no claim is made for completenes s of treatment. O n th e 
contrary, th e ai m ha s purposel y bee n t o mak e th e materia l suggestiv e rathe r 
than exhaustive . A n attemp t ha s been mad e t o indicat e th e mai n an d charac -
teristic method s an d t o poin t ou t th e relatio n o f thes e t o som e genera l idea s i n 
modern analysis . A s a rule , preference ha s been give n to those topic s to whic h 
we wer e abl e t o mak e som e new , thoug h modest , contributions , o r whic h w e 
could present in a  new setting. Thu s the book contain s a  number o f results no t 
previously published, som e of which originated severa l years ago. Fo r instance , 
we have included a  discussio n o f th e Cesar o summability o f th e Jacob i serie s a t 
the end-point s o f the orthogonality interva l (th e method use d here is of interes t 
even i n th e classica l cas e o f Legendr e series) . Further , a  ne w an d simple r ap -
proach ha s bee n give n t o S . Bernstein' s asymptoti c formul a fo r orthogona l 
polynomials. W e als o refe r t o certai n detail s o f mino r importance , suc h as : 
simplifications an d addition s i n th e asymptoti c investigatio n o f Jacob i an d 
Laguerre polynomial s an d i n the discussio n o f th e expansion s i n term s o f thes e 
polynomials; the discussion o f the cases in which the Jacobi differentia l equatio n 
has only polynomia l solutions ; the evaluatio n o f th e number o f zero s of genera l 
Jacobi polynomials in the intervals [ — <» , — 1], [— 1 , +  1] , [+ 1 , +  oo];ane w 
proof o f the Heine-Stieltjes theore m on linear differential equation s of the second 
order with polynomia l coefficient s an d polynomia l solutions , an d s o on . 

In general , w e hav e preferre d t o discus s problem s whic h ma y b e state d an d 
treated simply , an d whic h coul d b e presente d i n a  mor e o r les s complet e form . 
This wa s th e mai n reaso n fo r devotin g n o spac e t o th e extremel y interestin g 
arithmetic an d algebrai c propertie s o f orthogona l polynomials , suc h as , fo r 
instance, th e recen t importan t investigation s o f I . Schu r concernin g th e irre -
ducibility an d relate d propertie s o f Laguerr e an d Hermit e polynomials . Fur -
thermore, we have attached grea t importance to the idea of replacing incomplete 
and overlappin g theorems , scattere d i n th e literature , b y complet e result s 
involving only intrinsic or necessary restrictions. W e have also tried to exploit , 
as fa r a s seeme d t o b e a t al l possible , definit e methods , suc h as , fo r instance , 
Sturm's methods i n differentia l equation s (se e §§6.3 , 6.31, 6.32, 6.83) . 

A complete treatment o f Legendre polynomials was not feasible, an d probabl y 
not desirable , i n th e framewor k o f th e genera l theory . Besides , ther e ar e al -
ready complet e treatise s o n spherica l an d othe r harmonics. 1 W e hav e selecte d 
and considere d onl y thos e propertie s o f Legendr e polynomial s whic h ar e th e 
starting point s o f generalization s t o ultraspherical , Jacobi , o r t o more genera l 
polynomials. Anothe r subjec t whic h coul d no t b e include d wa s Stieltjes ' 

1 For instance, E . W. Hobson 1  (see bibliography) . 
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problem o f moments , whic h ha s bee n omitte d i n spit e o f it s grea t interest ; 
for thi s subjec t woul d hav e necessitate d th e developmen t o f a  complicate d 
apparatus o f result s an d methods . Orthogona l polynomial s o f mor e tha n on e 
variable also have not been treated. 2 

The boo k i s base d o n a  cours e give n a t Washingto n Universit y durin g th e 
academic yea r 1935-1936 . Acquaintanc e wit h th e genera l idea s an d method s 
of th e theor y o f function s o f rea l an d comple x variable s i s naturall y required . 
Occasionally, Stieltjes-Lebesgu e an d Lebesgu e integrals ar e considered . I n th e 
greater part o f the book, however, these integrals have been avoided, and, excep t 
in a  ver y fe w places , n o detaile d propertie s o f the m wer e used . 

