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Preface 

This volume is largely based on the lectures presented during a special ses-
sion of the 865th meeting of the American Mathematical Society, convened in 
Tampa, Florida, during the period March 22- 23, 1991. This special session, en-
titled "Hyper geometric functions on domains of positivity, Jack polynomials and 
applications," was centered on a branch of research initiated some forty years 
ago by Bochner. The initial impetus for Bochner's work came from questions 
in analytic number theory. It is remarkable that, since then, these hypergeo-
metric functions have been found to be important in areas as diverse as combi-
natorics, harmonic analysis, molecular chemistry, multivariate statistics, partial 
differential equations, probability theory, representation theory and mathemati-
cal physics. In addition, the scope of these functions has been broadened consid-
erably. While the initial investigations of these hypergeometric functions were 
carried out within the context of matrix spaces, the articles within this volume 
relate these functions to the study of domains of positivity and root systems. 

At this stage, some brief, historical remarks are in order. Given a real, positive 
definite (symmetric) n X n matrix, A, with integer entries, let r(A) denote the 
number of k x n matrices T, with integer matrices, and where k ~ n, such that 
T'T = A. A problem considered by Bochner (and others) is to investigate the 
asymptotic behavior of r(A) as "A ----> oo." A natural approach to studying the 
asymptotic behavior of r(A) is to study a generating function for r(A). Thus if 
Z is also positive definite and n x n, and etr(Z) ::::: exp(tr Z), define the theta 
function 

G(Z) = L etr( -7rTZT'). 
T 

It is not difficult to derive Jacobi's formula 

G(Z) = (detz)kf 2 e(z- 1 ), 

hence 

(1) :Z::r(A) etr(-7rAZ) = (detz)kf2 :Z::r(A) etr(-7rAZ- 1). 

A A 

vii 



viii PREFACE 

The formula (1) is, of course, a modular rdatian: 

(2) LaM etr(-MZ) = (detZt 6 LbA etr(-AZ- 1), 

M A 

where 8 E C with Re( 8) sufficiently large. To extend (2) to more general modular 
relations of the form 

(3) 
M A 

for functions f and g, Bochner defined the Bessel (or 0F1 hypergeometric) func-
tion of matrix argument, by the integral equation 

(4) (detz)- 6etr(-AZ- 1 ) = { (detM)b-(n+1)1 2etr(-MZ) 0 F1(8;AM) dM. 
JM>D 

Here { M > 0} denotes the space of positive definite matrices, and dM is the 
corresponding Lebesgue measure. Of course, it must be verified that the function 
0 F1 is well-defined by ( 4). On doing so, Bochner then proved that the modular 
relation (2) extends to (3), for certain classes of functions f, whenever g is the 
Hankel transform off: 

(5) g(A) = { f(M) oF1(8;AM) (detM)b-(n+l)/ 2 dM. 
JM>O 

If we write g = 7ibf whenever (5) holds, then a more general theorem of Bochner 
(Ann. Math., 1951) is the following. 

THEOREM. (Bochner, 1951) Suppose that RandS are positive Borel measures 
on {A> 0} such that 

{ etr(-AZ) R(d>.) = (detz)- 6 { etr(-MZ- 1 ) S(dM), 
JA>O JM>O 

where Z > 0. If g = 7ibf and f is completely monotone (the Laplace of a positive 
Borel measure on the cone of positive definite matrices) then 

{ f(A)R(d>.) = (det z)- 6 { g(M)S(dM). 
JA>O JM>O 

The proof of this result consists of writing the function f in the form 

f(A) = 1 etr( -A~) v(d0, 
E>D 

where v is a positive measure, and computing the Hankel transform of f by 
repeated interchanges of integration. 

After Bochner's initial investigations, there was rapid development of the 
theory of hypergeometric functions of matrix argument and their more general 
relati vcs. In particular, Ilerz used the Laplace transform to define the general 
family of matrix argument functions, pFq; James and Constantine developed the 
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zonal (spherical) polynomial series expansions for the class of pFq hypergeomet-
ric functions, and defined the hypergeometric functions of two matrix arguments. 
The names and results of Gindikin, Jack, Macdonald, Muirhead, and others are 
now well-known in this area. The theory has found its most extensive appli-
cations in multivariate statistical analysis, notably in the area of "noncentral 
distribution theory." 

As for the papers appearing here, I am pleased to note that they cover a broad 
range of applications of these hypergeometric functions. A common thread run-
ning through all the articles is the use of spherical functions, in the form of zonal 
or Jack polynomials or even as matrix entries for irreducible representations. The 
reader will find connections with mathematical physics, p-adic analysis, harmonic 
analysis, random walks, combinatorics, root systems, q-hypergeometric series, 
representation theory, random matrices, and operator theory. As important is 
the fact that they provide many references to the literature, and point towards 
open problems. Additional directions for future work can be found in the ab-
stracts of talks which were presented at the special session but not included here 
because of the exigencies of time. In particular, I take all blame for the fact 
that applications to multivariate statistics, total positivity, and related topics 
will have to appear elsewhere. 

Before closing, I do wish to draw the reader's attention to one type of open 
problem, with important implications for multivariate statistics and probability 
theory. Suppose that pFq(X, Y) is a generalized hypergeometric function of two 
"matrix" arguments. In the classical matrix argument context, X andY are real 
symmetric matrices; in the general Jack-polynomial context, X = ( x1 , ... , Xn) 

and Y = (Yl, ... , Yn) are n-dimensional vectors. It is of interest to statisticians 
to determine the nonnegativity of the functions 

and 
[)2 

{) {) log[V(X)V(Y) pFq(X, Y)] 
Xl Yl 

where V(X) is an anti-symmetric function of x1 , ... , Xn. In the case where we 
begin with hypergeometric functions defined on the cone of Hermitian positive 
definite matrices, in which case the Jack polynomials are the familiar Schur 
functions, much is known; in this case, it is no surprise that the appropriate 
choice for Vis V(X) = TI1c:;i<jc:;n(x;-xj). An extensive study in the Hermitian 
case is currently in preparation (Chang, Peddada and Richards, 1992). But for 
no other situ!ltion do any results appear to be available. The reason for this 
paucity of results in the non-Hermitian cases is that only in the Hermitian case 
are explicit formulas for the general matrix argument pFq functions available 
in terms of their classical counterparts (Gross and Richards, Bull (N.S.) A mer. 
Math. Soc., 1991). 



X PREFACE 

It is a great pleasure to acknowledge the support I received from the speakers 
at the special session. Bearing in mind that all speakers traveled at their own ex-
pense, the international flavor of the special session is more greatly appreciated. 
In particular, I note that the American, Canadian, Dutch, French, Jamaican and 
Russian schools were represented at the meeting. I thank the contributors for 
their patience during the processing of the volume. I also thank the referees for 
their prompt and accurate replies. 

Finally, I thank Barbara Palmore who persevered, during difficult times, to 
convert all the contributions into a uniform format; John Stembridge who pro-
vided expert advice on AMS-'IEX and a template for other articles; Donna Har-
mon and her production staff for their extreme patience; the American Math-
ematical Society for providing me with the opportunity to convene the special 
session and produce this volume; Ken Gross and Ray Kunze who encouraged 
me to organize the session; and last, but by no means, least, Mercedes, Chandra 
and Suzanne Richards who allowed me to neglect them during the final stages 
of the production process. 

Donald St. P. Richards 

Charlottesville 

May, 1992 
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