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Preface 

This volume is the proceedings of the Conference on Homotopy Methods in 
Algebraic Topology which took place in Boulder, Colorado from June 20 to June 24, 
1999. This was one of the series of AMS-IMS-SIAM Summer Research Conferences 
held during the summer of 1999 at the University of Colorado. The organizing 
committee consisted of the three editors of this Proceedings, together with Tony 
Elmendorf and Jim McClure. 

The scientific focus of the conference was on modern aspects of homotopy the-
ory, particularly methods that are being exported to algebraic settings. 

This is reflected in the following partial list of topics of the talks: group theory 
(e.g. by Rickard, Lewis), set theory (Casacuberta), motivic homotopy (Morel, Hu), 
polynomial functors (Dwyer, McCarthy, Arone, Johnson), elliptic curves (Ando, 
Hopkins, Mahowald, Rezk), model categories of spectra (Mandell, Karoubi, Ship-
ley), and algebraic K-theory (Madsen, Duflot, Hesselholt). Frank Peterson talked 
on the history of cobordism theory, a topic connected to the work of many of our 
speakers. 

There were over 100 participants who came from many countries. The 31 
speakers reflected this international mix. 

The conference coincided with the 60th birthday of University of Chicago Pro-
fessor J. Peter May. It was not coincidence that four of the organizers were students 
of Peter, and the fifth a major collaborator. Activities in his honor included a talk 
A brief introduction to the work of J. Peter May by Igor Kriz, and a conference 
banquet. Among those who attended the conference were 14 of Peter's former 
Ph.D. students, 5 current students, and numerous other collaborators and ex Uni-
versity of Chicago instructors. This attests to his extraordinary role as an advisor 
over the last quarter century, and to the unwavering enthusiasm and energy he has 
brought to the subject. The article by Kriz in this proceedings describes Peter's 
wide---ranging and influential research, and includes a recent bibliography. 

The conference was primarily supported by the National Science Foundation via 
its funding of the Joint Summer Research Conferences. We also wish to thank the 
Mathematics Department of the University of Chicago for a generous contribution. 

Practical details were smoothly dealt with by the Providence office of the Amer-
ican Mathematical Society and the staff of the University of Colorado. Particular 
thanks are due to AMS conference coordinator Donna Salter. 

Of course, the success of the conference was due to the participants in general 
and the speakers in particular. This conference proceedings is the result of the 
efforts of our authors (and referees). To all of you, we offer spirited thanks. 
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A BRIEF INTRODUCTION TO THE WORK OF 
J.PETER MAY, ON THE OCCASION OF HIS 60TH 

BIRTHDAY 

IGOR KRIZ 

1. INTRODUCTION 

This paper is essentially a transcript of a talk I gave at the Boulder 
conference. Its inadequacy will be obvious: it is almost impossible to 
describe work as broad as Peter's (work which is still very much in 
progress) in a lecture or article. With work as central to an area as 
Peter's, it is also almost impossible, in a reasonable amount of space, 
to mention all other authors whose work is relevant. Because of that, 
I deliberately decided against trying to write a historical article: ref-
erences to other authors are kept to the minimum needed. Let this be 
an apology to those who are not quoted. 

Peter's work helped define the subject of stable homotopy theory. 
His contributions are both foundational and calculational, and concern 
virtually all branches of the field. Perhaps his most significant contri-
bution is in the search for concepts. It is my view that very much like 
natural science, mathematics investigates real phenomena of nature. 
Unlike the objects of natural science, however, these phenomena are 
not directly perceptible, but our understanding of them takes the form 
of concepts. Definitions are used to attain these concepts. 

A major portion of Peter's work is precisely in developing the con-
cepts for stable homotopy theory and unifying them if different versions 
of the concepts exist. Examples are the very notion of a spectrum, in-
finite loop space theory, and later algebraic structures on spectra. The 
result of such effort is that in algebraic topology, we have a clear pic-
ture of the concepts we are studying. This is necessary in order for 
an area to be successful: while mathematical intuition may bypass the 
necessity of a clear picture temporarily, the area ultimately needs a 
higher degree of resolution to advance. 

For the purposes of this paper, I divided Peter's work into 6 areas, 
partially by subject, partially chronologically. I list the areas below, 
enumerating their major topics. Peter May's complete bibliography 

xix 
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appears in the end. The purpose of the next sections is to provide brief 
examples of each of the areas, and Peter's contribution to them. These 
pictures will be by no means complete. However, they should give the 
reader a flavor of the major directions of Peter's work. 

The Steenrod Algebra and related topics Peter's contribution 
to this area include the May spectral sequence [2], the cohomology of 
restricted Lie algebras [1], matric Massey products [4], [8], the algebraic 
approach to Steenrod operations [10], and the cohomology of principal 
bundles, homogeneous spaces and two-stage Postnikov towers [6], his 
joint work with Guggenheim [14] and his work on the structure of Hopf 
algebras [9]. 

Additive iterated and infinite loop space theory This includes 
operads, the two-sided bar construction of monads, iterated and infi-
nite loop space theory via operads [7], [12], [18], [28], [29], homology 
of iterated and infinite loop spaces [11], [17], [39] the work on classi-
fying spaces and fibrations [15], on spectra associated with permuta-
tive categories [13], [23], and the joint work of May and Thomason on 
uniqueness of infinite loop space machines [22], [32]. 

Multiplicative (infinite) loop space theory The main frame-
work of this theory was worked out by Peter in [20], [41]. A)() and H oo 

structures were discussed in [21], [25], [52]. Very interesting topics re-
lated to this area include Peter's contributions to the ]-homomorphism 
and chacteristic classes in topological bundles (some of them unpub-
lished). 

Equivariant stable homotopy and foundations The fundamen-
tal reference on the foundations, including coordinate free spectra, is 
Peter's joint book with Lewis and Steinberger [53], see also [81], [82]. 
Other papers of Peter's were on Eilenberg-MacLane G-chomology [36], 
[72], equivariant localization [37], completion [38], equivariant alge-
braic K-theory [40], equivariant constructions of non-equivariant spec-
tra [58], and equivariant bundles [45], [55], [65]. A substantial part of 
Peter's work was related to the Segal conjecture and other completion 
results in equivariant stable homotopy theory: [42], [43], [50], [51], [54], 
[59], [60], [61], [62], [63], [71], [73], [80]. The joint paper of Greenlees 
and May [87] contains a completion theorem for MU-modules, another 
paper by Greenlees and May studies generalized Tate cohomology [77]. 
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Eoo derived categories The basic reference for commutative and 
associative smash products is Peter's joint book with Elmendorf, Man-
dell and myself [83], see also [76], [79]. An algebraic version of this 
program was published in [78], see also [7 4], [75], [84], [85], [86]. A ma-
jor application of the topological program was the Greenlees-May com-
pletion theorem for MU, which was published in [87]. More recently, 
other ways of constructing model categories of spectra with commu-
tative associative smash product emerged ([HSS]), and Peter with his 
collaborators had a number of results on those, and their unification: 
[91], [96], [97], [98], [99]. 