The problem s a t th e en d o f thi s boo k are , wit h fe w exceptions , no t new , an d 
they are not interconnected a s are, for instance, those in Polya-Szego's Aufgaben 
und Lehrsdtze.  The y ar e more o r les s supplementary i n characte r an d serv e a s 
illustrations an d exercises ; they sometime s diffe r widel y fro m on e anothe r bot h 
as to subject an d method . 

The lis t o f references i s not complete ; it contain s only original memoirs , a  fe w 
text books of primary importance, and monographs to which references are made 
in the text . 

For th e suggestio n o f preparin g a  boo k o n orthogona l polynomial s fo r th e 
Colloquium Publications , I  a m indebte d t o Professo r J . D . Tamarkin , wh o ha s 
also participate d i n th e presen t wor k b y offerin g a  grea t numbe r o f valuabl e 
suggestions. I t i s wit h th e greates t gratitud e tha t I  mentio n hi s friendl y 
interest. 

1 hav e als o receive d valuabl e advic e fro m m y friend s an d teacher s L . Feje r 
(Budapest), an d G . P61y a (Zurich) . M y colleague s P . Erdo s (Manchester) , 
G. Grtinwal d (Budapest) , W . H . Roeve r (St . Louis) , A . Ros s (St . Louis) , J . 
Shohat (Philadelphia) , an d P . Tura n (Budapest ) gav e generousl y an d unstint -
ingly of thei r time . F . A . Butter , Jr . (a t presen t i n Lo s Angeles) collaborate d 
with me i n th e preparatio n o f the manuscript . Thi s last ai d was made possibl e 
through a  gran t fro m th e Rockefelle r Researc h Fun d o f Washingto n Universit y 
(1936-1937). M y studen t L . H . Kante r als o rendere d valuabl e assistanc e i n 
the preparatio n o f th e manuscript . 

My gratitud e fo r th e encouragement an d hel p of these friends, colleagues , and 
institutions ca n hardl y b e measure d b y an y forma l acknowledgment . Lastly , 
I wis h t o expres s to th e America n Mathematica l Societ y m y grea t appreciatio n 
for th e inclusion o f the presen t boo k i n its Colloquiu m Series . 

G. SZEG O 

WASHINGTON UNIVERSITY , 1938 . 

2 Cf. th e bibliograpn y i n Jackso n 8 , p . 423. 
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PREFACE T O TH E REVISE D EDITIO N 

The first printin g of this book published i n 193 9 was abou t exhauste d i n 1948 . 
Reprinting was arranged the n bu t fo r variou s reason s n o chang e i n th e tex t wa s 
made. Durin g th e pas t twent y year s sinc e th e preparatio n o f th e origina l 
edition wa s completed , considerabl e proges s wa s mad e i n thi s field . A  glanc e 
at the pertinen t sectio n o f th e Mathematica l Review s suggest s tha t th e interes t 
in thi s topi c i s stil l ver y muc h alive . Systemati c treatmen t o f orthogona l 
polynomials ha s bee n incorporate d i n variou s moder n text s publishe d i n th e 
meantime. We refe r onl y t o th e Higher  Transcendental  Functions  publishe d b y 
the Batema n Manuscrip t Projec t Staf f (cf . i n particular , vol . 2 , Chapte r X , 
edited b y Professo r A . Erdelyi) , an d t o th e boo k o f F . Tricomi , Vorlesungen 
uber Orthogonalreihen  (Chapter s IV—VI) . 

Recently th e counci l o f th e America n Mathematica l Societ y ha s authorize d 
the autho r t o prepar e a  revise d editio n o f th e book , addin g a  moderat e amoun t 
of material i n orde r t o brin g i t u p t o date . Naturally , limitation s o f spac e an d 
time did no t allo w includin g al l ne w result s (or , fo r tha t matter , th e ol d one s 
which were missing fro m th e origina l edition) . Onl y a  fe w particularl y interest -
ing new item s hav e bee n adde d a s well a s some detail s whic h deserv e attentio n 
because of eleganc e o f th e metho d o r originalit y o f ideas . W e mentio n her e i n 
particular the important Pollacze k polynomials ; they ar e treated i n an Appendix . 
Further ne w materia l wa s incorporated i n th e for m o f Problem s an d Exercises . 
New bibliographi c item s hav e bee n included , agai n i n a  rathe r selectiv e way . 
Finally, misprint s hav e bee n correcte d an d numerou s mino r improvement s an d 
additions made . 

