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Preface 

The mathematica l languag e o f classica l physic s i s base d upo n rea l numbers . 
Configuration space s an d phas e space s o f classica l system s ar e differentiabl e mani -
folds, an d physica l law s ar e expresse d b y differentia l equation s i n th e rea l domain . 

The mathematica l languag e o f quantu m physic s i s base d upo n comple x num -
bers, an d i t would be natural t o expect tha t th e complex analyti c an d th e algebrai c 
geometry should replace the differentia l geometr y o f the classical period. I n a sense, 
this i s what ha s bee n happenin g durin g th e las t tw o or thre e decades , with th e ad -
vent o f scatterin g matrices , twistors , string s propagatin g i n th e ten-dimensiona l 
space-time, quantu m cohomology , an d M-theory . Th e mathematica l physic s o f 
the dawnin g Ne w Ag e set s a s it s ultimat e goa l constructio n o f th e universa l quan -
tum theor y o f al l interactions includin g gravity . I n the meantim e i t distance d itsel f 
from th e traditional preoccupation s o f experimental particl e physic s and cosmolog y 
and di d no t jus t becom e heavil y mathematicized , bu t i n fac t almos t merge d wit h 
mathematics. Wha t mad e thi s developmen t s o excitin g fo r mathematician s wa s 
that physicist s brough t no t onl y a  wealt h o f fres h insights , ideas , an d problems , 
but als o heuristi c tool s o f grea t powe r an d a  certai n freedo m o f expressio n whic h 
supplanted a  rather strait-lace d moo d i n the mathematica l communit y o f the fiftie s 
and sixties . 

This book summarizes som e of the mathematica l development s tha t too k plac e 
in th e las t decad e o r s o an d tha t focu s o n th e notio n o f Quantu m Cohomology , 
introduced b y Cumru n Vaf a (se e [Va] ) an d Edwar d Witten . However , thi s i s a 
mathematical monograph , an d th e reade r wh o i s interested i n physica l motivatio n 
and histor y wil l hav e t o refe r t o othe r sources : se e [MirSl] , [MirS2] , and th e refer -
ences therein . 

Quantum Cohomolog y is a construction which endows with an additional highl y 
non-linear structur e th e usua l cohomolog y spac e H  =  H*(V)  wit h comple x coeffi -
cients o f an y projectiv e algebrai c (o r symplectic ) manifol d V.  Th e resultin g struc -
ture, suitabl y axiomatize d b y B . Dubrovin , i s calle d th e Frobenius  manifold.  In -
terest i n thi s axiomatizatio n depend s o n th e fac t tha t ther e exis t severa l genera l 
constructions o f Frobeniu s manifolds , seemingl y quit e different , an d unexpecte d 
isomorphisms betwee n Frobeniu s manifold s o f variou s classe s (dualities , includin g 
Mirror duality) . Th e firs t par t o f th e book , Chapter s I-IV , i s dedicate d t o thi s 
notion an d it s multipl e interconnection s wit h geometry , differentia l equations , op -
erads, an d perturbatio n formalism . A  more detaile d summar y ca n b e foun d i n th e 
Introduction. 

Although Quantu m Cohomolog y i n th e prope r sens e o f the wor d i s invoked i n 
several place s i n th e first  par t o f th e boo k (Introduction , example s i n Chapte r II , 
axiomatic expositio n i n Chapte r III) , it s systemati c treatmen t i s postpone d unti l 

xi 
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Chapters V  an d VI . Bu t wherea s Chapter s I-I V ar e reasonabl y self-containe d an d 
provide complet e proof s o f th e mai n results , th e final  par t o f th e boo k i s mean t 
as a n introductio n t o th e origina l paper s an d canno t replac e them . I n fact , th e 
construction o f Quantu m Cohomolog y require s considerabl e algebrai c geometri c 
technique: th e machiner y o f th e Deligne-Mumfor d an d Arti n stacks , includin g 
intersection theor y an d th e deformatio n theor y fo r them . Alread y fo r schemes , thi s 
machinery take s hundred s o f page s i n standar d sources : se e [Ful ] fo r intersectio n 
theory an d [II ] for th e deformatio n formalism . A  monograp h exhaustivel y treatin g 
the algebraic-geometri c backgroun d fo r Quantu m Cohomolog y i s highly desirable . 
Hopefully, thi s boo k migh t stimulat e it s appearance . 

