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FOREWORD T O THE REVISE D EDITIO N 
Seven years have now elapsed since the publication o f the first  edition o f this treatis e i n 

October 1948 . The friendly interes t whic h the mathematical communit y has shown for thi s 
work ha s bee n mos t gratifying ; i n fact , th e editio n wa s ou t o f prin t b y 1954 . We ca n als o 
report th e appearanc e o f a  Russian translatio n o f th e boo k in 195 1 [FunkcionaVnyj  Analiz 
i Polugruppy,  Izdatel'stv o Innostranno j Literatury , Moskva , 1951 , 636 pages]. 

Since 194 8 bot h th e analytica l theor y o f semi-group s an d it s application s hav e mad e 
vigorous progress. K. Yosida found th e basic generation theore m independently o f Hille in 
1948 and proceede d t o appl y i t t o th e diffusio n equatio n i n a  serie s o f importan t papers . 
Inspired b y Yosida' s work , Hill e mad e a  new attack o n Cauchy' s proble m wit h th e ai d o f 
semi-group theory , startin g i n 1949 . Soon thereafter , W . Felle r becam e intereste d i n th e 
possibilities o f th e ne w approac h an d h e an d hi s student s hav e contribute d muc h t o th e 
theory; w e mentio n i n particula r hi s penetratin g investigatio n o f th e singula r boundar y 
value problem for the diffusion equation . Another of the early workers in the general theor y 
of semi-groups o f linea r operator s wa s R. S . Phillips wh o filled in many o f th e gap s whic h 
Hille had lef t behin d an d then wen t o n to broaden th e theor y usin g representation theor y 
for semi-grou p algebras , perturbatio n methods , extende d classe s o f semi-groups , an d ad -
joint semi-groups . I n a  differen t direction , i n 194 8 Hill e lai d th e foundation s o f a  Li e 
theory o f semi-groups . 

When early in 1952 it became obvious that a  new printing of the treatise would be needed 
and i t wa s clea r tha t th e ne w advance s i n th e theor y calle d fo r extensiv e revision , Hill e 
asked Phillips to collaborate with him on a new edition. The resulting treatise is now offere d 
to the public. The original has been completely rewritten, mostly by Phillips; the old frame-
work i s stil l ther e togethe r wit h mos t o f th e ol d results , bu t muc h ha s bee n added , ver y 
much indeed. The changes are partly a matter of exposition, and partly a matter o f methods 
and results. Thus in keeping with the spirit of the times the algebraic tools now play a majo r 
role and ar e introduced early in the book; they lead to a  more satisfactory operationa l cal -
culus and spectral theory in Chapters XV and XVI. On the other hand, the Laplace-Stieltje s 
transform methods , use d b y Hill e fo r suc h purposes , hav e no t bee n replace d bu t rathe r 
supplemented b y th e ne w tools. 

Part I  o n Functional Analysi s has been augmented an d rearranged . The ol d Chapte r I V 
(Functions o n Vector s t o Vectors ) ha s bee n relegate d t o th e en d o f th e boo k excep t fo r 
certain parts essential for the body of the work which have been incorporated wit h Chapte r 
III. Th e ne w chapte r I V contain s a  treatmen t o f th e Gelfan d representatio n theor y fo r 
commutative Banac h algebra s togethe r wit h substantia l portion s o f th e ol d Chapter s V 
(Analysis in a Banach Algebra) and XXII (Note s on Banach Algebras). The new Chapter V 
contains a  modified versio n o f the operationa l calculu s for Banach algebra s whic h was pre-
sented in the ol d Chapter V and, in addition, i t contain s an operationa l calculu s fo r close d 
unbounded linea r operators . Th e discussio n o f Laplac e integral s ha s bee n move d fro m 
Chapter X t o Chapte r VI . Part I I i s now called Basi c Properties o f Semi-Groups bu t con -
tains mos t o f the materia l t o b e found i n th e first  hal f o f the ol d Part II . Howeve r impor -
tant addition s hav e been made; we note Phillips' classification o f semi-group s i n Chapter s 
X an d X I an d hi s solutio n o f th e generatio n proble m i n Chapte r XII . Th e ne w par t I I I , 
Advanced Analyti c Theor y o f Semi-Groups , i s base d o n the latte r hal f o f th e ol d Par t II . 
Nevertheless excep t fo r the last tw o chapters , the material here is largely new . I t contain s 
Phillips's mai n contribution s t o th e theor y (perturbatio n theory , adjoin t theory , opera -
tional calculus , an d spectra l theory) . Par t IV , Specia l Semi-Group s an d Applications , 

vn 



viii FOREWORD 

corresponds t o the old Part III . Here the main change, sad to report, is the omission o f the 
discussion o f the applications t o partia l differentia l equations . Thes e application s ha d 
grown s o tremendously tha t a n adequate treatment no w requires a treatise o f its own. Al l 
we could do was to insert a  discussion o f the abstract Cauch y proble m in Chapte r XXIII . 
Finally th e old Appendix ha s become a fifth part entitle d Extension s o f the Theory . Her e 
the main addition is Hille's developmen t o f the Lie theory o f semi-groups . 

As usual the revision has taken mor e work and more time than originall y planned . Bot h 
authors have been liberally supported by grants from publi c funds, Hill e through the Office 
of Scientifi c Researc h o f the Air Research an d Development Command , Unite d State s Air 
Force, Contrac t No . AF 18 (600)-469 , Phillips throug h th e Office o f Ordnanc e Research , 
United States Army, Contract No . DA-04-495-Ord-406. This support is gratefully acknowl -
edged. On the personal sid e i t is a great pleasur e fo r us to express ou r gratitude t o many 
friends wh o have aide d us in preparing the manuscript o f the revised edition . Advice , aid, 
and valuabl e suggestion s hav e bee n receive d fro m R . P . Agnew, A . V. Balakrishnan, J . 
Brooks, N. Dunford, H . A. Dye, N. Jacobson, S . Kakutani , T . Kato , D . G. Kendall , R . 
A. Moore, J. Schwartz , an d K. Yosida . T o al l helpers , name d an d unnamed , w e exten d 
our Warmes t thanks . 

New Haven , Conn , an d Lo s Angeles , Calif . EINA R HILLE , R . S . PHILLIP S 
September 1955 

CONVENTIONS 
Each Par t o f the book start s wit h a  Summary, eac h Chapte r wit h a n Orientation. The 

chapters are divided into sections and the sections, except for orientations, are grouped int o 
paragraphs. Cross references ar e normally to sections, rarely to paragraphs. Section 3.10 is 
the tent h sectio n i n Chapter I I I ; it belong s to §2 which i s referred t o as §3. 2 when neces -
sary. The page heading s sho w the numbers o f current sectio n an d paragraph, th e integral 
part o f the former i s the number o f the chapter. Definitions , formulas , lemmas , and theo-
rems are numbered separately within each section; thus Theorem 9.4.2 is the second theore m 
in section 9.4 . References t o the literature giv e the author's nam e followed b y numerals in 
brackets referrin g t o his book o r paper by that numbe r in the Bibliography a t the close of 
the book . Suc h reference s ar e given i n the tex t whe n needed ; collecte d reference s fo r a 
whole chapte r occu r afte r th e orientation t o the chapte r i n questio n excep t fo r chapter s 
with heterogeneou s subjec t matte r i n which cas e the y ar e given a t th e end of each para -
graph. 
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DEVINATZ, A. , 592 . 