Pedagogical work: So far 30 of Peter's Ph.D. students have grad-
uated and he has 6 current students. He has a number of typed texts 
about homotopy theory, which he freely distributes. to his students. 
This included notes on homotopical foundations, Hopf algebras, and 
other topics. Some of the notes were recently published in the form of 
a text book [95]. Peter also wrote a very nice book about simplicial 
objects [5]. 

Many of Peter's significant papers do not specifically fit into any of 
the above categories, for example the joint work with Zabrodsky on 
H* Spin( n), with several collaborators on stable splittings [26], [27], 
[46], [48], [49], on fibrewise localization and completion [31], on realiza-
tion of Eilenberg-MacLane spaces as Thorn spectra [33], a note on the 
Bockstein and Adams spectral sequences [34], on the dual Whitehead 
theorems [4 7], on characteristic classes in Borel cohomology [56], on a 
generalization of Smith theory [57] a note on weak equivalences and 
quasifibrations [67], and many others. 

2. THE STEENROD ALGEBRA A 

The subject of Peter's thesis was the Steenrod algebra. In partic-
ular, he introduced a new method of calculating the Ext-groups of 
the Steenrod algebra, called the May spectral sequence. This method 
revolutionized the subject of calculating stable homotopy groups of 
spheres: it provided an effective method for calculating the E2-term of 
the Adams spectral sequence globally, without working one group at a 
time. 

To fix ideas, let p = 2 (Peter's thesis treated the odd prime also). 
We have the Steenrod algebra A, and its dual 
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This is a Hopf algebra with comultiplication 

~((i) = 2:: (r-j ® (i-j, 
j=O 

calculated by Milnor [Miln]. On the Steenrod algebra A, we can con-
sider the filtration by powers of the augmentation ideal (which consists 
of all elements of positive dimension). The associated graded Hopf 
algebra E 0 A is primitively generated. For primitively generated con-
nected Hopf algebras over a field of characteristic p > 0, we have the 
Poincare-Birkhoff-Witt theorem [MMo], [9], which asserts that 

( 2.1) E0 (A) = V ( L) , 

where the right hand side denotes the universal enveloping algebra of 
the restricted Lie algebra L of primitive elements of E 0 (A). Recall that 
a restricted Lie algebra is a Lie algebra with an additional operation 
r : L -----+ L called restriction, which corresponds to the Frobenius endo-
morphism x r---+ xP in the universal enveloping algebra. The universal 
enveloping algebra is the free associative algebra modulo the relations 
ab-ba= [a, b] and aP = r(a). 

Peter constructed an explicit resolution of Z/2 by free V(L )-modules, 
where L is a restricted Lie algebra. We will not write down this res-
olution explicitly. It later became known as the Koszul resolution. In 
fact, a Koszul resolution can be written for the Steenrod algebra A 
itself (see [Pri]). This resolution is known as the >.-algebra. However, 
as it turns out, calculations with the >.-algebra are more complicated 
than with the May resolution. 

Peter's method was to calculate the cohomology of V(L), and then 
use the spectral sequence 

(2.2) Extv(L)(Z/2, Z/2) =? ExtA(Z/2, Z/2). 

The right hand side is the E 2- term of the Adams spectral sequence for 
computing stable homotopy group of spheres completed at p = 2. (2.2) 
is the May spectral sequence. 

To calculate the left hand side of (2.2), Peter considered the sub-Hopf 
algebras of A* given by 

Then consider the sequence 

(2.3) 
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where the right hand term denotes the quotient of commutative Hopf 
algebras. Dualizing (2.3), we obtain a sequence 

Then we have Cart an-Eilenberg spectral sequences 

(2.4) nE~,q = HP(E0 Bn-l) 0 Hq(E°Cn) :::;. HP+q(E0 Bn)· 

This is an inductive method for calculating H*(E0 A). The spectral 
sequences (2.4) tend to collapse to early terms. This is the calculational 
advantage of Peter's approach. 

3. ADDITIVE ITERATED AND INFINITE LOOP SPACE THEORY 

In [12] Peter developed his version of iterated loop space theory, 
with an approach related to J. Stasheff's theory of homotopy asso-
ciativity [Sta], R.J.Milgram's models for nnr;nx [Milg] and especially 
J.M. Boardman and R. Vogt's work [BV]. Peter's approach is very 
geometric, and for a certain point of view gives the best insight. Se-
gal gave a rather different approach to infinite loop spaces [Seg]. The 
equivalence of all these infinite loop space machines was later proved 
by May and Thomason in [22]. 

Peter's version of iterated loop space theory is based on his notion 
of operad. Peter claims to have caused the word monad to be used 
in Saunders MacLane's book [Mac] instead of the older term triple, to 
mesh with operad. 

For rigorous definition of operad, we refer the reader to [12]. Briefly, 
an operad C consists of spaces C(n), n = 0, 1, 2, ... , with right l:n-
action (the symmetric group), a unit map 1 E C(1) and 'composition' 
structure maps of the form 

C(n) X (C(ki) X ... X C(kn))----+ C(kl + ... + kn)· 

A basic example of an operad is the endomorphism operad £(X) 

(3.1) 

of an object X of a symmetric monoidal category. In this case, the 
I:n-action is by permutation of factors, unit is the identity, and com-
position is defined in the obvious way by composition of maps. One 
can reconstruct the diagrams required in the definition of operad by 
examining the commutative diagrams which exist in the specific case 
(3.1). 
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An C-algebra for an operad C is a space X together with a map of 
operads C---+ t'(X), i.e. in particular an 'action' map 

C(n) X xn- X. 

A monad is a functor C from a category Cat into itself, with natural 
transformations CC ---+ C and I d ---+ C which satisfy the obvious as-
sociativity and unit properties. A basic example of monad is C = RL 
where L : Cat---+ Cat' is a functor left adjoint to a functor R. 

A C-algebra is an object X together with a map CX---+ X satisfying 
associativity and unit diagrams. Any category of universal algebras, 
i.e. topological spaces with given prescribed operations satisfying pre-
scribed identities, is a category of C-algebras for a canonical monad 
C in the category of topological spaces. In particular, for an operad 
C, there is a canonical monad C in the category of based spaces such 
that C-algebras are the same thing as C-algebras. It is customary to 
denote this monad by a roman letter which is the same as the script 
letter denoting the operad. 

The notion of C-algebra may be generalized into notions of left and 
right C-functors D : Cat' ---+ Cat and E : Cat ---+ Cat", which have 
'action' maps (natural transformations) 

CD-+D 

and 
EC-+E, 

with associativity and unit diagrams with respect to C. 

In this situation, Peter May made extensive use of the two-sided bar 
construction 

(3.2) B(E,C,D), 

which is a priori a simplicial object in the category of functors 

(3.3) Cat'---+ Cat" 

whose n'th simplicial term is ECn D [12]. However, most often we 
work in situations where Cat" enjoys some type of simplicial realization 
functor, in which case it is possible to realize (3.3) into a functor of the 
form (3.2). 

