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FOREWORD 

The presen t book ha s grown out o f course s o n graph theory given from time to 
time at Yale University . A  first set of lectures on binary relations and graphs was 
presented befor e th e America n Mathematica l Societ y a t it s summe r meetin g i n 
Chicago, 1942. Since the manuscript to these lectures was not completed for publi -
cation at tha t time due t o more urgent task s i t seems appropriat e that this book 
should appear in the Colloquium Lectur e Series of the society. 

Graph theor y a s a  mathematica l disciplin e wa s create d b y Eule r i n hi s no w 
famous discussion of the Konigsber g Bridg e Problem . However , Euler' s articl e o f 
1736 remaine d a n isolate d contributio n fo r nearl y a  hundre d years . Abou t th e 
middle of the last century a resurgence of interest i n the problems of graph theory 
took place , centered mainl y in England . Ther e were many causes for thi s reviva l 
of grap h studies : The natura l science s ha d their influence throug h investigation s 
of electrica l networks and models for crystal and molecular structure; the develop-
ment o f formal logi c le d t o the stud y of binar y relations in the form o f graphs. 
A numbe r o f popula r puzzl e problem s coul d b e formulate d directl y i n term s o f 
graphs an d thu s cam e th e realization that many such questions includ e a mathe-
matical nucleu s o f genera l importance. Mos t celebrate d amon g them is th e Fou r 
Color Map Conjecture which was first laid before the mathematicians by De Morgan 
around 1850 . N o other problem has occasioned as numerous and ingenious contri-
butions t o grap h theory. Du e to its simple formulation an d exasperating evasive -
ness it stil l remains a powerful incitement t o the examination o f graph properties. 

The present century has witnessed a  steady development o f graph theory whic h 
in the last ten to twenty years has blossomed out into a new period of intense acti-
vity. Clearl y discernibl e i n thi s proces s ar e the effect s o f th e demand s fro m ne w 
fields o f applications : gam e theor y an d programming , communication s theory , 
electrical network s an d switchin g circuit s a s wel l a s problem s fro m biolog y an d 
psychology. 

As a  consequence o f these recent developments th e subject o f graphs is already 
so extended that it did not seem feasible to cover all its main ramifications withi n 
the framework o f a single volume. I n the present first volume o f an intended tw o 
volume wor k th e emphasi s ha s bee n place d upo n basi c concept s an d th e result s 
of particular systematic interest. 

There exis t ver y few book s o n grap h theory; th e mainstay ha s been th e boo k 
by D. Koni g (1936) , whic h fo r it s tim e gav e a  mos t excellen t introductio n t o 
the subject . Strangel y enough , unti l no w ther e ha s bee n n o boo k i n English , 
in spite of the fact that many o f the mos t importan t contribution s t o th e subjec t 

IX 



X FOREWORD 

are due to American and English writers. An effort ha s bee n made t o presen t th e 
subject matte r i n th e boo k i n a s simpl e a  for m a s possible . Almos t al l proof s 
have been revised; a considerable number of new results are also included . A  syste -
matic terminolog y i s introduced whic h i t i s hoped ma y prov e acceptable . 

For th e benefi t o f th e reade r a  considerabl e numbe r o f problem s hav e bee n 
included. Man y o f these ar e quit e simple ; other s ar e mor e i n th e natur e o f 
proposed researc h problems ; thes e hav e bee n marke d with  a n asterisk . 

The secon d volum e wil l b e devoted t o mor e specia l topics : plana r graphs , th e 
four colo r conjecture , th e theor y o f flow,  games , electrica l networks , a s wel l a s 
applications to a  number of other fields in which graph theory is a principal tool . 