Diameter, 8 . 
DICKSON, L . E. , 256 . 

DIEUDONNE, J. , 29 , 89 . 

Differentiability, 59 ; (F)-d . 110 ; (G)-d . 109 , 
766; (L)-d . 115 ; of set s 719 ; of semi-grou p 
elements 28 4 (counte r exampl e 281) ; o f 
subadditive function s 250 ; stron g d . o f 
semi-group o f operator s 31 0 (fo r element s 
in domai n o f infinitesima l operato r 30 8 
(infinitesimal generato r 345)) . 

Differential equations,  Cauchy' s proble m 
617, 674 ; ellipti c 673 ; existenc e theore m 
67; Hermite-Webe r 582 ; hyperboli c 674 ; 
Kolmogoroff 638 ; paraboli c 677 ; Riccat i 
687. 

Differential operators,  Beltram i 677 ; deriva -
tive 531 , 535, 602 (conjugat e o f d . 556 , 579, 
605; secon d d . 578 , 603) ; ellipti c 673 ; 
Hermite 610 ; Hermite-Webe r 610 , 672 ; 
hyperbolic 674 ; Laguerr e 610 ; Legendr e 
611; paraboli c 677 . 

Dimension, 11 . 
Direct sum,  o f linea r system s 12 . 
Directed set,  5 . 
DIRICHLET, P . G . LEJEUNE , integra l 218 ; 

Mehler-D. integra l 612 ; representation o f 
semi-group 547 , 557 , 561 ; serie s 547 , 560 , 
607, 609 ; transfor m 603 . 

Dissolvent, 684 ; d . se t 684 ; first  (second ) d . 
equation 686 . 

Distribution, Cauch y 658 ; functio n 636 , 64 8 
(arithmetic o f 657); Gaussian 657 ; Poisso n 
314, 636 , 650 , 657 . 

DOETSCH, G. , 612 . 

Domain ( = ope n connected set) , maxima l d . 
of analyti c existenc e 47 6 (fo r semi-grou p 
477, 485, 538, 557, 560); of existenc e (holo -
morphism, meromorphism) 98; of infinites -
imal operato r 30 7 (power s 308) ; o f in -
tegrity 10 , 616 ; o f transformatio n 5 . 

B O O B , J . L. , 635 , 637 , 638 , 639 , 648 . 

DUNFORD, N. , 34 , 47 , 60 , 61 , 62 , 74 , 76 , 77 , 

92, 93 , 164 , 168,169,171,177 , 279 , 291, 304, 
307, 312 , 336 , 502 , 503 , 509 , 521 , 534 , 621 , 
625, 649 , 751 ; minima l equatio n theore m 
169. 

D Y E , H . A. , 417 . 

EBERLEIN, W . F. , 37 , 502 . 

ElDELHEIT, M . , 28 . 

EINSTEIN numbers,  271 . 
Elements of  algebras,  adjoin t (self-a. ) 22 ; 

idempotent 121 ; inverse 2 0 (quasi-i . 680) ; 
nilpotent 12 1 (quasi-n . 121 , 128 , 699 ; 
properly q.-n . 699) ; regula r 2 0 (quasi-r . 
680; semi-r . 702) ; reversibl e 681 ; singula r 
20, 120 ; uni t 20 ; zero-diviso r 12 1 (gen -
eralized z.-d . 121 , 129). 

Embedding theorem,  285 , 288 , 495 . 
Endomorphisms, algebra  of,  51 ; irreducibl e 

702, 71 2 (isomorphi c t o primitiv e algebr a 
711); semi-simplicit y 702 ; topologie s 51 , 
52. 

Equivalence classes,  modul o a n idea l 133 , 
696; m . th e linea r bounde d transforma -
tions 45 ; m . a  linear subspac e 18 ; m. per -
turbing classe s o f operator s 410 ; norme d 
topology fo r e . c . m . linea r subspac e 1 8 
(m. idea l 134,697) . 

Ergodic, Abe l (Cesaro , weakly , strongly , 
uniformly) 508 , 511 ; hypothesi s 502 ; pro -
jections 514 ; theorem s 303 , 502 , 508 , 59 2 
(weak 512 ; stron g 518 ; unifor m 521) . 

EULER, L. , constan t 666 ; integra l 664 ; E . 
Knopp summabilit y 615 . 

Exponential, formula s 302,311 , 354,487,494 ; 
function 68 , 122 , 172 , 33 8 (additio n theo -
rem 172 , 277 , 278 ; periods 173 , 177) ; solu -
tions 282 , 285 . 

Extension of,  algebr a (chang e o f spectrum ) 
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129; holomorphi c function s 164 , 689 (prin-
cipal e . 165 , 690); holomorphic semi-grou p 
473, 537 ; linear functional 28 ; linear trans -
formation 4 0 (chang e o f spectrum 55). 

Factor, problem s fo r Fourie r serie s 54 4 (F. 
transforms 566 ; Hermitian serie s 571) ; f . 
semi-groups o n Fourie r serie s 54 6 (F . 
transforms 574 ; Hermitian serie s 580) ; f. 
sequences 544 ; weight f . 141. 

FANTAPPIE, L. , 92 , 109 , 168 . 

FAVARD, J. , 534 . 

FEJSR, L. , kerne l 155 , 221. 
FELLER, W. , 305 , 356 , 360 , 364 , 373 , 374 , 421 , 

422, 606 , 639 , 654 , 658 , 673 , 674 . 
FENCHEL, W. , 253 . 

Field, norme d 127 ; scalar 11 ; skew 127 , 694 . 
Fine structure  spectral  mapping  theorems, 

204, 464 . 
Finite, intersectio n propert y 4 ; subadditiv e 

function 238 ; topology (closure , interior ) 
14. 

Finitely, ope n se t 14; f.-valued functio n 72. 
Flat space,  11 . 
Form, multilinea r 760 ; polar 762 ; symmetri c 

760. 
FOURIER, J . B. J., series 468, 543 (absolutel y 

convergent 136) ; transform 566 , 599, 604 
(characteristic functio n 653 , 660) . 

Fractional integration,  217 , 231 , 663 . 
FRECHET, M. , 109,637; (F)-analyti c 112 , 778; 

(F)-differential 110 ; (F)-powe r 768 ; (F)-
power serie s 775. 