Example: The little n-cube operad Cn: Cn(m) consists of ordered m-
tuples of n-cubes with disjoint interiors inside the unit n-cube [BV]. Let 
also Coo be the infinite-dimensional little cube operad, where Coo ( m) is 
the union of Cn ( m) under the natural inclusion maps. 
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Now consider the corresponding monad Cn. Let ~n and nn denote 
the adjoint functors in the category of based spaces of n-fold suspension 
and n-fold looping. Then one observes that for a space X, nn X is 
naturally a Cn-algebra, which results in a map of monads 

(3.4) 

Theorem 3.5. (The approximation th.eorem [12], [17]): The map ( 3.4) 
is a group completion (equivalence if X is connected). This means that 
( 3.4) induces a group completion on 1r0 (X), and localization away from 
1r0 (X) (i.e. inverting 1r0 (X)) in homology. 

Theorem 3.6. (The recognition principle [12], [18]): If Y is a Cn-
space, then 

Y ~ nn B(~n, Cn, Y) 

is a group completion (equivalence if Y is connected). 

An important feature is that these theorems can be stabilized. In 
the stable case, Cc)Q can be replaced by any Eoo -operad, which means 
an operad C where C(m) is contractible and ~m-free. A space which is 
an algebra over an Eoo operad is called an Eoo space. 

The stable version of Theorem 3.6 says that if Y is an E 00 space, 
then there is a naturally defined spectrum E and a group completion 
Y ~ E0 . The space E0 is called an infinite loop space. In particular, 

Z r-+ [ Z, Eo], 

where the right hand side denotes the set of homotopy classes of maps, 
is the 0-th functor of a generalized cohomology theory on CW-complexes. 
The group completion is an equivalence if Y is connected, or more gen-
erally group-like, which means that 1r0 (Y) is a group. 

This method of constructing generalized cohomology theories can be 
demonstrated easily on the case of permutative categories [13], [23], 
which are categories Cat with strictly associative unital operation EB 
and a natural isomorphism 

a:XEBY ~-YEBX 

where a2 = I d and we have commutative diagrams 
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lEBa 
X EB Y EB Z ------~X EB Y EB Z 

~~ 
Y EB X EB Z. 

Segal [Seg] had noted that such categories give rise to r -spaces and 
thus to spectra. Peter gave a simple proof that would later lead to a 
multiplicative elaboration to bipermutative categories. 

Theorem 3. 7. [23] Let Cat be a per-mutative category. Then there is 
an E 00 -operad V such that the classifying space BCat is naturally a V-
algebra. Consequently, there is a canonical group completion of BCat 
which represents the 0-th functor of a generalized cohomology theory. 

An example of permutative category is given as follows: let R be any 
ring. Then let the objects of Cat be non-negative integers, and let the 
morphisms from m to n be isomorphisms Rm ----+ Rn. The cohomology 
theory given by Theorem 3.7 in this situation is the algebraic K-theory 
of R. 

By using certain standard categorical constructions, the theorem can 
be extended to a more general and familiar class of symmetric monoidal 
categories. 

We can sketch the proof of Theorem 3. 7 here. V( n) is the Cech 
resolution of L:n (i.e. its m-th simplicial term is 

L:n X ... X I:n)· 
m+l 

The V-algebra structure on BCat is given as follows: A typical element 
of 

is a p-tuple 

(3.8) 
where /j is ann-tuple of Cat-arrows 

( ~~~. ) 
lnJ 

where /i,J+l and /i,j are composable. A typical element of 
V(n)p 

is a p + 1-tuple 
(3.9) 
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of elements of ~n· Then the operad action maps (3.8) and (3.9) to the 
element 

where 
8i = <Tj-1 ( EB/'j )aj1. 

This gives the requisite V-action because simplicial realization com-
mutes with products. 

4. MULTIPLICATIVE LOOP SPACE THEORY 

Multiplicative infinite loop space theory studies very strong types of 
ring structure on generalized cohomology theories. The strongest such 
structure is captured in the concept of E00 -ring spectrum, due to Peter 
in collaboration with F. Quinn and N. Ray and this is the subject of the 
present section. Basically, Eoo ring spectra are commutative rings in as 
rigid a sense as possible in the category of spectra. The homology of an 
Eoo ring spectrum has of course a graded commutative ring structure, 
but also a complicated system of cohomology operations investigated 
by Peter in collaboration with F.R. Cohen and T.J. Lada in [17]. 

For an E 00 ring spectrum E, the 0-th space enjoys the structure of 
an Eoo ring space [20], [41]. Conversely, Peter has a functor assign-
ing to an Eoo ring space Y an Eoo ring spectrum E, together with a 
group completion Y ---+ E0 [20]. Further, for a symmetric bimonoidal 
category Cat (i.e. a category with two operations EB and ® which are 
commutative, associative, unital and distributive up to appropriately 
coherent isomorphisms) Peter found a functorial model of BCat which 
is an Eoo ring space, although that requires an elaborate correction [41] 
of the proof in [20]. 

An interesting feature of an Eoo ring space Z is that it specifies an-
other 'multiplicative' Eoo structure (and hence generalized cohomology 
theory) on the space Z® which is the union of those components of 
Z which correspond to multiplicatively invertible elements of rr0 (Z). 
For example, for the 0-space QS0 of the sphere spectrum, QS~ is the 
space F which is the stabilized monoid of self-homotopy equivalences 
of spheres. The space BF classifies spherical fibrations, and its infinite 
loop structure comes from the smash product of spherical fibrations. 
There are also oriented versions of these infinite loop spaces. For con-
nective orthogonal kO-theory, whose 0-space is BO x Z, BO® is the 
0-space of another generalized cohomology theory called kO®. 

We will briefly describe one substantial application of multiplicative 
infinite loop space theory, namely mod p characteristic classes of 
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topological bundles. We consider the fibration 

(4.1) . q Bj 
SF~ F/Top ~ESTop~ ESF 

Here STop is the union of the groups STop(n) of based oriented self-
homeomorphisms of n-spheres under the obvious inclusion maps (sus-
pension). Similarly, SF is the union of the monoids of based oriented 
self-homotopy equivalences SF(n) of sn. The problem is calculat-
ing the cohomology of ESTop, which means calculating characteristic 
classes of STop-bundles. 

When localized at p = 2, Browder, Liulevicius and Peterson [BLP] 
showed that 

MTop( 2) c::= II K(Z/2, n), 

M Stop(2) c::= II K(Z/2, n) x II K(Z(2), n). 

Determining the complete structure, in particular the exact number of 
factors, is much harder: this was done by Madsen and Milgram [MM], 
[MMl], see also [BMM]. 

Now complete at p > 2. Here Sullivan's amazing theorem asserted 
that ESTop is homotopically equivalent to the classifying space of kG-
oriented spherical fibrations E(SF, kO). This gives a commutative 
diagram of the form 

Bj SF~ F/Top q ESTop ESF ! = l ~ l g~ ! = 

SF~ E00 --- E(SF; kO) ~ ESF. 

With Tornehave, Peter proved the following 
Theorem 4.2. {120]): The above diagram lives in the category of in-
finite loop spaces. 

This leads to a calculation of H*(ESTop, 7!../p) in the following way: 
Let r be a generator of z; (the multiplicative group of the p-adics). 
Define J, ECoker(J) as fibers 

,pr-Jd 
J~Eo~Eo 

ECoker(J) ~ E(SF; kOt~ E00 . 