The author recollects again, as was stated in the Preface o f 1938, that th e prep-
aration of this book was suggested t o hi m b y th e lat e Professo r J . D . Tamarkin . 
Since his untimely deat h in 1945 his name is not to o frequently mentioned . I t i s 
justified an d probabl y necessar y t o remin d th e younge r mathematica l gener -
ation, i n th e rus h o f moder n developments , ho w muc h America n mathematic s 
owes t o hi s grea t energ y an d far-sighte d intelligence . 

STANFORD UNIVERSITY , 195 8 G. SZEG G 
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PREFACE T O TH E THIR D EDITIO N 

The interes t o f th e mathematica l communit y fo r orthogona l polynomials , 
classical an d non-classical , i s stil l no t entirel y exhausted . Durin g th e pas t 
years I  lecture d abou t thi s subjec t severa l time s a t Stanford . Th e attendant s 
of th e cours e wer e uppe r divisio n an d graduat e students , specializin g i n 
mathematics, mathematica l statistics , calculu s o f probability , etc . 

Only mino r change s hav e bee n mad e i n th e text . I  ow e numerou s im -
provements an d correction s t o variou s friend s an d colleagues . I  mentio n 
particularly Professo r Pau l Tura n (Budapest , Hungary ) an d Professo r 
Lee Lorc h (Edmonton , Canada) . Ne w references , publishe d i n th e tim e 
interval 1958-1966 , hav e bee n included . 

STANFORD UNIVERSITY , 196 6 G . SZEG O 

PREFACE T O TH E FOURT H EDITIO N 

Again th e America n Mathematica l Societ y ha s take n th e initiativ e t o 
reprint th e presen t book , allowin g som e mino r change s an d ne w material . 
Among th e person s intereste d i n th e fiel d o f orthogona l polynomial s wh o 
have contribute d t o thes e change s an d additions , I  mentio n wit h particula r 
indebtedness m y frien d an d colleagu e Professo r Richar d Aske y (Madison , 
Wisconsin) an d th e ver y activ e an d origina l grou p o f mathematician s aroun d 
him. A  ver y importan t se t o f lecture s b y Aske y entitled , "Orthogona l 
Polynomials an d Specia l Functions/ ' reache d m e to o lat e t o b e incorporate d 
in th e presen t edition . 

Further materia l ha s bee n furnishe d b y Professo r Pau l Tura n (Rudapest , 
Hungary) an d Professo r Le e Lorc h (Toronto , Canada) . Ne w problem s an d 
exercises hav e als o bee n included . Pete r Szeg o (Redwoo d City , California ) 
gave m e valuabl e assistanc e i n preparin g th e presen t manuscript . 

My gratitud e goe s t o al l thes e friend s an d colleagues . 

STANFORD UNIVERSITY , 197 5 G . SZEG O 
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Heine-Stieltjes theorem, iv, 151 ff. 
Helly, 13, 405. 
- ' s theorem , 13, 14, 258, 272, 330, 339, 350 . 
Hermite, v, 156,405, 406. 
- interpolation , 330 ff., 340 ff., 347, 348. 
Hermite-Stieltjes, 89,156,157,172,406 . 
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Hermitian form, 287. 
Hilb, 195 , 249,406 . 
Hilbert, 142,145,406 . 
Hilbert-Courant, 58 , 59 , 100 , 106 , 109 , 406 . 
Hildebrandt, 8,10 , 406 . 
Hille, 102,105,126,131,242 , 251,406 . 

See Shohat-Hille-Walsh . 
Hirschman, 99, 273, 419. 

See Davis-Hirschman . 
Hobson, iv, 58,84,92, 382 , 406. 
HoU6, 335,406 . 
Horton, 99,273,419 . 
l'Hospital, rul e of, 307 . 
Howell, 392. 
Hsu, 390,419 . 
Hua, 99,419 . 
Hunt, 273 , 420. 
Hurwitz, theore m of , 21 , 150 , 193 , 239 , 371 . 
Hypergeometric function , iii , 6 2 ff.,  83 , 84 , 

96. 
See Differential equation . 

Inequalities, 15 9 ff. 
Inequality, Abel's, 2,174, 205 . 
- , Cauchy's , 2 , 39 , 120 , 160 , 183 , 291 , 302 , 

306,321,370. 
— for the arithmeti c an d geometri c mean , 2 , 

300. 
- , Schwarz's , 2 , 9 , 110 , 136 , 162 , 268 , 276 , 

317, 376. 
- , Turan's , 190 , 388. 