FREMBERG, N . E. , 675 . 

Frequency function,  651 . 
FROBENIUS, G. , 127 , 168 , 256 ; F.-Wedder -

burn nor m 718. 
FUBINI'S theorem,  84 . 
FUGLEDE, B. , 594 . 

FUKAMIYA, M. , 303 . 

Functionals, 7;  analytic 109,168 ; bilinear 33; 
linear f . 2 6 (bounded 1 . f. 30 ; extension of 
28); multiplicativ e linea r f . 135 ; subaddi-
tive 2 5 (positive-homogeneou s 29 ; p.-h. 
and circula r 29). 

Functions, analyti c 10 9 (Frechet 112 ; Lorc h 
115); canonica l 728 ; characteristi c 653 , 
660; composit e 171 , 203; conjugat e 556 , 
579, 605 ; continuou s (strongly , weakly ) 
58; continuou s i n operato r topologie s 59; 
convex 239 , 252 ; countably-value d 72 ; 
determining (generating ) 221 ; differen -

t i a t e 59 ; distribution 313 , 636, 648; entir e 
100; expectatio n o f f . 313 ; finitely-valued 
72; frequenc y 651 ; harmonic 556 , 579 (sub -
harmonic 100) ; holomorphic 9 2 (i n half -
plane 227) ; indicato r 480 ; integrable ((B ) 
79; (P ) 77); mass 614 ; measurable vector -
valued f . 7 2 (m . operator-value d f . 74) ; 
moment 614 ; numerically-valued ( = func -
tional) 7 ; o f bounde d variatio n 5 9 (alge -
bras 141 , 615 , 649 ; normalize d 213) ; of 
composition 617 ; o f severa l comple x vari -
ables 106 ; of suppor t 234 , 253; o n algebr a 
to algebr a 66 , 115, 164; on maximal ideal s 
136, 717 ; on scalars to algebra 12 1 (o n s. to 
vectors 58 , 92); on vector s t o scalar s 2 6 
(on v. to v. 23, 109, 760); operative f . 275; 
operator f . 59 ; separably-valued 72 ; set f . 
(absolutely continuou s 76 ; countably ad-
ditive 75) ; simple 72 ; subadditive 25 , 237 , 
280, 30 6 (admissibl e 268 ; infinitar y 239 ; 
limit 246 ; negativ e 243 ; positive-homo -
geneous 252) ; submultiplicative 141 , 242 ; 
suboperative 274 , 742 . 

Fundamental, se t 13. 

GANTMACHER, V. , 50 . 

GARDING, L. , 606 , 677 , 751 . 

GATEAUX, R. , 109 ; (G)-differentia l 109 ; (G) -
differentiability 110 , 766; (G)-powe r 768; 
(G)-power serie s 770 . 

GAUSS, C . F., norma l distributio n 657 ; G.-
Weierstrass transfor m 578 , 602, 652, 678 . 

GELFAND, I. , 52 , 60 , 62 , 72 , 77 , 92 , 103 , 117 , 

121, 125 , 128, 131, 132, 136, 139, 141, 147 , 
152, 153 , 157, 164, 168, 171, 303, 308, 310 , 
332, 697 , 699, 714, 715, 716, 751; representa-
tion theor y 136. 

Generation, group s o f operator s 36 4 (wit h 
holomorphic semi-grou p extensio n 500 ; 
with analytica l grou p extensio n 341) ; 
semi-groups o f operator s 35 6 (of class (̂ 4) 
373; o f c . (A) w 380 ; o f c . (1 , A) 364 ; o f c . 
(1, A) u 377 ; o f c. (Co ) 360; of c. (1 , d) 372 ; 
of c . #(<*> , ,  3> 2) 383, 485 . 

GIORGI, G. , 168 . 

Graph, 6 , 40 ; closed g . theore m 47 . 
GRAVES, L . M. , 62 , 109 , 760 . 

GREEN, G. , functio n 617 . 
Group, additiv e 9  (topologica l 10) ; analy -

tical 278 , 341, 461, 494; continuous powe r 
174, 285 ; maximal 119 ; normed 71 5 (n. Lie 
718); o f reversibl e element s 681 ; one-
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parameter strongl y continuou s g . of oper -
ators 303 , 459, 470, 471, 665 (generatio n o f 
364; wit h holomorphi c semi-g . extensio n 
500, 665 ; unitary g . 593, 598, 599); quotien t 
(= factor ) 119 ; transformation g . 617. 

Groupoid, 257 . 
Growth, function s measurin g g . 104 , 229, 

233, 235 , 480, 490; of nor m o f semi-grou p 
of operator s 306 , 478, 536 , 552, 554, 563; of 
subadditive function s 243 . 

G U S T I N , W. , 166 . 

HADAMARD, J. , 489 , 617, 618, 674; Cauchy-H . 
theorem 96 ; H.-Huygen ' s principl e 618 ; 
operator 672. 

H A H N , H. , 28, 30, 31, 33; H.-Banach theore m 
29. 

H A L L , M. , 680 . 

HALMOS, P . R. , 17 , 68 , 71 , 141 , 286 . 

HARDY, G . H. , 239 . 

HARTOGS, F . , 108 , 760 . 

HAUSDORFF, F . , 609 , 614 ; Bernstein-H. -
Widder theore m 592 ; matrices 61 3 (nor -
malized 614) ; momen t functio n 61 4 (alge -
bra 615 ; ari thmetic 616) ; moment proble m 
614; spac e 3 ; summabili t y 613 . 

H E I S E N B E R G ' S theory,  618 . 
H E L L Y , E . , 31 ; theorem s 31 , 569. 
H E N STOCK, R. , 263 . 

H E R M I T E , C. , function s 571 ; semi-group s 
580; serie s 571 , 610 ; H.-Webe r serie s 
(operator) 610 , 672 . 

H I G H B E R G , I . E . , 109 . 

H I L B E R T , D . , 48, 92; algebra o f endomorph -
isms i n H . spac e 584 , 705, 706, 707, 718 ; 
semi-groups i n H . spac e 583 ; space 17 ; 
transform 605 . 

HILDEBRANDT, T . H. , 32 , 62 , 180 . 

H I L L E , E . , 10 , 83 , 93 , 102 , 103 , 128 , 212 , 221 , 

227, 253 , 265 , 279, 289, 291, 303 , 304 , 310 , 
311, 312 , 324, 326, 356, 362, 369, 370 , 377 , 
383, 441 , 453, 473 , 483 , 488 , 503 , 507 , 538 , 
543, 546 , 552, 560, 572, 580, 581, 583 , 605 , 
606, 619 , 621, 623 , 641 , 642 , 667 , 668, 669 , 
681, 702 , 714 , 715 , 727 , 756 ; H.-Yosid a 
theorem 363. 

Holomorphic, grou p 278 , 341, 461, 494; semi -
group 325 , 383, 472, 599 (in half-plane 488 , 
669); solution s t o proble m C  293 ; vector 
function 92 . 