Yale Universit y 
April 196 0 

Oystein Or e 
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directed 2, 145 , directed leaf 149 , edge disjoint 13 , Euler 39, exclusion 100 , finite 7, generating 
152, infinite 7 , interchange 19 , intersection 12 , isomorphic 3 , leaf 82 , leaf composition 84, 149, 
mixed 3 , mutually connecte d 147 , nearl y regula r 118 , nul l 3 , Pappu s 241 , permutatio n 25 , 
Petersen 240 , plana r 6 , Platoni c 8-10 , produc t 33 , regula r 10 , 11 , regula r bipartit e 117 , 
reproduction 167 , section 12 , signal relation 220, singular, singularly related 104 , star 12 , sum 
12, term 126 , transitive closure 150 , transmission 220, undirected 2 , vertex disjoint 13 . 

Group, automorphism 239, complete monomial 240. 
Grundy function 224. 

Hadwiger's conjecture 233. 
Hamilton, arc 53, circuit 52 , center 56. 
Height 69 , 70, Hexagonal conditio n 195 . 
Homomorphism 83, 149, connected, disjoint 85 , independent 85,  simple 83, multiplicity 83. 
Homomorphic imag e 83, Husimi tre e 89. 

Immediate successor , predecessor 162 , Imply 14, Incidence matchin g 71, 72, Incidence matrix 19, 
Inclusion propert y 97 , incomparabl e 151 , Independen t edg e famil y 213 , Independen t orde r 
decomposition 174 , Independence number 211, 213, Index reduction 50 , Intersection ring 177. 

Jordan-Holder theorem 163-166 , Junction 2. 

Kirkman School Gir l Proble m 212. 
Knight Proble m 52. 
Konigsberg Bridge Problem 38. 

Labyrinth, 47, problem 48, Hampto n Court 48. 
Lattice 176 , operations, axioms 175 , complemented 187 . 
Latin square 130 , partial 131. 
Leaf 82, 149 , singular 82. 
Lobe 86, 150. 
Loop 4, count 7. 
Lower section 172. 

Marginal sum 129 , Marriage Problem 115 . 
Matching 111 , 204, incidence 71, maximal 132 , partial i l l , prope r 111 , simultaneous 140 , 

theorem 112. 
Maximal principle, Hausdorff-Kuratowsk i 94 , Zorn 95. 
Measure 35, 50, matrix 35. 
Minimal Connector Problem 61. 
Mohammed's scimitars 39. 
Multiplicity 7 , 10. 

Negation 14 , Network 2 , Node 2. 

Order (of correspondence) 26, 69. 
Order 17, decomposition 174 , partial 17 , 170 , product 179 , quasi 151 , weak 151. 

Path 23, a, a* 156 , alternatin g 132 , cross 198, cyclic 23, deficiency 133 , Euler 18 , finiteness 205 
maximal 162 , simple 23, simply relate d 162 . 

Partition 16, dual 142. 
Parent 167, Peninsula 78, Permanent 128 , Permutation 25, Polyhedra, regular 10, Predecessor 167 
Product space 1 , dimension 179 . 

Quasi-group 131 , Quasi-order 151. 

Radius 29, elongation 31. 
/^//^alternatingproduct 193 , antireflexive 15 , binary J4,bipartite 15,close d 190,commutativ e 

195, complementar y 14 , convers e 14 , difunctiona l 193 , equivalenc e 16 . inclusio n 1 7 14 5 
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intersection 15 , mutually transitiv e 192 , null 14 , order 17 , product 191 , progeny 166 , proper 
inclusion 18 , reflexive 15 , self-transitive 193 , sum 15 , symmetric 14 , transitive 15 , universal 14, 
weakly symmetri c 190 , weakly transitiv e 193 . 

Root 59. 

Scaffolding 101 . 
Section 23, lower, upper 172. 
Sequence 22, cyclic 23, directed, undirected 23, one-way, two-way infinite 22, proper 168, reverse 

cross- 200 , 203, section 23. 
Se/,conformal 138 , covering 208, critical 109,204 , deficient 134 , dependent,completely dependent, 

independent, related , unrelated 210, distinct representatives 116 , dividing 93, dominating 206, 
finitely minima l 139,G-12, generating 146,172, inclusion 17, matching 132, maximal independent 
211, maximal ordered 95, M-image 135 , minimal critical 109 , 136, minimal 5-135, ordered 17, 
representatives 113 , separating 138,200 , separating edge 202, strongly dependent 173 , vertex 1, 
without deficiency 110 , 204. 