See Bessel's inequality . 
Integral, Lebesgue , vii , 9 , 26 , 159 , 24 6 ff., 

274,275,287,291,364,384. 
- , Riemann , 9 , 10 , 280 , 281 , 282 , 298 , 310 , 

333, 335, 351, 361. 
- , Riemann-Stieltjes , 8 , 9 , 11 , 50 , 333 , 350 , 

351. 
- , Stieltjes-Lebesgue , v , 1,8,10,38,187 . 
— equations, v , 218, 251. 
— representatio n o f Legendr e function s o f 

second kind, 88 ff. 
polynomials, 85 ff. 

, Dirichlet-Mehler, 8 5 ff., 96. 
, Laplace (first) , 86,176 . 
, Laplace (second) , 86 ff. 
, Stieltjes, 87 ff. 

ultraspherical polynomials, Dirichlet -
Mehler, 89. 

, Stieltjes, 89 ff. 
Interpolation, v , ix , 12 , 14 , 58 , 32 9 ff.,  347 . 
- , Lagrange , 12 , 47 , 180 , 32 9 ff.,  348 , 349 , 

389. 

— on Hermite abscissas , 340. 
Jacobi abscissas, 335 ff. 
Laguerre abscissas , 340, 344 ff. 
Legendre abscissas, 386. 
Tchebichef abscissas , 330, 334 , 335 , 386 . 
ultraspherical abscissas , 386. 

See Conjugat e points , Fundamenta l 
polynomials, Hermit e interpolation , 
Lagrange polynomials . 

Jackson, vii, 6, 7,42, 331 , 406. 
Jacob,251,406. 
Jacobi, iii , 49, 58,69,86,406,407 . 

See Function s o f secon d kind , Me -
chanical quadrature , Polynomials , 
Series. 

Jensen's theorem, 301. 
Joo, 391. 
Jordan, C, 58 , 407. 
- arc , 8, 364. 
- curve , 8 , 21,364,365 . 
- , Ch. , 34, 407. 
Jordan-Pochhammer integral , 75. 
Julia, 369, 407. 

Kaczmarz-Steinhaus, 1,10 , 407 . 
Kanter, vii . 
Karlin-McGregor, 37 , 273, 389,420. 
Karlin-Studden, 5 , 420. 
Karlin-Szego, 190 , 388, 420. 
Keldysch-Lawrentieff, 368,407 . 
Kernel polynomials, 39 , 40 , 44 , 71 , 101 , 180 , 

183, 249 , 290 , 322 , 323 , 333 , 351 , 368 , 377 . 
See Asymptotic formula , Zeros . 

Klein, 145,407 . 
Kogbetliantz, 102 , 168 , 172 , 203 , 240 , 248 , 

249, 251, 256, 273,380, 407. 
Koornwinder, 98,99,420 . 
Korous, 131,132,162,167, 212 , 251, 303, 408 . 
Koschmieder, 60,408 . 
Kowalewski, 24,408 . 
Kowallik, 251,408 . 
Krall, 107 , 408. 
Krawtchouk, 113,408 . 

See Polynomials. 
Kronecker, 408. 

Lagrange, 100,408 . 
- polynomials , 329 ff., 347. 
— series, 70. 

See Interpolation . 
Laguerre, v. 100,117,131,408 , 409 . 

See Polynomials . 
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Lame function, 151. 
Langer, 204, 210, 409. 
Laplace, iv, 86. 
Laplace's formul a fo r Legendr e polynomials , 

194,198, 201, 202, 204 ff., 211 ff., 224. 
1 Darboux's generalization , 195 , 

201, 206 ff., 211. 
, Stieltjes ' generalization , 195 f 

202,209 ff. 
Laplace-Heine formula, 194 , 204 ff., 208, 243. 

, generalization, 194. 
Laplace series, 96, 249. 
- transform , 379. 

See Integral representation . 
Laurent expansion, 252. 
Lawton, 151,409. 
Lebesgue, 14,15,409. 