Homeomorphism, 6 . 
Homogeneous, functio n o f degre e n 

(bounded) 110 ; operato r (real-h. ) 24 ; 
potynomial 76 0 (polar for m 762) ; positive -
h. functiona l 2 9 (p.-h . an d circula r 29) ; 
positive-h. subadditiv e functio n 252 . 

Homomorphism, 9 ; kerne l o f 696. 
H O P F , E. , 503 . 

H O P F , H. , 3 , 740 . 

HUKUHARA, M. , 237 , 252 . 

H U R W I T Z , W . A. , 613 . 

H U Y G E N S ' principle,  618 . 
H Y E R S , D . H. , 760 . 

Ideal, (left , r ight , two-sided , proper , im -
proper) 20 , 132 ; closur e o f i . 132 , 695 ; 
maximal 132 , 703 (existenc e o f 132 , 704 , 
705; i . no t containe d i n a  m . i . 705) ; nil -
potent 700 , 701; primitive 711 ; quotien t 
697; regula r 694. 

Idempotent, 121 ; existenc e 175 ; resolven t 
174. 

Image, (invers e i. ) 6 . 
Indicator, i .-diagra m 48 1 (conjugat e i.d . 484, 

559); Phragmen-Lindelof-Poly a i . functio n 
233, 480 , 562; semi-group wit h give n i . 485. 

Infinitesimal generator,  classe s o f i . g.' s 404 
(metric i n 410 , 411); closel y relate d i . g.'s 
409; condition s o n operator t o be i. g. 360 , 
363, 364 , 365, 369 , 373, 377 , 380, 383, 485 ; 
cone o f i . g.' s 415, 757 ; Lie rin g o f i . g.' s 
719; o f adjoin t semi-grou p 426 ; of grou p 
364, 49 9 (analytica l g . 341 ; Lie g. 719 ; g. 
with holomorphi c semi-g . extensio n 500 , 
664); o f perturbe d semi-grou p 389 , 399; of 
semi-group 302 , 34 4 (holomorphi c s.-g . 
483; Li e s.-g . 750) ; operational calculu s 
434; relatio n t o infinitesimal operato r 344 , 
345, 347 ; resolven t 337 , 344 (asymptoti c 
expansion 349 , 488; inversion 349 ; r. se t 
457, 484) ; spectru m 34 4 (exampl e wit h 
specified s . 539, 551); spectra l theor y 453 . 

Infinitesimal operator,  domai n 307 , 308 , 328 , 
329, 750 , 751; of semi-grou p o f operator s 
302, 306 , 328, 331 (o f holomorphic s.-g . 325; 
of Li e s.-g . 750) ; semi-modul e o f i.o.' s 
331 (o f i . g.' s 757) ; smalles t close d ex -
tension o f i. o. 344 . 

Integral, Bochne r 79 ; Cauch y 94 , 166 , 199, 
227, 441 , 690; differentiation o f definit e i . 
88; Dirichle t 218 ; Feje r 221 ; Laplace -
Stieltjes 213 ; Lebesgu e 62 ; Pet t i s 77 ; 
Poisson 227 , 556, 560; Riemann-Liouvill e 
(fractional integral ) 217 , 663; R.-Stieltje s 
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62 (i n algebra 66) ; M. Riesz 671 ; singular 
89. 

Interior, o f set 4; point 4 ; finite  i . 15. 
Invariant, elemen t (functional ) o f se t o f 

operators 353 ; subalgebra 175 ; i. ( = nor -
mal) subgrou p 119 , 120 , 683 . 

Inverse, elemen t (right , left ) 20 ; imag e 6 ; of 
transformation 6  (linea r t . 42) ; quasi-i . 
element 680. 

Inversion formulas,  Fourie r transfor m 600 ; 
F.-Stieltjes t . 570 , 656 ; Laplac e (L. -
Stieltjes) t . 21 8 (comple x 219 ; Phillip s 
221; Post-Widde r 224) ; resolvent o f th e 
infinitesimal generato r 339 , 349, 354, 382 . 

Irreducible, algebr a 175 ; core (element ) o f a 
semi-module 262 ; representation o f alge -
bra 702 , 712 . 

Isomorphism, 9 . 

JACOBI, C . G . J. , serie s 611 , identities 759 . 
JACOBSON, N. , 680 , 681 , 682 , 697 , 699 , 702 , 

704, 708 , 710, 711 . 
JAMES, R . C , 33 . 

KAKUTANI, S. , 12 , 32 , 33 , 37 , 38 , 39 , 49 , 50 , 

185, 502 , 503 . 
KAMKE, E. , 237 , 252 . 

KANTOROVICH, L. , axiom s o f K . 303 . 
KAPLANSKY, I. , 680 , 699 , 705 . 

KATO, T. , 362 , 641 , 642 , 645 . 

KELLEY, J . L. , 28 . 

KENDALL, D . G. , 316 , 534 , 639 . 

Kernel, Abel-Hermit e 571 ; Fejer 155 , 221; of 
algebra 11 9 (of sub-a. 120) ; of closed cycl e 
701; o f homomorphis m 696 ; of rea l (com -
plex) linea r functiona l 27 ; o f singula r 
integral 89 ; Poisso n 228 , smoothing 309 , 
751. 

KHINTCHINE, A. , 654 , 657 . 

KITAGAWA, T. , 543 . 

K L E E , V . L. , J R . , 28 , 29 . 

KNOPP, K. , Euler-K . summabilit y 615. 
KOBER, H. , 473 , 664 , 665 . 

KOLMOGOROFF, A. , 28 , 634 , 636 , 638 , 639 , 

653; Chapman-K . equatio n 634 , 648; di f 
ferential equation s 638 ; matrix 608 , 639 . 

K O O P M A N , B . O . , 5 0 2 . 

K R E I N , M. , 37; K-Milman theore m 28 . 
KRONECKER, I,. , approximatio n theore m 

146; existenc e theore m 740. 
KURATOWSKI, C , 3 , 765 . 

LAGUERRE, E . N . , polynomia l 669 ; serie s 
(operator) 610. 

LAPLACE, P . S. DE, equation 673; L.-Stieltje s 
transform 21 3 (convergenc e 21 3 (absciss a 
of 215) ; inversion 218 ; uniquenes s 216) ; 
transform 21 3 (inversio n 218 , 339 , 349, 
352, 361 , 362, 364; representation b y 230; 
uniqueness 216). 

LASALLE, J . P. , 28 . 

Lattice, 3 ; algebra 151,158,162 ; linear (com -
plete) 16 . 

LAURENT'S expansion,  97 , fo r pseudo-re -
solvent 190. 

LAX, P. , 304, 627 . 
LEBESGUE, H. , integral 62 , 76; convergenc e 

theorem 83 ; translations i n L. spaces 535. 
LEDERMANN, W. , 639 . 