Here c( 'IV) is the "universal cannibalistic class", which sends a kG-
oriented spherical fibration(~, J-L) to the unit of the K-theory of the base 
that measures the difference between 'lVJ-L and J-l· Define Coker(J) = 
OECoker(J). 
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Theorem 4.3. [20] There are equivalences of infinite loop spaces 

SF~ J x Coker(J), 

B(SF; kO) ~ BCoker(J) x BO. 

xxix 

This theorem summarizes the work of many people: Boardman, 
Vogt, May, Adams, Peterson, Priddy, Madsen, Snaith, Torenhave, 
Friedlander, and others. Using homological operations in multiplicative 
infinite loop space theory, it can be applied to calculate 

H*(B(SF; kO), Zjp) = H*(BSTop, Zjp). 

5. FOUNDATIONS OF EQUIVARIANT AND NON-EQUIVARIANT STABLE 
HOMOTOPY THEORY 

Peter's most basic foundational contribution was published in the 
joint book with Lewis and Steinberger [53]. In this book, the authors 
describe an approach to equivariant stable homotopy theory with a 
point set level concept of spectra. The method applies equally to non-
equivariant stable homotopy theory, and expresses Peter's approach to 
the subject. The point set level enables a much better understanding 
of the smash product of spectra (compare the treatment of commuta-
tivity and associativity of the smash product in Adams [Ada] to [53]). 
Even more importantly, it allowed Peter to reformulate his earlier defi-
nition of Eoo ring spectra in a clear conceptual way that foreshadowed 
their later description as in some sense strict commutative rings in the 
category of spectra. In fact, this "strictness" became literal in the later 
'brave new worlds' (see [83],[96],[97],[98],[99], and the next section), but 
that theory is impossible to understand without knowing Peter's clas-
sical theory first. We present here a brief summary of the most basic 
concepts of [53]. 

A non-equivariant coordinatized spectrum, in Peter's approach, is a 
sequence of spaces Zn together with explicit homeomorphisms 

Zn~nzn+l· 
This rigidification allows us to interpret point set theoretical concepts 
for spectra. This is Peter's first major contribution to foundations of 
stable homotopy theory, which dates back to 1968 [7]. The second 
substantial ingredient is the notion of coordinate-free spectrum. Here, 
we pick a universe, which is an infinite-dimensional real inner product 
space U (we assume that U is a union of an increasing sequence of finite 
dimensional vector spaces). Then a coordinate free spectrum consists 
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of spaces Zv for all finite-dimensional subspaces V C U, together with 
homeomorphisms 

Zv-----! nw-v Zw 

which satisfy a suitable compatibility axiom. Here W - V is the or-
thogonal complement of V in W. 

One advantage of coordinate free spectra is that one can define G-
equivariant spectra for a compact Lie group G precisely the same way. 
The only adjustment is to the notion of a universe U: One lets U be a 
sum of infinitely many copies of certain chosen finite-dimensional real 
representations of G, including the trivial one-dimensional representa-
tion. A special role is played by the complete universe, in which case 
we take all finite-dimensional representations of G to form U. 

G-spectra indexed by the complete universe immediately give G-
equivariant cohomology theories indexed by the real representation ring 
RO (G): for a finite-dimensional representation V, and a G-CW com-
plex X, simply put 

Ev (X) = [X, Zv]. 

Here the right hand side denotes based G-homotopy classes of maps. 
By stability, this definition can be extended to virtual representations. 

One can immediately define a strictly commutative and associative 
smash product of G-spectra, but it involves change of universe: Let 
E be a spectrum indexed over a universe U, and E' be a spectrum 
indexed over a universe V. Then it is almost immediate to define a 
spectrum E 1\ E' indexed over the universe U EB V. To get back to a 
chosen universe, one introduces, for an isometry i : U--+ V of universes, 
a change of universe functor i* from the category of U-spectra to the 
category of V-spectra. It is left adjoint to the "pull-back" functor i*. 
If E and E' are both indexed over U, we can get an internal smash 
product of E and E' by forming i*(E 1\ E') where i : U EB U --+ U is 
a chosen isometry. Doing this, we lose point set commutativity and 
associativity, but relatively easily get these properties up to homotopy, 
at least if E, E' are CW-spectra. 

However, the choice of isometry in the previous paragraph led to 
Peter's next major idea. Boardman had earlier introduced the use of 
spaces of linear isometries in stable homotopy theory. Peter and his 
students found a quite different way of exploiting such spaces with his 
construction of twisted half-smash products. Given a space X together 
with a map from X to the space of all isometries from U to V and a 



PETER MAY'S 60th BIRTHDAY 

spectrum E indexed over U, the twisted half-smash product 

Xrx.E 

xxxi 

gives a way of taking the "union" of the spectra i*E over all i E X. 
Doing this is technical; see [53], and Cole's appendix to [83] for a 
simplification. 

Using the twisted half-smash product, we can now define Eoo ring 
spectra: Let £(n) be the space of all isometries from unto U. This is 
an Eoo operad. We say that E is an E00 ring spectrum if it posesses an 
action of the operad £: this is given by structure maps 

£( n) rx. E 1m ---+ E 

with suitable coherence diagram, analogous to those requiied for a 
space with an operad action. 

The book [53] is an encyclopedia of equivariant stable homotopy the-
ory. The first part of the book includes the Wirthmiiller isomorphism 
(generalizations of the formula F( G I H +, E) ~ G I H + 1\ E for G finite), 
the Adams isomorphism (asserting for E free over the complete uni-
verse and G finite that E 0 ~ ( i* E)/ G)) and geometric fixed points 
defined by 

v 
Other parts of the book treat duality, transfer, classification of equi-
variant bundles and Thorn spectra. Throughout the book, many of the 
theorems (including the above examples) are stated in greater general-
ity than previously known. 

Another of Peter's contributions to equivariant stable homotopy the-
ory is his work on the Segal conjecture. Cast in the language of equi-
variant stable homotopy theory, this asserts that for a finite group G 
and finite G-space X, we have 

(5.1) 7ra(X)~ rv 7r*(EG Xa X) 

where ( · )~ denotes completion with respect to the augmentation ideal 
of the Burnside ring of G. The rough history of this problem is as 
follows. When G = Z/2, the problem is equivalent to a nonequivariant 
conjectrue about certain Ext groups proposed by Mahowald, and in the 
late 1970's Lin [Lin] [LDMA] proved (5.1) in this non-eqivariant version. 
Adams, Gunawardena and Miller then proved (5.1) for G = (ZIPY 
using an elegant algebraic construction due to W.Singer ([AGM] sets up 
the algebraic framework, the complete proof was given in a preprint). 
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Previous to this, May and McClure [42) had reduced the proof of the 
Segal conjecture for a general finite group to the case of its p-subgroups. 
Thus the scene was set for G.Carlsson [Car], who in 1982 proved the 
Segal conjecture by reducing the proof of (5.1) for general p-group G 
to the case of G = (Zjpy. 