See Integral. 
- constant , 13 , 258, 330, 336 , 338 , 339 , 350 . 
Legendre, v, 70, 409. 

See Associated function , Polynomials . 
Lengyel, 113. 

See Erdos-Lengyel. 
LeRoy, 103,409. 
Level curve, 8. 
Leibniz, rule of, 67,68,101. 
Limited operation, 12. 
Linear operation, see Operation. 
Liouville-Stekloff, metho d of , 20 2 ff., 210 ff., 

299. 
Lipschitz, 383. 
- condition , 6,162,163,186 . 
Lipschitz-Dini condition, 279, 297, 324. 
Littlewood, see Hardy-Littlewood-Polya. 
Locher, 363, 420. 
Lorch, xi, 190, 249, 420. 
Lorch-Muldoon-P. Szego, 158, 420. 
Lorch-P. Szego, 158, 420. 
Lukacs, 4,178 ff., 249, 409. 

Magnus-Oberhettinger, 420. 
Makai, 20,148,157,190, 420, 421. 
Makai-Turan, 158 , 421. 
Marcinkiewicz, 273, 330, 347, 409. 
Markoff, A. , v , 33, 37, 50, 57, 115 , 116 , 121, 

122,139, 259, 378, 409. 
McGregor, see Karlin-McGregor. 
Mean approximation, 10,11 . 
Mean-Value theorem, 383. 

of Gauss, 275, 310,311. 
, second, 2, 202, 357, 363. 

Mechanical quadrature, v, ix, 12 , 14, 58, 187, 
329,348 ff. 

for classical abscissas, 352 ff. 
Jacobi abscissas, 355 ff., 378, 379. 

, Gauss-Jacobi, 47 ff., I l l, 348 ff. 
Mehler, iii, 47, 49,85,192, 380 , 394, 409, 410. 
Mehler-Heine, see Asymptotic formula . 
Meixner, 34, 35, 410. 
Method o f Liouville-Stekloff , se e Liouville -

Stekloff. 
steepest descent, 202,203, 221 ff. 

Modulus o f continuity , 6 , 7 , 335 , 336 , 340 , 
346. 

Moecklin, 194, 203, 410. 
Moment problem of Stieltjes, iii, iv, v, 40. 
Muckenhoupt, 190 , 243, 273, 421. 
Muckenhoupt-Stein, 273,421 . 
Muldoon, see Lorch-Muldoon-P. Szego. 
Mtintz, 251, 410. 
Myller-Lebedeff, 251,-410. 

Neumann, E. R., 130 , 251, 380,410. 
Neumann, F., 248. 
Neumann, J. von, 108. 
Newman-Rudin, 273, 421. 
Newton's formula, 259. 
Normalization, 28, 58,160. 
Norm function, se e Weight function . 
Norm of operation, 12. 
Novikoff, 394, 396, 421. 

Obrechkoff, 198 , 248, 249, 410. 
Olver, 243, 421. 
Operation, linear functional, 1 1 ff. 
Orthogonal polynomials and continued 

fractions, 54 ff. 
— — , asymptotic formula of , v , ix , 4, 296 ff. 

, Christoffel-Darboux formul a for , 4 2 ff. 
, classical, 29, 49. 
, closure, 40,108 ff. 
, definition, ix , 23 ff. 
, expansion in serie s of, v , ix , 28, 38, 39, 

41, 311, 312, 313 ff. 
, extremum properties of, 28, 38 ff. 
, general properties of, 38 ff. 
, highest coefficient of , 28. 
, recurrence formul a for , 4 2 ff.,  55 , 391. 
, representation of , 27. 
, zeros of, v , ix , 44 ff., 121 ff.,  188, 189 . 

Orthogonality, Orthogonalization , v , vi , 8 , 
23 ff., 44. 

Orthonormal set, 23, 25, 68. 
Osgood-Caratheodory's theorem, 364. 

Parabola of convergence, 253. 
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Parseval's formula, 40, 289, 368. 
Peano, 1. 
Peetre, 110, 421. 
Pencil, 49. 
Perron, 45, 54,144, 202, 410. 
—'s formula fo r Laguerr e polynomials , 198 , 

199, 202, 203, 220, 221, 225 ff. 
P-function, contiguous Riemann, 71. 
Plancherel, 250. 
Plancherel-Rotach, 132,201, 203,410. 
Pochhammer-Barnes, notation of, 103. 
Poincare, 310. 
Poisson's integral, 276, 292. 