Sex dichotomy 167 , Skeleton 101 , Skein 59, Stochastic matrix 129. 
Subgraph 12 , proper 210 edg e disjoint 12 , vertex disjoint 12 . 

Term rank 126. 
Transfinite induction 92, construction 95. 
Transposition 27, 60, basis 60. 
Traveling Salesman Problem 53. 
Tree 58, rooted 59, maximal 101. 

Union 175. 

Variance 30. 
Vertex 1, accessible 145 , 156 , 200 203 , accessibly equivalent 145 , 158, attachment 79, 80, attach-

ment numbe r 80 , connectivity 80 , covering numbe r 210 , cut 87 , cycli c edge connecte d 146 , 
deficient 133 , 160, deviation 30 , disjoint 13 , immediate predecessor , successor 162 , incident 2,' 
independence number 211, initial 1,22 , inner 22, intermediate 22 , 162 , isolated 3 , median 30,* 
mutually connected 145 , separating 87, separation theorem 200, strongly circui t connected 86* 
terminal 1 , 22, 58. 

Well-ordering 92 . 
Weight 65 , branch 65. 

Zermelo's theore m 92 . 
Zorn's lemm a 95 . 
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van Aardenne-Ehrenfest, 41, 250 
Andreolt, 252 
Aumann, 258 

Baebier, 77, 253 
Bagemihl, 213, 260 
Beckman, 50, 251 
Bellman, 251 
Bcnado,257 
Bcrge, 250, 256 
Birkhoff, G., 245 , 257, 258, 267 
Birkhoff, G.D., 235 , 262 
Blanusa, 252 
Bol,61,252 
Boruvka61,252 
Bostwick, 220 
Bott, 61, 252 
Brooks, 226, 261 
de Bruijn, 41, 226, 250, 254, 261 
Burge, 253 

Cayley, 59-61, 242-244, 251, 262 
Chapman, 118,255 
Chisholm, 253, 
Choquet,61,252 
Coxeter, 245, 264 
Crowe, 250 
Culik, 256 

Dantzig, 53,251 , 257 
De Morgan , »x 
Desargues, 241 
Dickinson, 263 
Dickson, 220 
Dilworth, 173 , 174 , 182 , 257 
Dirac. 56, 89, 91, 229, 231-233, 253, 259, 261 
Dubreit, 195 , 259 
Dubreil-Jacotin, 195 , 259 
Dulmage, 127 , 130 , 255 
Dushnik, 178 , 258 
Dzlobek. 61, 252 

Egyed, 147 , 256 
Eisenhower, 73 
Erdos. 43, 56, 91, 213, 219, 220, 226,250,253, 

260, 261, 
Euler V., 38-40, 131,25 0 
Everett, 258 

Ferrers, 193-196 
Fiedler, 256 
Fitting, 251 
Fletcher, 263, 
Flood, 251, 

Fodor, 213 , 260 
Ford, 251 
Foster, 264 
Frucht, 240, 241, 244, 245, 262-264 
Fulkerson, 53, 251, 257 

Gaddum, 227, 261 
Gale, 143, 256 
Gallai, 56,91,213,253, 26 0 
Gleason, 218, 261 
Goldberg, 81,253 
Goodman, 218,261 
Gottschalk, 254 
Green, 81, 253 
Greenwood, 218, 261 
Griinwald, G., 254, 260 
Grunwald, T., 43, 250, 259 
Grundy, 224-226 