Carlsson's proof relied in essential ways on constructions needing 
a well equipped equivariant stable category. Peter and collaborators 
refined and elaborated Carlsson's ideas in [59], [60) and [63). In particu-
lar, Caruso, May and Priddy [59], gave a new equivariant proof of (5.1) 
for G = (Zjpy ([59] was titled as a sequel to [AGM]). [59] also gives 
a substantial simplification of Carlsson's argument by using the fol-
lowing observation about elementary abelian groups: Let G be a finite 
p-group, and let A be the category of non-trivial elementary abelian 
p-subgroup of G (morphisms are inclusions). If G i= { e }, then BA is 
G-contractible. Indeed, if C is central, we have the natural transforma-
tions C ~ C A ~ A, which on the level of classifying spaces gives the 
requisite G-equivariant contraction of EA. This gives a G-equivalence 

SX :-:: BA[X], 

where SX is the singular set of X (i.e. subspace of points with non-
trivial isotropy groups), and A[X] is the category where objects are 
pairs (A, x) with A E A, x E XA, and morphisms (A, x) --+ (B, y) 
occur if B ~ A and y = x. This allows an inductive approach to the 
Segal conjecture [59]. Carlsson [Car] also used an inductive approach, 
but worked with the category of all proper subgroups instead, which 
makes the induction more complicated. 

In work done concurrently with [42], Peter, with G.Lewis and Mc-
Clure [43], showed how statement (5.1) for all groups could be used to 
identify the function spectrum F(BG+, BH+) for any finite groups G 
and H. In particular, the rings of stable self maps { BG +, BG +} had an 
explicit group theoretic description as a completed 'two sided' Burn-
side ring A(G, G). Thus, for example, after Carlsson's work, stable 
splittings of BG could be related to the simple modules for A(G, G). 
Initially inspired by such splitting problems, there is by now a huge lit-
erature on the modular representation theory of these rings: see, e.g., 
Nischida's work [Nis] (advertised by Peter in [51]), the work of Peter's 
students [HK], and [MP]. 

Peter and his collaborators also obtained generalizations of the Segal 
conjecture [60], [63]. 
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Another substantial contribution of Peter's was his joint paper with 
John Greenlees [77] on equivariant Tate cohomology. Let G be a com-
pact Lie group, consider the cofibration: 

EG+ ---+ S 0 ---+ Ea. 
If E is a G-spectrum, we have the now famous Tate diagram 

Here c(E) = F(EG+, E) is called the Borel cohomology theory associ-
ated withE, and E = Ec 1\ F(EG+, E) is called the Tate cohomology 
associated with E. 

[77] covers many topics, including spectral sequences, generalizations 
of the Tate diagram for families, and connections with cyclic cohomol-
ogy and the root invariant. 

Example: Let G act freely on S(V), the unit sphere of a G-repre-
sentation. Denote by av : S0 ---+ sv the non-trivial based map, 
where sv is the one point compactification of V. Let E be a G-ring 
spectrum, and let X be a finite G-CW complex. Then 

E* X= c(E)* X[a\:}] = c(E)*X[av1]. 

In particular, E*X and E* X are periodic. (Here * means RO(G)-
grading.) 

6. BRAVE NEW WORLDS 

Finally, we arrive at Peter's recent breakthrough in stable founda-
tions, namely symmetric monoidal structures on model categories of 
spectra. The basic reference is [83] (although accounts of other ap-
proaches have appeared more recently, see below). I would like to 
sketch the history of [83] briefly. 

[83] started with a joint idea of Peter and myself on constructing a 
tensor product of Eoo modules over an E 00 ring R in algebra. (The 
algebraic context will be also described below.) Peter saw that this 
method could be used in topology, which was a project Tony Elmendorf 
had been working on. By Spring 1993, Elmendorf, May and myself 
constructed a derived category of E00 R-module spectra, even though 
it involved transfinite iteration of a bar construction "fattening" of R. 
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All along, Mike Hopkins had his own idea of constructing the derived 
category, using a stable homotopy analogue of Quillen's approach to 
homology: this program played a role in his project of constructing an 
E 00 structure on En (the joke is Mike's), and rigidifying group actions 
on En suggested by Lubin-Tate theory. 

Right before the Boston algebraic topology conference in 1993, peo-
ple both at Chicago and MIT realized that further point set rigidifi-
cation of their categories is possible. At the Boston conference, Mike 
Hopkins gave me a note, in which he proved the formula 

(6.1) £(2) X£(1) £(2) ~ £(3) 

(recall that .C( n) is the space of all isometries from un to U). This 
formula caused us to scrap completely our existing version of [83] and 
to start over. For it forced the following definition: 

An L-spectrum is a spectrum together with an action £(1) ~ E ~ E 
with the obvious associativity and unitality axioms (£(1) is a monoid). 
For L-spectra E 1 , E2 , put 

the coequalizer being of the two obvious maps. Hopkins' formula (6.1) 
implies that this product is commutative and associative, although, 
strangely, not unital. 

On the other hand, S 1\c S = S. Thus, we can define an S-module 
to be an L-spectrum E for which S 1\c E =E. Then S-modules with 
the product 1\c form a symmetric monoidal category. We realized that 
very shortly after Boston. What was not clear at all was how to do 
homotopy theory in this context. This involved a major contribution 
of Mike Mandell. Mandell also contributed certain nice applications to 
[83], for example Eoo algebraic K-theory. 

As mentioned above, the algebraic version of this project (i.e. E00 -

modules over E 00-algebras in the category of chain complexes) was 
also realized. The resulting paper [78] also became an accompanying 
paper of [BK]. If A is Bloch's higher Chow complex (whose homology 
groups are the higher Chow groups), then [78] converts A into an E00 

algebra. We proposed mixed Tate motives as the derived category of 
A in the above sense. On the abstract level, much of [83] has algebraic 
analogues, although, strangely, the theory of unital S-modules was 
never worked out algebraically (and it is even possible that its algebraic 
analogue doesn't exist). Our category of mixed Tate motives is 'right' in 
the sense that it agrees with the derived category of mixed Tate motives 
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obtained from Voevodsky's theory. A part of [78] which doesn't have a 
topological analogue is rational homotopy theory: in this context, B~o 
structures can be rigidified. For example, from a rational E00 algebra, 
one can manufacture a graded-commutative DGA. We also worked out 
a t-structure on rational mixed Tate motives, and showed that they 
form a derived category of an abelian category, assuming the "K(1r, I)-
conjecture" of Beilinson, which says that the commutative DGA model 
of A is equivalent to the deRham complex of a K(1r, 1) space. 

As mentioned above, other symmetric monoidal model categories 
of spectra were discovered, most notably a category of Jeff Smith 
[HSS] based on symmetric spectra and another based on orthogonal 
spectra. Orthogonal spectra, just like S-modules, can be used also 
G-equivariantly for a compact Lie group G. This does not have an ob-
vious analogue in symmetric spectra. A unification result of all known 
'symmetric monoidal spectra machines' was obtained by Mandell, May, 
Shipley and Schwede [96], [97]. 

Last but not least, let us mention an application of the results of 
[83], namely the Greenlees-May completion theorem for MU-modules 
[87]. Let R be a commutative S-algebra, let a: E 1r*(R). Let 

K(o:) 

be the fiber of the localization map R --t R[o:- 1]. Now let I 
(o:1, ... , o:n) be a finitely generated ideal in 1r*(R). Then put 

n 

i=l 

It can be shown that K(I) is independent of the choice of generators. 