See Polynomials. 
Pollaczek, ix, 37, 393, 421. 
Pollard, 273,421. 

See Askey-Pollard. 
Polya, vii , 42 , 53 , 117 , 134 , 154 , 166 , 350 , 

388,410,411. 
See Hardy-Littlewood-Polya. 

P61ya-Szego, vii, 5, 11 , 21, 24, 34, 40, 70, 87, 
105, 117, 134 , 135, 175, 178, 179, 184, 212, 
310, 311, 411. 

Polynomials associated with a curve 
(Tchebichef polynomials), 368, 385. 

- , classical , v, 29,159. 
See Asymptoti c formula , Expansion , 

Mechanical quadrature. 
-,Faber,372,374. 
—, Fejer' s generalizatio n o f Legendre , se e 

Fejer. 
— , Gegenbauer, see Polynomials, ultra-

spherical. 
- , Hermite , vi , ix , 29 , 36 , 37 , 10 5 ff.,  110 , 

111, 176 ff., 190, 331, 388 ff., 392. 
See Asymptoti c formula , Differentia l 

equation, Expansion , Generatin g 
function, Interpolation , Recurrenc e 
formula, Rodriques* formula, Zeros. 

- , Jacobi , vi, ix, 3, 29, 58 ff., 94 ff., 103, 105, 
107, 161, 167 ff.,  172 ff.,  17 9 ff.,  243 , 249 , 
295, 348, 383, 385, 399. 

See Asymptoti c formula , Differentia l 
equation, Expansion , Generatin g 
function, Interpolation , Mechanica l 
quadrature, Recurrenc e formula , 
Rodrigues' formula, Zeros. 

- , Laguerre , vi , ix, 29, 35, 100 ff.,  110, 111, 
164, 17 6 ff.,  184 , 185 , 190 , 243 , 379 , 380 , 
382, 387 ff., 391, 393, 395. 

See Asymptoti c formula , Differentia l 
equation, Expansion , Generatin g 
function, Interpolation , Recurrenc e 
formula, Rodrigues ' formula . 

- , Legendre , vi, 29, 30, 33, 34, 48, 58, 63, 70, 
85 ff., 95, 96, 136 ff., 162, 164 ff., 167, 172, 
189, 346, 348, 379, 382 ff., 392, 393. 

See Asymptoti c formula , Expansion , 
Generating function, Integral repre-
sentation, Interpolation, Zeros. 

—, Krawtchouk, 35 ff. 
—, of S. Bernstein and Szego, 31 ff. 
- , Poisson-Charlier , 34, 35,37, 377, 389, 390. 
- , Pollaczek , 37,393 ff. 
— orthogonal on a curve, vii, 364 ff. 

See Asymptotic formula, Zeros. 
segment, se e Orthogona l poly -

nomials. 
Polynomials orthogonal on the unit circle , ix, 

287 ff., 384. 
- , Stieltjes-Wigert , 33. 
—, Tchebichef (of the first and second kind), 

3, 26, 29, 30, 60, 63, 112, 136 ff.,  162, 347, 
348, 387, 391. 

See Expansion , Interpolation , Zeros . 
- , ultraspherical , vi , 29 , 58 ff., 80 ff.,  93 ff., 

107,135 ff., 167, 170 ff., 379, 387, 390, 394. 
See Asymptoti c formula , Differentia l 

equation, Expansion , Generatin g 
function, Integra l representation , 
Interpolation, Recurrenc e formula , 
Rodrigues' formula, Zeros. 

Popoviciu, 46,140,142, 411. 
Principle of argument, 21,157. 
Probability, calculus of, 35. 

Quadratic form, 24,123,187, 366. 
of Hanke l (recurrent ) type , 27 , 309 . 

Quantum mechanics, iii. 

Rabinowitz, see Davis-Rabinowitz. 
Rau, 197, 214, 249, 411. 
Recurrence formula, general, 42 ff. 

of Hermite polynomials, 106. 
Jacobi functions of second kind, 78 ff., 

379. 
polynomials, 71 ff. 