L E E , J . R. , 300 . 
LEFSCHETZ, S. , 5 . 

LEGENDRE, A . M., serie s (operator ) 611. 
LERCH'S theorem,  216 . 
L E ROUX , J. , 618 . 

L E > Y , P. , 653, 657, 673; theorem 653 ; inver-
sion formul a 656. 

L I E , S. , 757, 758; group 718 ; ring 719 ; semi-
group 331 , 726; theorem s 755 , 757 , 758; 
theory 748. 

LINDELOF, E. , 104 , 229 , 230 , 480 , 609 ; mu -

function 229 ; Phragmen-L. theore m 103 , 
381; P.-L.-P61y a indicato r 233 , 480 . 

LlNDENBAUM, A. , 7 . 

Linear, extensio n 1 1 (close d 1 . e. 13) ; func-
tional 26 (bounded 30; multiplicative 135); 
independence (dependence ) 11 ; multi-1 . 
form 760 ; operator 5 1 (multiplicativ e 1 . o. 
303; (O)-adjoin t 423) ; space 12 ; subspace 
(manifold) 1 1 (close d 1 . s. 13) ; system 10 ; 
transformation 24 , 4 0 (adjoin t 42 ; 
bounded 41 ; close d 40 , 45 ; compac t 48 ; 
inverse 42). 

LIOUVILLE, J. , Riemann-L . integra l 663 ; 
theorem 100. 

LITTLE WOOD, J . E. , 239 . 

Locally, analyti c (holomorphic ) 124 , 167, 
200, 449 ; bounded 11 2 (uniformly b . 113); 
I. compact spac e 5 ((B)-space 18) ; unifor m 
convergence 777. 

Logarithm, 172 , 285 . 
Logarithmic, potentia l 673 ; scale 613. 
LOOMIS, L . H. , 717 . 

LORCH, E . R. , 33 , 109 , 115 , 116 , 121 , 127 , 
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129, 164 , 168, 171, 173, 176, 287; (L)-ana -
lytic 115 , 770 . 

LORENTZIAN distance,  674 . 
LUMER, G. , 286 . 

MACBEATH, A . M. , 263 . 

Majorized, infinitesima l generato r m . b y 
pit) 43 5 (strictl y m . 442) ; Lebesgue m . 
convergence theore m 83. 

Mapping, 6 . 
MARKOFF, A. , algebr a 634 ; chai n (process ) 

634. 
MARTIN, R . S. , 109 . 

Maximal, domai n o f analyti c existenc e 47 6 
(of semi-grou p o f operator s 477 , 485, 538 , 
557,560,599); element of partially ordere d 
set 2 ; group 119 ; idea l 132 , 703 (m. i.'s in 
S(<p) 147; intersection o f 133,708; topolog y 
of 137) ; m. principl e 3 ; type 104. 

MAZUR, S. , 28 , 36 , 127 , 765 . 

Measurability, fo r operator-value d func -
tions 74 ; for vector-value d function s 72 ; 
m. implies continuit y for semi-groups 280 , 
289, 292 , 303 , 328 , 334 , 743 , 747 . 

MEHLER-DIRICHLET integral,  612 . 
Meromorphism, domai n o f 98. 
Metric, functio n 7 ; spac e 7 ; topolog y fo r 

closed linea r transformation s 45 , 198 (for 
infinitesimal generator s 410 , 411) . 

MICHAL, A . D . , 109 , 760. 

MiLMAN,D.,33;Krein-M. theorem28 . 
MIMURA, Y. , 31 . 

Minimal, elemen t o f partially ordere d set 2; 
ideal 701 ; rate o f growt h 496 ; type 104 , 
229. 

MINKOWSKI, H. , 237 , 252 , 263 . 

MITTAG-LEFFLER function,  668 . 
MIYADERA, I. , 304 , 360 , 365 , 373 , 746 . 

Module, 262 . 
Modulus, o f continuit y (rectified ) 249. 
Monodromy, theore m of , 98. 
MOORE, E . H. , 5 . 

Multiplicative, linea r functiona l 135 ; sub-m. 
function 141 , 242 . 

MUNTZ, H. , 98 . 

MURRAY, F . J. , 52 . 

NAGUMO, M. , 120 , 191 , 279 , 284 , 285 . 

NATHAN, D . S. , 279 , 284 , 285 . 

Neighborhood, 3 ; basis (n . b. of point ) 3 . 
VON NEUMANN , J. , 35 , 36 , 52 , 285 , 286 , 502 , 

718, 724 , 728 . 
NEUMARK, M. , 131 , 157 , 714 . 

NEVANLINNA, F . an d R. , 103 . 

NEWTON, I. , interpolatio n serie s 23 1 (i . 
polynomial 761) ; potentia l 673. 

NIELSEN, J. , 262 . 

Nilpotent, algebr a 688; element 12 1 (quasi-n . 
e. 121 , 128 , 699 ; properly q.-n . e . 699); 
ideal 700 , 701; semi-group 537. 

NORLUND, N . E. , 212 , 232 , 234 , 235 , 492 , 494 , 

533. 
Norm, 1 6 (fo r algebr a 22) ; equivalence o f 

n.'s 47 , 52; of Frobenius-Wedderbu m 718; 
growth o f n . o f semi-grou p 306 , 478, 536 , 
552, 554 , 56 3 (convexit y o f n . 564) ; n. 
(= bound ) o f functiona l 3 0 (for m 765 ; 
polynomial 765 ; transformation 24) ; sub -
harmonic functio n 100. 

Normal, distributio n (Gaussian ) 657 ; ele -
ment in (*)-algebra 22 ; operator 584 (semi -
group o f n . o.' s 593) ; n. ( = invariant ) 
subgroup 119 , 120 , 683, 699; topologica l 
space 5 ; typ e 104 , 229 (solutio n t o ACP 
619). 

Normed, algebr a 22,125, 712; field 127; group 
718; linea r spac e 17 ; semi-group 718. 

Open, 3 ; finitely  o . 14. 
Operation, se e Operator . 
Operational calculus,  fo r close d linea r op -

erators 199 ; for infinitesima l generator s 
434 (amende d 442 ; analytica l dependenc e 
446); i n (B)-algebra with unit 16 4 (withou t 
u. 689) ; i n commutativ e (W*)-algebr a 
(extended o.c. ) 586. 

Operator ( = endomorphis m =  operation) , 
adjoint 42 , 16 1 (self-a . 161 , 584; (O)-a . 
423); bounde d linea r o.' s (endomorph -
isms) 51 ; close d linea r o.' s 5 5 (spectra l 
theory fo r c. 1 . o. with compac t resolven t 
210); commutan t o f a n o . 424 ; compac t 
linear o . 48 (spectral theor y 180) ; contrac -
tion 353 ; infinitesima l o . 306 (set of 331); 
normal 584 ; perturbing 394 ; positiv e 353; 
projection 52 , 163 , 584 ; resolven t 54 ; 
transition 353 ; unitary 584. 