Now let M be an R-module. Define its local cohomology by 

f1(M) = K(I) 1\R M 

and its local homology by 

MP = FR(K(I), M). 

Now let R be a G-equivariant S-algebra. Suppose I is a finitely gener-
ated ideal contained in 

Then 
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is contractible non-equivariantly, so K(I) is non-equivariantly equiva-
lent to R. This gives a map 

K : EG+ 1\ R--+ K(I), 

which induces maps 

(6.2) EG+ 1\ M--+ fr(M), 

(6.3) 

Theorem 6.4. (Greenlees, May [87]) Suppose G is a finite extension 
of a torus, R = MU. Then, for any sufficiently large finitely gener-
ated ideal contained in 10 , (6.2} and (6.3) are equivalences of MUc-
modules. 

Acknowledgement: I am very thankful to J. Greenlees and N. Kuhn 
for helpful comments. 

REFERENCES 

[Ada] J.F. Adams: Stable homotopy and generalised homology, Chicago Lectures 
in Mathematics. University of Chicago Press, Chicago, IlL-London, 1974 

[AGM] J.F. Adams, J.H. Gunawardena, H.R. Miller: The Segal conjecture for 
elementary abelian p-groups, Topology 24 (1985), 435-460 

[LDMA] W.H. Lin, D.M. Davis, M.E. Mahowald, J.F. Adams: Calculation of Lin's 
Ext groups, Math. Proc. Cambridge Philos. Soc. 87 (1980), 459-469 

[BK] S. Bloch, Spencer, I. Kriz: Mixed Tate motives, Ann. of Math. (2) 140 
(1994), 557-605 

[BV] J.M. Boardman, R.M. Vogt: Homotopy invariant algebraic structures on 
topological spaces, Lecture Notes in Mathematics 347, Springer-Verlag, 
Berlin-New York, 1973 

[BLP] W. Browder, A.Liulevicius, F.P. Peterson: Cobordism theories, Ann. of 
Math. (2) 84 (1966), 91-101 

[BMM] G. Brumfiel, I. Madsen, R.J. Milgram: PL characteristic classes and cobor-
dism. Ann. of Math. (2) 97 (1973), 82-159 

[Car] G. Carlsson: Equivariant stable homotopy and Segal's Burnside ring con-
jecture, Ann. of Math. (2) 120 (1984), 189-224 

[HK] J.C. Harris, N.J. Kuhn: Stable decompositionso fo classifying spaces of 
finite abelian p-groups, Math. Proc. Cambridge Phil. Soc., 103 (1988) 427-
449. 

[HSS] M. Hovey, B. Shipley, J. Smith: Symmetric spectra, J. Amer. Math. Soc. 
13 (2000) 149-208 

[Lin] W.H. Lin: On conjectures of Mahowald, Segal and Sullivan, Math. Proc. 
Cambridge Philos. Soc. 87 (1980), 449-458 



PETER MAY'S 60th BIRTHDAY xxxvii 

[Mac] S. MacLane: Categories for the working mathematician, Graduate Texts 
in Mathematics, Vol. 5. Springer-Verlag, New York-Berlin, 1971 

[MM] 

[MM1] 

I. Madsen, R.J. Milgram: The oriented topological and P L cobordism rings, 
Bull. Amer. Math. Soc. 80 (1974), 855-860 
I. Madsen, R. J. Milgram: On spherical fiber bundles and their PL reduc-
tions. New developments in topology (Proc. Sympos. Algebraic Topology, 
Oxford, 1972), pp. 43-59. London Math. Soc. Lecture Note Ser., No. 11, 
Cambridge Univ. Press, London, 1974 

[MPJ J. Martino, S. Priddy The complete stable splitting for the classifying space 
of a finite group. Topology 31 (1992) 143-156 

[Milg] 
[Miln] 

R.J. Milgram: Iterated loop spaces, Ann. of Math. 84 (1966) 386-403 
J. Milnor: The Steenrod algebra and its dual, Ann. of Math. (2) 67 (1958) 
150-171 

[MMo] 

[Nis] 

J.W. Milnor, J.C. Moore: On the structure of Hopf algebras, Ann. of Math. 
(2) 81 (1965) 211-264 
G.Nishida: Stable homotopy type of classifying spaces of finite groups. 
Algebraic and topological theories (Kinosaki, 1984), 391-404, Kinokuniya, 
Tokyo (1986) 

[Pri] 
[Seg] 

[Sta] 

S.B. Priddy: Koszul resolutions, Trans. Amer. Math. Soc. 152 (1970) 39-60 
G. Segal: Categories and cohomology theories, Topology 13 (1974), 293-
312 
J .Stasheff: Homotopy associativity of H-spaces I,II. Trans. American Math. 
Soc. 108 (1963) 275-312 

J. PETER MAY'S COMPLETE BIBLIOGRAPHY (September 1999) 

[1] J.P.May: The cohomology of restricted Lie algebras and of Hopf algebras. 
Bull. Amer. Math. Soc. 71(1965), 372-377. 

[2] J .P.May: The cohomology of the Steenrod algebra; stable homotopy groups 
of spheres. Bull. Amer. Math. Soc. 71(1965), 377-380. 

[3] J.P.May: The cohomology of restricted Lie algebras and of Hopf algebras. 
J. Algebra (1966), 123-146. 

[4] J.P.May: The cohomology of augmented algebras and generalized Massey 
products for DGA-algebras. Trans. Amer. Math. Soc. 122(1966), 334-340. 

[5] J.P.May: Simplicial objects in algebraic topology. D. Van Nostrand 1967; 
reprinted by the University of Chicago Press 1982 and 1992. (161 pages) 

[6] J.P.May: The cohomology of principal bundles, homogeneous spaces, and 
two-stage Postnikov systems. Bull. Amer. Math. Soc. 74(1968), 334-339. 

[7] J.P.May: Categories of spectra and infinite loop spaces. Lecture Notes in 
Mathematics Vol. 99. Springer-Verlag 1969, 448-479. 

[8] J.P.May: Matric Massey products. J. Algebra 12(1969), 533-568. 
[9] J.P.May: Some remarks on the structure of Hopf algebras. Proc. Amer. 

Math. Soc. 23(1969), 708-713. 
[10] J .P.May: A general algebraic approach to Steenrod operations. Lecture 

Notes in Mathematics Vol. 168. Springer-Verlag 1970, 153-231. 
[11] J .P.May: Homology operations on infinite loop spaces. Proceedings of Sym-

posia in Pure Mathematics Vol. 22. Amer. Math. Soc. 1971, 171-186. 



xxxviii IGOR KRIZ 

[12] J.P.May: The geometry of iterated loop spaces. Lecture Notes in Mathe-
matics Vol. 271. Springer-Verlag 1972. (ix + 175 pages) 

[13] J.P.May: E 00 spaces, group completions, and permutative categories. Lon-
don Math. Soc. Lecture Notes Series Vol. 11, 1974, 61-93. 