Laguerre polynomials, 101. 
polynomials orthogona l o n th e uni t 

circle, 293. 
ultraspherical polynomials , 81 , 82 . 

Riemann, see Integral, P-function. 
— 's lemma, 254, 267, 319. 
— 's theory of trigonometric series, 248. 
Riesz, F„ 12, 275,411. 
Riesz, M., 5, 57,304, 411. 
Robin's constant , se e Transfinit e diameter . 
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Rodrigues' formula for Hermite polynomials , 
106. 

Jacobi polynomials, 67 ff., 73, 74, 94, 
99,117. 

Laguerre polynomials, 101 , 117 , 388 . 
ultraspherical polynomials, 81. 

Roever, vii. 
Rogosinski, 347. 
Rolle's theorem, 51, 53,117, 378. 
Roosenrad, 110, 421. 
Ross, vii. 
Rotach, 203, 249, 250, 411. 

See Plancherel-Rotach. 
Rouche's theorem, 21,149. 
Rudin, see Newman-Rudin. 
Runge, 7. 
Runge-Walsh, theorem of, 7. 

Saddle-point, 219, 231. 
Sapiro, 98, 421. 
Sarmonov, 392,421. 
Scalar product, 8,9,10, 25, 365, 367, 378. 
Schmeiser, 158,422. 
Schmidt, E., 34, 35, 411. 
Schoenberg, 273. 
Schoenberg-Szego, 190, 422. 
Schur, I., vi, 140,142, 411. 
Schwid, 204,416. 
Seidel-Szasz, 94,422. 
Sen-Rangachariar, 145,411. 
Series, Jacobi, vi, 273. 
—, Laguerre, 240. 
—, Legendre, vi, 42. 

See Expansion, Orthogonal poly-
nomials. 

Sherman, 57, 411. 
Shibata, 145, 412. 
Shohat, v, vii, 42, 48, 159, 163, 189, 309, 333, 

336, 340,345,347, 350,385, 386,412. 
Shohat-Hille-Walsh, 422. 
Singular integral, 13. 
Smirnoff, 275, 276, 289, 368, 369, 412. 
Smith, 412. 
Sonin, 96, 100 , 102 , 104 , 159 , 166 , 169 , 176 , 

189, 379,412. 
Spencer, 132,412. 
Statistics, mathematical, v. 
Stein, see Muckenhoupt-Stein. 
Steinig, see Askey-Steinig. 
Stekloff, 9, 210, 350, 412. 

See Liouville-Stekloff. 
Stekloff-Fejer, theore m of, 350 ff., 360. 
Step function, 34, 35, 37,164. 

- polynomial , 329, 339 ff. 
, generalized, 331. 

Stieltjes, v, 33 , 37, 46, 50 , 51, 53, 54 , 58 , 87 , 
89, 90, 92 , 93 , 12 1 ff.,  136 , 139 , 140 , 142 , 
145, 15 1 ff.,  156 , 165 , 172 , 174 , 175 , 193 , 
195, 211, 382, 412, 413. 

See Heine-Stieltjes , Hermite-Stieltjes , 
Integral, Laplace , Moments , Poly -
nomials. 

Stirling's formula, 227. 
— series, 212. 
Stone, 10, 23, 251, 413. 
Strip of convergence, 253. 
Studden, see Karlin-Studden. 
Sturm-Liouville type, 210. 
Sturm's theore m o n differentia l equations , 

19 ff. 
(method) — zeros, vi, 45, 111, 121, 

124 ff., 139. 
Summability, see Abel, Cesaro. 
Suranyi-Turan, 347, 422. 
Szasz, 5,190, 413, 422. 

See Seidel-Szasz. 
Szego, G., 19, 27,31, 33, 37,45, 59, 87, 93, 94, 

96,110, 125 , 127 , 128 , 135 , 137 , 140 , 158 , 
163, 164 , 16 7 ff.,  189 , 190 , 197 , 198 , 203 , 
206, 214 , 243 , 248 , 249 , 251 , 27 4 ff.,  287 , 
289, 29 4 ff.,  299 , 300 , 309 , 310 , 312 , 313 , 
340, 346, 355, 360, 361, 366, 369, 371, 377, 
384, 388,392, 393, 394, 413, 414, 422. 