Order, o f determining functio n 214 ; of entire 
function 104 ; of holomorphi c functio n i n 
half-plane 22 9 (o n vertica l line s 229 ; in 
sector (subexponentia l o. ) 490) ; on circl e 
489. 

Oriented envelope,  o f closed se t with respec t 
to a  function 166 , 199; of spectral se t 177 . 

ORLICZ, W. , 61 , 109 , 573 , 765 . 
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Oscillating, slowl y (feebly ) 505 , 508 . 
OSGOOD, W . F. , theore m 113 , 114 . 

Parameter, parametric,  semi-grou p 258 , 727 . 
Partial ordering,  2 ; i n (A*)-algebra s 15 1 

((B*)-a.'s 158 ; (C*)-a.' s 162) ; in linea r 
systems 1 5 (semi-group s o n a  p . o . 1 . s . 
303, 353) ; for bounde d self-adjoin t op -
erators 162. 

PECK, J . E . L. , 738 . 

PERLIS, S. , 680 , 699 . 
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Perturbation theory,  fo r semi-groups o f clas s 

(A J 42 0 ((1, A)  399 ; (1, A) u 402; (C 0) 389 , 
400; (1 , Ci) 401 ; # ( * i ,  * 2 ) 417) . 

Perturbing operators,  A  -extension 392 ; 
bounded 389 ; of clas s 3(A)  39 1 ( 3 ~ U ) 
392; $ U ) 394). 

PETTIS, B . J. , 33 , 38 , 61 , 62 , 72 ; integral 77 . 
PHILLIPS, R . S. , 37 , 40 , 49 , 50 , 62 , 77 , 89 , 

129, 141 , 155, 210 , 221, 223 , 242, 304, 305 , 
306, 310 , 321, 344 , 360, 365, 372, 373, 377 , 
402, 417 , 422, 446 , 453 , 463, 483, 503, 580 , 
583, 598 , 606, 612, 619, 621, 622, 623, 660 , 
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381. 
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PIERPONT, J. , 531 . 

PINCHERLE, S. , 492 . 

PITT, H . R. , 149 , 505 . 

PLANCHEREL theorem,  599 . 
PLESSNER, A. , 534 . 

POINCAR£, H. , asymptoti c i n th e sens e o f 
P. 349 , 357, 487, 488 . 

Point spectrum,  54 ; contain s pole s o f re -
solvent 19 4 (characterizatio n o f p . o f r . 
521, 522 , 668); ergodi c propertie s o f p . s . 
518, 525 ; index 55 ; mapping o f p . s . 204, 
464, 465 ; o f Abe l summabilit y semi-grou p 
608; o f translatio n semi-grou p 532 , 533 ; 
of trigonometri c semi-grou p 549 ; propert y 
Pi 54 ; relation betwee n p.s . of semi-grou p 
operators an d generator 467 , 470 . 

POISSON, S . D . , distributio n 314 , 636 , 650 , 
657; integra l 556 , 560 ; kerne l 228 , 658; 
summability 543 , 556; transform 579 , 604 . 

POLLARD, H. , 14 . 

P 6 L Y A , G. , 102 , 103 , 239 , 243 , 472 , 480 , 483 , 

718; Phragm6n-Lindelof-P . indicato r 480. 
Polynomials, abstrac t (homogeneous ) 760 ; 

Newton's interpolatio n p. 761; orthogona l 
p. (Hermit e 610 ; Laguerr e 610 , 669 ; 
Legendre 611). 
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POST, E . L., 224, 435, 670 ; P.-Widder inver -
sion formul a 224 , 362. 
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Power, 17 4 ((F)-p. , (G)-p . 768) ; abstract p . 

series 10 9 ((F)-p . s . 775 ; (G)-p . s . 770); 
p. grou p 17 4 (continuou s 285) ; p. semi -
group 539. 

PRICE, G . B. , 62 . 

Principle, correspondenc e 168 , 337 , 689 ; 
Huygen's 618 ; maximal 3 ; of analytic con -
tinuation 98 ; o f indeterminanc y 618 ; of 
scientific determinis m 618 ; of th e maxi -
mum 99 , 114; of unifor m boundednes s 26 . 

Probability matrices,  633 , 634. 
Problem, A  278, 280 (strong cas e 303) ; B 278, 

288 (stron g cas e 327) ; C 279, 291; D  279, 
300; correctl y ( = well ) se t p . 357 , 617 . 

Product, Cartesia n p . (p . space) 5 ; cros s p . 
681; define d b y convolution 141 , 615, 649 , 
701; inne r p . 17 ; ring p . 19 ; restricted p . 
268; scala r p . 11; p. system (linea r 12 , 19 ; 
algebra 20). 
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Hilbert spac e 163 , 584 . 
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PUTNAM, A. , 703 . 

Quasi-, invers e 680 ; nilpotent elemen t 121 , 
128, 69 9 (properly q.-n . e. 699; semi-grou p 
of q.-n . e.'s 481); radica l 699 ; regula r 680 ; 
resolvent 175. 
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Radical, 133 , 699; algebra 701 ; as intersec -
tion o f ideal s 133 , 708; nilpotency o f r . 
701; quasi-r . 699 ; Segal r . 708; weak r . 710; 
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RAIKOV, D . A. , 139 , 155 . 

Range, o f transformatio n 5 ; o f linea r t . 40, 
44 (r. of secon d category 46) ; of adjoint to 
1. t . 44, 45; r, space o f semi-group (3E o 307; 
?)o , 9o(x ) 328) . 

Realization, o f semi-grou p 258. 
Rectifiable arc,  in (B)-algebr a 66 . 
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Reducible, algebr a 175 ; elemen t o f semi -
module (indefinitel y r . s.-m. ) 262 . 

Regular, (B)-spac e ( = reflexive ) 33 ; ele -
ment 20 , 11 8 (quasi-r . e . 680 ; semi-r . e . 
702; se t o f r . e.' s ( = maxima l group ) 119) ; 
ideal 69 4 (maxima l r . i . 704) ; spac e 5 . 
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601, 603 , 604 ; spectra l r . o f elemen t 177 , 
688 (o f operato r 207) . 

Resolvent, analyti c extensio n 126 , 185 , 189 ; 
equations (firs t 126 , 183 ; second 126 , 195) ; 
is holomorphi c 123 , 18 4 (a t infinit y 190 ; 
entire 190 , 195 , 484 , 537 , 664 , 668 , 676) ; 
Laurent expansio n 190 ; r . o f elemen t 12 3 
(of linea r operato r 54) ; r . o f semi-grou p 
generator 33 7 (inversio n o f r . 339 , 349) ; 
poles o f r . 194 , 521 , 522 , 524 ; pseudo-r . 
126, 183 ; quasi-r . 175 ; representatio n o f 
r. 186 ; r . se t 54 , 123 ; singula r a t infinit y 
193. 