Hadwiget, 233.234 
Hajos, 259 
Hall, M, 116 , 131,254,255 
Hall, P., 113 , 254 
Halmos, 254 
Harary, 77, 89. 253, 263 
Hausdorff, 94 
Heller, 251 
Henkin, 254 
Higgins, 140 , 142, 254, 256 
Hiraguchi, 258 
Hoffman, 254 , 257 
Husimi, 253 

Izbicki, 245, 263 

Jarnik,61,252 
Johnson, 53, 251 

Kagno, 241, 262 
Kelly, J. B., 227, 231,252, 262 
Kelly, L.M., 227 , 231, 262 
Kirkman, 212 
Klein, 219 , 220 
Kolibiar, 257 
Komm, 181,25 8 
K6nig V.. 49, 139 , 203, 250, 256, 259 
Kossler, 61,252 
Kotzig, 253 
Krausz, 264 
Kreweras, 254 
Kruskal, 61, 252 
Kuhn, 254 
Kuratowski, 94 
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Lambek, 259 
Lazar, 260 
Lucas, 41,49, 250 
Luce, 256 

Maak, 254 
MacLane, 81, 165 , 253, 257 
Makai, 220 
Mann, 255 
Marcus, M. , 255 
Marcus, S., 213, 260 
Mayberry, 6!, 25 2 
McGuire, 50,251 
Mendelsohn, 127 , 130 , 255 
Menger, 200, 201, 203, 205 
Miller, E.W., 178,25 8 
Miller, G.A., 118,25 5 
Minotaur, 47 
Moreira, 257 
Morgenstern,. 252 
Motzkin,251,254 
Mycielski, 226, 261 

Nettleton,8l,253 
Netto.212,259 
Neville, 252 
Newman, 251 
Nordhaus, 227, 261 
Norman, 89, 253, 256 

Ono, 259 
Ore, 50, 71,77, U8 , 119 , 127 , 165 , 251 , 252 , 

254, 255, 257, 258 

Pappus, 241 
Petersen, 132,240,24 1 
Piccard,212,260 
Pickert, 258 
Polya, 61, 242, 252, 262 
Priifer, 59 , 251 

Rabin, 256 
Rado, 107 , 220, 226, 254, 255, 260, 261 
Rainich, 193 , 259, 
Ramsey, 216, 218, 219, 220, 260 
Rankin, 263 
Rapaport, 243, 263 
Read, 232, 262 
Redei, 148,149, 256 
Riguet, 193 , 194 , 258, 259 
Ringel, 250 
Riordan, 61,252 
Robbins, 147 , 256 

Rouse-Bail, 49, 207, 250 
Ryser, 143 , 255, 256 

Sabidussi, 245, 263 
Sainte-Lague, 250 
Scheid, 259 
Schur, 219, 220 
Scorza, 118,25 5 
Sedlacek, 256 
Sedmak, 258 
Shannon,220, 261 
Shmushkovitch, 255 
Shu, 118,255 
Sierpinski, 212, 259 
Singer, 255 
Skolem, 260 
Sterner, 212 
Stone, 260 
Straus, 251 
Supnick, 251 
Szekeres, 219, 261 
Szpilrajn, 258 

Tarry, 41, 49, 52 
Theseus, 47 
Thrall, 259 
Tranque, 263 
Tremaux, 49 
Turan, 214, 216, 260 
Tutie, 227, 245, 251, 253, 257, 263 

Uhienbeck, 89, 253 

Valko, 256 
Vaughan, 254 
Vazonyt, 43, 47, 250 
Vitalbi, 252 

van der Waerden, 255 
Weiszfeld, 43 , 250 
Weyl, 255 
Whitin,6i,252 
Whitney, 235, 236,238,245,247,248,249,253 , 

262, 264 
Wiener, C, 49 , 251 
Wiener, N. , 194 
Winsten, 50,251 

Zarankiewicz, 216, 260 
Zeidl, 262 
Zermelo, 92 
Zorn, 95 
Zykov, 229, 261 
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