See Fejer-Szego , Grenander-Szego , 
Karlin-Szego, Polya-Szego , Poly -
nomials, Schoenberg-Szego. 

Szego, P., xi. 
See Lorch-P . Szego , Lorch-Muldoon -

P. Szego. 
Szego-Turan, 157,158, 422. 

Tamarkin, vii, ix, 42, 414. 
Tchakaloff, 189, 383, 414. 
Tchebichef, v , 33 , 47 , 50 , 54 , 70 , 100 , 186 , 

188,189, 414. 
See Deviation, Polynomials. 

Thome, 243, 422. 
Titchmarsh, 37, 57, 301, 310, 311, 415. 
Toeplitz matrix, 287, 399. 
—, operator, 99. 
Total variation, 12, 34, 35. 
Transfinite diameter, 364, 369. 
Tricomi, ix, 242, 243, 415, 422. 
Trigonometric polynomials, 3,5 ff., 11. 
— representation, 90 ff. 
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Turan, vii, ix, 158,190, 388, 389,422. 
See* Balazs-Turan, Egervary-Turan , 

Erdos-Turan, Griinwald-Turan, 
Makai-Turan, Suranyi-Turan, 
Szego-Turan. 

Uniqueness theorems, 248 
Uspensky, 53 , 107 , 203 , 219 , 220 , 251 , 415 . 

Van Veen, 132, 204, 415. 
Vector, 9. 
— space, 10. 
Vietoris, 363, 422. 
Vitali-Sansone, 415,423. 
Vitali's theorem, 57. 
Volterra equation, 211. 

Wainger, see Askey-Wainger. 
Walsh, 7,366,415. 

See Sholat-Hille- Walsh. 
Wangerin, 84, 415. 
Watson, 18, 20 , 96 , 102 , 104 , 107 , 159 , 162 , 

192, 193, 202, 203, 222, 251, 253, 363, 380, 
384, 415. 

See Whittaker-Watson. 
Webster, 347,423. 
Weierstrass, theorem of, 5 ff., 10,110. 
Weight function, 9 , 37, 68, 159 , 160 , 16 2 ff., 

185, 188, 287, 294, 296, 297, 299, 309, 312 , 
314, 316, 347, 380, 385. 

Weiss, G., see Coifman-G. Weiss. 
Weyl, 110,251,310,415. 
Whittaker-Watson, 1 4 ff., 58, 63, 65 , 66 , 71 , 

75, 84, 86,88,93,103, 248, 415. 
Widom-Wilf, 243, 423. 
Wigert, 33,102, 251, 413. 

See Polynomials. 
Wilf, see Widom-Wilf. 

Williamson, see Csordas-Williamson. 
Wiman, 131, 416. 
Winston, 131, 351, 416. 
Wintner, see Hartman-Wintner. 
Wright, 203, 384, 416. 

Young, W.H., 10,248,414 . 

Zernike, 132, 416. 
Zero-function, 9, 40, 45. 
Zeros, distribution of, v , 310. 
—, electrostatical interpretatio n of , 140 , 382. 
- o f Airy 's function, 18,19, 377, 382. 

analytic functions, 21. 
Bessel functions, 12 6 ff.,  140 , 192 , 193, 

381. 
Hermite polynomials, 117 ff., 123, 

127 ff., 141 ff., 240, 353. 
Jacobi polynomials , vi , 11 6 ff.,  14 0 ff., 

144 ff., 192, 193, 23 7 ff.,  25 0 ff.,  379 , 381. 
kernel polynomials, 369, 377. 
Laguerre polynomials , 11 6 ff.,  12 2 ff., 

127 ff., 141 ff., 150 ff., 237 ff., 353, 381, 382 . 
Legendre function s o f secon d kind , 

155 ff. 
polynomials, 111, 122,125, 353. 

numerators of continue d fractions , 57 . 
polynomials orthogonal on a curve, 369. 

the unit circle, 292, 384. 
solutions o f differentia l equations , se e 

Sturm's theorem. 
Tchebichef polynomials, 330,351. 
ultraspherical polynomials , 119 , 12 1 ff., 

138,352,381. 
See Orthogonal polynomials. 

Zygmund, 248, 253, 254 , 274 , 276 , 279 , 281, 
359, 416,423. 
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