[14] V. K. A. M. Gugenheim, J.P.May: On the theory and applications of dif-
ferential torsion products. Memoirs Amer. Math. Soc. No. 142, 1974. (vi+ 
103 pages) 

[15] J.P. May: Classifying spaces and fibrations. Memoirs Amer. Math. Soc. 
No. 155, 1975. (xi + 98 pages) 

[16] J.P.May: Problems in infinite !oop space theory. Sociedad Mathematica 
Mexicana. Notas de Matematicas y Simposia, No. 1, 1975, 111-125. 

[17] F. R. Cohen, T. J. Lada, J.P. May: The homology of iterated loop spaces. 
Lecture Notes in Mathematics Vol. 533. Springer-Verlag 1976. (vii +490 
pages) 

[18] J.P. May: Infinite loop space theory. Bull. Amer. Math. Soc. 83(1977), 
456-494. 

[19] J.P. May, A. Zabrodsky: H*Spin(n) as a Hopf algebra. J. Pure and Appl. 
Algebra. 10(1977), 193-200. 

[20] J.P. May, with contributions by F. Quinn, N. Ray, and J. Tornehave: E 00 

ring spaces and E 00 ring spectra. Lecture Notes in Mathematics Vol. 577. 
Springer-Verlag 1977. (268 pages) 

[21] J.P. May: H 00 ring spectra and their applications. Proceedings of Symposia 
in Pure Mathematics Vol. 32 Part 2. Amer. Math. Soc. 1978, 229-243. 

[22] J.P. May, R. Thomason: The uniqueness of infinite loop space machines. 
Topology 17(1978), 205-224. 

[23] J.P. May: The spectra associated to permutative categories. Topology 
17(1978), 225-228. 

[24] J.P. May: The spectra associated to I-monoids. Math. Proc. Camb. Phil. 
Soc. 84(1978), 313-322. 

[25] J.P. May: A= ring spaces and algebraic K-theory. Lecture Notes in Math-
ematics Vol. 658. Springer-Verlag 1978, 240-315. 

[26] F. R. Cohen, L. R. Taylor, J.P. May: Splitting of certain spaces CX. Math. 
Proc. Camb. Phil. Soc. 84(1978), 465-496. 

[27] F. R. Cohen, L. R. Taylor, J.P. May: Splitting of some more spaces. Math. 
Proc. Camb. Phil. Soc. 86(1979), 227-236. 

[28] J.P. May: Infinite loop space theory revisited. Lecture Notes in Mathemat-
ics Vol 7 41. Springer-Verlag 1979, 625-642. 

[29] J.P. May: Applications and generalizations of the approximation theorem. 
Lecture Notes in Mathematics Vol. 763. Springer-Verlag 1979, 38-69. 

[30] J.P. May: Book review: Infinite loop spaces by J.F. Adams. Bull. Amer. 
Math. Soc. 1(1979), 642-646. 

[31] J.P. May: Fibrewise localization and completion. Thans. Amer. Math. Soc. 
258(1980), 127-146. 

[32] J.P. May: Pairings of categories and spectra. J. Pure and Applied Algebra 
19(1980), 299-346. 

[33] F. R. Cohen, L. R. Taylor, J.P. May: K(Z, 0) and K(Z2 , 0) as Thorn 
spectra. Illinois J. Math. 25(1981), 99-106. 

[34] J.P. May, R. J. Milgram: The Bockstein and the Adams spectral sequences. 
Proc. Amer. Math. Soc. 83 (1981), 128-130. 



PETER MAY'S 60th BIRTHDAY xxxix 

[35] J.P. May: Book review: Transformation groups and representation theory 
by T. tom Dieck. Bull. Amer. Math. Soc. 4 (1981), 90-93. 

[36] L. G. Lewis, J.P. May, J. E. McClure: Ordinary RO(G)-graded cohomology. 
Bull. Amer. Math. Soc. 4 (1981), 128-130. 

[37] J.P. May, J. E. McClure, G. Triantafillou: Equivariant localization. Bull. 
London Math. Soc. 14 (1982), 223-230. 

[38] J.P. May: Equivariant completion. Bull. London Math. Soc. 14(1982), 231-
237. 

[39] J.P. May, Z. Fiedorowicz: Homology operations revisited. Canadian Math. 
J. 3(1982), 700-717. 

[40] Z. Fiedorowicz, H. Hauschild, J.P. May: Equivariant algebraic K-theory. 
Lecture Notes in Mathematics Vol. 967. Springer-Verlag 1983, 23-80. 

[41] J.P. May: Multiplicative infinite loop space theory. J. Pure and Applied 
Algebra 26(1983), 1-69. 

[42] J.P. May, J. E. McClure: A reduction of the Segal conjecture. Current 
trends in Algebraic topology. Can. Math. Soc. Conference Proceedings Vol. 
2, part II. 1982, 209-222. 

[43] L. G. Lewis, J.P. May, J. E. McClure: Classifying G-spaces and the Segal 
conjecture. Current trends in Algebraic Topology. Can. Math. Soc. Confer-
ence Proceedings Vol. 2, part II, 1982, 165-180. 

[44] J.P. May: Equivariant homotopy and cohomology theory. Contemporary 
Mathematics Vol12. Amer. Math. Soc. 1982, 209-218. 

[45] R. K. Lashof, J.P. May, G. B. Segal: Equivariant bundles with Abelian 
structural group. Contemporary Mathematics Vol 19. Amer. Math. Soc. 
1983, 167-176. 

[46] J.P. May, L. R. Taylor: Generalized splitting theorems. Math. Proc. Camb. 
Phil. Soc. 93(1983), 73-86. 

[47] J.P. May: The dual Whitehead Theorems. London Math. Soc. Lecture Note 
Series Vol. 86(1983), 46-54. 

[48] J. Caruso, F. R. Cohen, J.P. May, L. R. Taylor: James maps, Segal maps, 
and the Kahn-Priddy theorem. Trans. Amer. Math. Soc. 281(1984), 243-
283. 

[49] F.R. Cohen, J.P. May, L.R. Taylor: James maps and En ring spaces. Trans. 
Amer. Math. Soc. 281(1984), 285-295. 

[50] J.P. May: The completion conjecture in equivariant cohomology. Lecture 
Notes in Mathematics Vol. 1051 Springer-Verlag 1984, 620--637. 

[51] J.P. May: Stable maps between classifying spaces. Contemporary Mathe-
matics Vol. 37, Amer. Math. Soc. 1985, 121-129. 

[52] R. Bruner, J.P. May, J. E. McClure, M. Steinberger: Hoc ring spectra and 
their applications. Lecture Notes in Mathematics Vol. 1176. Springer-Verlag 
1986. (vii + 388 pages) 

[53] L. G. Lewis, J.P. May, M. Steinberger, with contributions by J. E. McClure: 
Equivariant stable homotopy theory. Lecture Notes in Mathematics Vol. 
1213. Springer-Verlag, 1986. (ix + 538 pages) 

[54] J.P. May: A remark on duality and the Segal conjecture. Lecture Notes in 
Mathematics Vol. 1217. Springer-Verlag 1986, 303-305. 