A word of warning is in order: althoug h the Mirror Conjectur e initiall y provide d 
the main stimulus for studying Quantu m Cohomology , i t i s not treate d i n this book . 
On th e on e hand , thi s subjec t i s stil l i n a  stat e o f flu x an d rapi d change . O n th e 
other hand , th e bod y o f firml y establishe d facts , amon g whic h Givental' s proo f o f 
the Mirro r Identit y o f [COGP]  fo r quintic s occupie s th e prominen t positio n (se e 
[Giv2], [BiCPP] , [Pa3] , an d th e furthe r developmen t i n [LiLY]) , stil l constitute s 
only a  fraction o f the extremel y varie d an d fascinatin g insight s int o wha t migh t b e 
called th e Mirro r Phenomenon , whic h i s a n ambitiou s collectiv e projec t bridgin g 
the physica l an d th e mathematica l communities . 

Acknowledgements. Wor k o n this boo k starte d i n 1992-93 , when I z Singer an d 
I led a  seminar o n the Mirro r Conjectur e a t MIT . Contact s with Cumru n Vaf a an d 
Ed Witte n wer e crucia l a t thi s stage . 

The boo k too k it s presen t for m afte r severa l lectur e course s given a t th e Max -
Planck-Institut fu r Mathemati k i n Bon n i n 1994-98 , an d man y shorte r lectur e 
courses delivere d a t variou s summe r school s an d conferences . 

The vision o f Quantum Cohomolog y expounde d her e was greatly influence d b y 
Maxim Kontsevich , wit h who m I  collaborated a t th e Max-Planck-Institu t i n 199 4 
and later . A  par t o f th e result s i n thi s book , includin g th e axiomati c treatmen t o f 
Gromov-Witten invariants , th e theor y o f operadi c tenso r product s i n Chapte r III , 
and th e treatment o f gravitational descendant s i n Chapte r VI , is based o n our joint 
work. Bori s Dubrovin' s papers , i n particula r hi s lectur e note s [D2] , provid e th e 
basic sourc e o f information abou t Probeniu s manifolds , an d mos t o f the ke y defini -
tions an d theorem s o f Chapter s I—I I are du e t o him . Th e notio n o f weak Probeniu s 
manifolds wa s introduce d i n m y join t pape r wit h Clau s Hertling . Ralp h Kauf -
mann's stud y o f tensor product s i n the categorie s of local and globa l (a s opposed t o 
the operadi c an d formal ) Probeniu s manifold s i s als o incorporate d i n Chapte r III . 
Chapter I V ca n serv e a s a  brie f introductio n t o operad s an d perturbatio n series . 
Our presentatio n owe s much to the work of Misha Kapranov an d Ezr a Getzler . Th e 
final par t o f th e boo k prepare s an d present s th e constructio n o f Gromov-Witte n 
invariants whic h i n genu s zer o ar e th e coefficient s o f th e forma l serie s (potential ) 
embodying Quantu m Cohomology , an d i n highe r genu s provid e a  far-reachin g ex -
tension o f this theory i n which much work remain s to be done . Thi s constructio n i s 
due t o Kai Behren d an d Barbar a Fantechi : se e [Beh ] and [BehF] . It wa s motivate d 
by th e earlie r constructio n o f the Gromov-Witte n invariant s i n th e symplecti c an d 
complex-analytic contex t du e t o J . L i an d G . Tian : se e [LiTl ] an d [LiT2] . Th e 
Behrend-Fantechi theor y use s in essential ways stacks and thei r intersectio n theory , 
which ar e reviewe d i n Chapte r V  o f thi s book . I t i s base d o n th e wor k o f Pierr e 
Deligne, Davi d Mumford , Mik e Artin , Vistoli , an d man y others . 
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