REUTER, G . E . H. , 639 . 
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RICKART, C . E. , 62 , 120 , 129 , 130 , 289 . 

RIEMANN, B. , R . functio n 617 ; R.-Liouvill e 
integrals 663 ; R.-Stieltje s integral s 62 . 

RIESZ, F. f 31 , 35 , 37 , 92 , 162 , 174 , 180 , 502 . 

RIESZ, M. , 313 , 316 , 545 , 573 , 606 , 672 , 673 , 

674, 675 , 676 , 677; inequality 313 ; integrals 
671; operato r (potential ) 673 , 674 , 677 . 

Ring, 9 , 681 ; Lie r . 331 ; r. multiplicatio n 19 . 
ROMANOFF, N . P. , 435 , 610 . 

ROSENBAUM, R . A. , 237 , 240 , 253 . 

RUNGE theorem,  170 , 201 , 692 . ' 

Scalar, field  11 ; multiplication 11 , 20. 
SCHAFFER, J . J. , 286 . 
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SCHEFFERS, G. , 757 , 758 . 

SCHMIDT, R. , 505 . 

SCHUR, I. , 37 , 256 , 718 , 719 . 

SCHWARTZ, J. , 50 , 509 . 

SCHWARTZ, L. , 319 , 446 . 

SCHWARZ, H . A. , inequalit y 17 ; lemm a 100 . 
Scientific determinism,  principl e o f 618 . 
SCORZA-DRAGONI, G. , 740 . 

SEGAL, I . E. , 155 , 312 , 336 , 534 , 680 , 695 , 699 , 

704, 705 , 708 . 
DE SIGUIER , J . A. , 256 . 
Self-adjoint, algebr a 161 ; elemen t 22 ; op -

erator 161 , 58 4 (semi-grou p o f s.-a . o.' s 
587). 

Semi-group, abelia n 257 ; abstrac t 25 6 (re -
alization 258) ; additiv e ( — semi-module ) 
257; adjoin t 426 ; algebr a associate d wit h 
s.-g. 455 , 715; s.-g. commutin g wit h trans -
lations 546 , 574 , 651 ; s.-g. connecte d wit h 
Abel summabilit y 607 ; continuit y a t th e 
origin 317 , 321; Hermitian 580 ; hyperboli c 
271; holomorphi c 47 2 (structur e 478 ; i n 
half-plane 488 , 669); Lie 726 , 748 (assump -
tions P,727,728,741,748,749;T , 741 , 742); 
nilpotent 537 ; norma l 593 ; normed 718 ; of 
class (A),  (Co) , etc. (se e classes o f s.-g.'s) ; 
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(transition) operator s 642 , 652 ; o f self -
adjoint operator s 587 ; one-paramete r 
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Markoff algebr a 635) ; orthogona l 561 ; 
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trum 551 ; with rea l positiv e spectr a 496 . 
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operators 33 1 (i . generator s 757) ; spina l 
269. 

Semi-simple algebra,  133 , 699; weakly s.-s . a. 
708. 
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Series, asymptoti c 349 , 351,487, 488; Fourier 

468, 54 3 (absolutel y convergen t 136) ; 
(F)-power 77 5 (radii o f convergenc e 777); 
(G)-power 770 ; interpolation (binomia l = 
Newton 231 , 489 , 669 ; Sterlin g 494) ; 
lacunary 546 ; Lauren t 97 ; orthogona l 
(Hermitian 571 , 610 ; Laguerr e 610 ; 
Legendre 611) ; null 232 ; Taylor 97 ; wit h 
terms i n a  (B)-spac e 6 0 (in a (B)-algebr a 
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SIERPINSKI, W. , 263 , 588 . 
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(sequentially) c . 35); flat  s . 11 ; Euclidea n 
13; Hausdorf f 3 ; Hilber t 17 ; linea r 12 ; 
metric 7  (metrizabl e 8) ; normal 5 ; normed 
linear 17 ; of type L  68; product 5; quotien t 
s. 18 ; regula r 5 ; reflexiv e ( = regular ) 
linear s . 3 3 ((O)-r . 431) ; separabl e 4 ; 
topological 4 ; uniformly conve x 19 . 

Spectral^ classificatio n 54 ; locall y s . 713 ; 
mapping theorem s 171 , 203, 459, 461, 464 , 
693; propertie s P r 54 ; radiu s 125 , 685; 
resolution 17 7 (close d operato r 207) ; set 
177; s . singularitie s 129 ; theory 123 , 453 
(compact operato r 180 ; operato r wit h 
compact resolven t 210). 

Spectrum, chang e unde r extension 55,129 ; of 
element i n (B)-algebr a wit h uni t 12 3 
(without u . 684) ; o f infinitesima l gen -
erator 344 , 457 , 484 ; of linea r operato r 
(point, continuous , residua l s. ) 5 4 (ex -
tended s . 57) ; o f residu e clas s 698 ; of 

r ( { ; A)  467 ; resolution o f s . 177 , 207, 688 ; 
upper semi-continuit y o f s . 167 , 199, 448 , 
690. 

Spinal semi-module,  269 . 
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SREIDER, Y . A. , 149 , 153 . 

Stable, propertie s 388 , 403 , 414 ; solutio n 
357, 617 . 

Star, algebr a 2 2 ((A*)-a. 22 , 151; (B*)-a . 22, 
157; (C*)-a . 161 ; (W*)-a . 161 , 584); c.-s. 
set 109. 

STEFFENSEN, J . F. , 760 . 

STEINHAUS, H. , Banach-S. theore m 41. 
STIELTJES, T . J. , Laplace-S . transfor m 21 3 

(convergence 21 3 (absciss a o f c . 215) ; 
inversion 218 ; uniqueness 216) ; Riemann -
S.integral 62. 

STIRLING'S interpolation  series,  494 . 
Stochastic process,  634 ; differential 648 ; in 

in Ei (spatiall y an d temporally homogene -
ous) 648 ; Markoff 634 . 

STONE, M . H. , 17,101,102,117,128,151,158 , 
162, 303 , 435 , 583, 584, 715; S.-Weierstras s 
theorem 151 ; S. theorem 583 , 598 . 

Strong, bounde d variatio n 59 ; case 278 , 302 , 
342; continuit y 5 8 (absolute c . of set func -
tion 76 ; in s. operato r topolog y 59) ; con-
vergence 6 0 (i n s . operato r topolog y 60 ; 
unconditional c . 61); countable additivit y 
75; differentiabilit y 59 ; ergodic theorem s 
509, 518 ; measurability 72 , 74 ; topolog y 
35 (operato r t . 52). 

Structural constants,  750 . 
Subadditive function,  237 ; admissibl e 268 ; 

boundedness o f 241 , 253 ; continuit y o f 
246 (c . i n mea n o f 249) ; differentiabilit y 
250; infinitar y s . f . 239 ; limit function s o f 
s. f . 246 ; moduli o f continuit y 249 ; nega -
tive s . f . 243 ; rate o f growt h o f 243 , 254 ; 
positive-homogeneous s . f. i n En 252. 

Subgroup, 10 ; invarian t ( = normal ) 119 , 
120, 683 . 

Submultiplicative function,  141 , 242; proper -
ties 242 , 397, 414, 450 . 

Suboperalive function,  274 , 742; boundednes s 
742. 

Subsemi-group, 257 . 
Subspace, linea r (leas t 1 . s.) 11 ; closed linea r 

(least c . 1. s.) 13. 
SUCHUMLINOV. G. , 109 . 

Summability, Abe l 321 , 543, 556, 581, 607; 
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SZEGO, G. , 103 , 124 , 243 , 572 , 611 , 669 . 

SZ.-NAGY, B. , 17 , 303 , 435 , 583 , 584 , 587 , 593 , 

718. 

TAMARKIN, J . D . , 212 , 227 , 441 , 546 , 581 , 591 , 
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TAUBERIAN theorems,  155 , 503, 505; Ander-

sen 507; Pitt 506 ; Wiener 155. 
TAYLOR, A . E. , 56 , 67 , 92 , 93 , 109 , 164 , 168 , 

193, 199 , 202 , 203, 760 , 778 . 
TAYLOR expansion,  97 , 111 ; for semi-grou p 

of operator s 350 , 487 ; generalizatio n o f 
316, 533 ; of (L)-analyti c functio n 770. 

TCHEBYCHEFF, P . L. , inequalit y 313 . 
TILLMANN, H . G. , 627 . 

TITCHMARSH, E . C , 566 , 600 . 

Topological, additiv e grou p 10 ; algebra 21; 
concepts 2 ; linea r spac e 12 ; semi-grou p 
257; spac e 4 . 

Topology, 3 ; finit e 14 ; in (B)-spac e (stron g 
35; wea k 35 ; weak * 37) ; operato r t . 
(strong, uniform , weak ) 52 ; relative t . 4; 
uniform t . 10 ; weaker t . 7 . 

Transform, Bore l 340 ; Dirichlet 603 ; Fourier 
566, 599 , 604; Gauss-Weierstrass 578 , 602 , 
652, 678 ; Laplac e (L.-Stieltjes ) 213 ; 
Poisson 579 , 604 . 

Transformation, 5 ; additiv e 23 ; adjoint 42; 
bounded 24 , 41 ; close d 40 , 45 ; compac t 
(weakly c. ) 48 ; convergenc e preservin g 
607, 609 ; continuou s 5 ; degenerat e 48 ; 
extension o f 40; graph of 6, 40; homogene -
ous (real-h. ) 24 ; inverse 6  (i . for linear t . 
42); linea r 24 , 40; semi-group 258. 

Transition, operato r 353 , 636; semi-group in 
£ ^ 6 5 2 (£?660) . 

Translations, i n Lebesgue space s 535 ; left t . 
in residu e clas s syste m 71 2 (i n semi-group 
258); semi-group s commutin g wit h t . 546, 
574, 651 ; s.-g. of t. on real line 530 (adjoin t 
s.-g. 534) ; s.-g. o f t . o n a  spina l semi -
module 538 ; unitary grou p o f t . 593 , 599 . 

TRICOMI, F. , 543 , 580 . 

TUKEY, J . W. , 12 . 

TYCHONOFF, A. , 5 , 13 ; fixed poin t theore m 
15. 

Uniform, boundednes s principle 26 (theore m 
26, 34) ; cas e 278 ; convergenc e 60 ; con 

vexity 19 ; ergodic theorem s 288 , 509, 521 ; 
measurability 74 ; operato r topolog y 5 2 
(continuity 59 ; convergence 61 ; differen -
tiability 59). 

Uniqueness, fo r abstrac t Cauch y proble m 
619; o f semi-grou p generato r 357 ; of solu -
tion o f proble m C  297; theore m fo r holo -
morphic function s 9 7 (fo r (G)-differenti -
a t e function s 111) ; theorem fo r Laplace -
Stieltjes transform s 216 . 

Unitary operator,  584 ; group o f u . o.' s 598 
(translations 593 , 599) . 

URYSOHN, P. , 7 , 8 . 

DE L A VALLEE-POUSSIN , C . J. , 237 . 

Variation, bounde d v . (strong , weak ) 59 ; 
convergence i n v . 649 ; normalized func -
tion of b. v. 213; numerically-valued func -
tion o f b . v . 61 4 (algebra s 141 , 615, 649) ; 
total v . (stron g t . v. ) 59. 

Vector sum,  262. 
VISSER, C , 502 . 

VITALI, G. , theorem s 104 , 113 . 
VOLTERRA, V. , 674 , 701; functions o f com -

position 109 , 617. 
VULICH, B. , 303 . 

WALLACE, A . D . , 741 . 

WALSH, J . L. , 170 , 201 . 

Weak, bounde d variatio n 59 ; compactnes s 
(w. sequentia l c. ) 35 ; completenes s (w . 
sequential c. ) 35 ; continuit y 5 8 (i n w . 
operator topolog y 59) ; convergenc e 35 , 6 0 
(w. unconditiona l c . 61) ; countable addi -
tivity 75 ; differentiabilit y 59 ; ergodi c 
theorems 512 ; w. form o f property implie s 
strong for m 60 , 62, 73, 75, 93, 318, 324, 513, 
514, 519 ; measurability 72 , 74 ; operato r 
topology 52 ; topolog y i n a  (B)-spac e 3 5 
(w. sta r t . 37) ; compac t transformatio n 
48. 

WEBER, H. , Hermite-W . serie s (operator ) 
610, 672 . 

WEDDERBURN, J . H. M., Frobenius-W. nor m 
718. 

WEHAUSEN, J . V.,28 . 
WEIERSTRASS, K. , analyti c continuatio n 98, 

113; approximatio n theore m 534 ; Gauss -
W. operato r 578 , 602, 652, 678; Stone-W. 
approximation theore m 151. 

WEYL, H. , 671 . 

WIDDER, D . V. , 212 , 224 , 226 , 365 , 366 , 406 , 
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version formul a 224 , 362. 

WIENER, N. , 92 , 117 , 132 , 136 , 149 , 156 , 435 , 
502; Tauberian theorem 155, 505; theorem 
136. 

WILLIAMS, C . S. , 761 . 

YOSIDA, K. , 221 , 279 , 319 , 356 , 361 , 502 , 513 , 
606, 654, 719, 724; Hille-Y. theorem 363. 

ZORN, M., 3 , 107,110 , 111 , 256 , 265 , 538 , 680 , 
709, 714 , 760 , 778; category theore m 271; 
maximal principl e 3. 
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