[55] R.K. Lashof, J.P. May: Generalized equivariant bundles. Bulletin Belgian 
Math. Soc. 38 (1986), 265-271. 



xl 

[56] 

[57] 

[58] 

[59] 

[60] 

[61] 

[62] 

[63] 

[64] 

[65] 

[66] 

[67] 

[68] 

[69] 

[70] 

[71] 

[72] 

[73] 

[74] 

[75] 

[76] 

[77] 

IGOR KRIZ 

J.P. May: Characteristic classes in Borel cohomology. J. Pure and Applied 
Algebra 44 (1987), 287-289. 
J.P. May: A generalization of Smith theory. Proc. Amer. Math. Soc. 101 
(1987), 728-730. 
J.P. May: Equivariant constructions of nonequivariant spectra. Annals of 
Math. Studies Vol. 113. Princeton Univ. press 1987, 345-364. 
J. Caruso, J.P. May, S. B. Priddy: The Segal conjecture for elementary 
Abelian p-groups, II; p-adic completion in equivariant cohomology. Topol-
ogy 26(1987), 413-433. 
J. F. Adams, J-P. Haeberly, S. Jackowski, J.P. May: A generalization of 
the Segal conjecture. Topology 27 (1988), 7-21. 
J. F. Adams, J-P. Haeberly, S. Jackowski, J.P. May: A generalization of 
the Atiyah-Segal completion theorem. Topology 27 (1988), 1-6. 
S. Bauer, J.P. May: Maximal ideals in the Burnside ring of a compact Lie 
group. Proc. Amer. Math. Soc. 102 (1988), 684-686. 
J.P. May, V. P. Snaith, P. Zelewski: A further generalization of the Segal 
conjecture. Quarterly J. Math. 401 (1989), 457-473. 
J.P. May: Book review: Transformation groups by T. tom Dieck. Bull. 
Amer. Math. Soc. 20 (1989), 267-270. 
J.P. May: Some remarks on equivariant bundles and classifying spaces. 
Asterisque 191 (1990), 239-253. 
J.P. May: G-spaces and fundamental groupoids. Appendix to "An equi-
variant Novikov conjecture" by J. Rosenberg and S. Weinberger. Journal 
of K-theory 4 (1990), 50-53. 
J.P. May: Weak equivalences and quasifibrations. Lecture Notes in Math-
ematics Vol. 1425, Springer-Verlag 1990, 91-101. 
J.P. May: Memorial address for J. Frank Adams. Mathematical Intelli-
gencer 12 (1990), 40-44. 
J.P. May: Reminiscences on the life and mathematics of J. Frank Adams. 
Mathematical Intelligencer 12 (1990), 45-48. 
J.P. May: The work of J. F. Adams. Adams Memorial Symposium on 
Algebraic Topology, Vol. 1, London Math. Soc. Lecture Notes Vol. 175, 
1992, 1-21. 
J. P. C. Greenlees, J.P. May: Completions of G-spectra at ideals of the 
Burnside ring. Adams Memorial Symposium on Algebraic Topology, Vol. 2, 
London Math. Soc. Lecture Notes Vol. 176, 1992, 145-178. 
J. P. C. Greenlees, J.P. May: Some remarks on the structure of Mackey 
functors. Proc. Amer. Math. Soc. 115(1992), 237-243. 
J. P .C. Greenlees, J.P. May: Derived functors of J-adic completion and 
local homology. J. of Algebra 148(1992), 438-453. 
J.P. May: Derived categories in algebra and topology. Rendiconti 
dell'Istituto di Matematica dell'Universita di Trieste 25(1993), 363-377. 
I. Kriz, J.P. May: Derived categories and motives. Mathematical Research 
Letters 1(1994), 87-94. 
J. P. C. Greenlees, A. Elmendorf, I. Kriz, J.P. May: Commutative alge-
bra in stable homotopy theory and a completion theorem. Mathematical 
Research Letters 1(1994), 225-239. 
J.P. C. Greenlees, J.P. May: Generalized Tate cohomology. Memoirs Amer. 
Math. Soc. No 543. 1995. (178 pages). 



PETER MAY'S 60th BIRTHDAY xli 

[78] I. Kriz, J.P. May: Operads, algebras, modules, and motives. Asterisque. 
No. 233. 1995. (144 pages). 

[79] A. D. Elmendorf, I. Kriz, M.A. Mandell, J.P. May: Modern foundations of 
stable homotopy theory. Handbook of Algebraic Topology, edited by I.M. 
James, pp. 217-257. North Holland. 1995. 

[80] J. P. C. Greenlees, J.P. May: Completions in algebra and topology. Hand-
book of Algebraic Topology, edited by I.M. James, pp. 258-278. North 
Holland. 1995. 

[81] J. P. C. Greenlees, J.P. May: Equivariant stable homotopy theory. Hand-
book of Algebraic Topology, edited by I.M. James, pp. 279-325. North 
Holland. 1995. 

[82] J.P. May: Equivariant homotopy and cohomology theory. NSF-CBMS Re-
gional Conference Series in Mathematics No. 91. 1996. (366 pages). 

[83] A. Elmendorf, I. Kriz, M.A. Mandell, J.P. May: Rings, modules, and alge-
bras in stable homotopy theory. Amer. Math. Soc. Mathematical Surveys 
and Monographs Vol 47. 1997. (249 pages). 

[84] J.P. May: Definitions: operads, algebras, and modules. in Operads: Pro-
ceedings of renaissance conferences. Contemporary Mathematics Vol. 202, 
1997, 1-7. 

[85] J.P. May: Operads, algebras, and modules. in Operads: Proceedings of 
renaissance conferences. Contemporary Mathematics Vol. 202, 1997, 15-31. 

[86] J.P. May: Operadic tensor products and smash products. in Operads: Pro-
ceedings of renaissance conferences. Contemporary Mathematics Vol. 202, 
1997, 287-303. 

[87] J. P. C. Greenlees, J.P. May: Localization and completion theorems for 
MU- module spectra. Annals of Math. 146(1997), 509-544. 

[88] A. D. Elmendorf, J.P. May: Algebras over equivariant sphere spectra. J. 
Pure and Applied Algebra. 116(1997), 139-149. 

[89] J.P. May: Equivariant and nonequivariant module spectra. J. Pure and 
Applied Algebra. 127(1998), 83-97. 

[90] J.P. May: Stable algebraic topology and stable topological algebra. Bulletin 
London Math. Soc. 30(1998), 225-234. 

[91] J.P. May: Brave new worlds in stable homotopy theory. In Homotopy 
theory via algebraic geometry and group representations. Contemporary 
Mathematics Vol 220, 1998, 193-212. 

[92] J.P. May: Stable algebraic topology. In "History of topology", edited by 
I.M. James. Elsevier Science B.V. 1999. 

[93] J.P. May: Equivariant orientations and Thorn isomorphisms. In Tel Aviv 
Topology Conference: Rothenberg Festschrift. Contemporary Mathematics 
Vol 231, 1999, 227-243. 

[94] J.P. May: The hare and the tortoise. (In Contemporary Mathematics Vol-
ume in honor of J.M. Boardman). In Homotopy invariant algebraic struc-
tures. Contemporary Mathematics Vol 239, 1999, 9-13. 

[95] J.P. May: A concise introduction to algebraic topology. University of 
Chicago Press. 1999. (243 pages) 

[96] M. A. Mandell, J.P. May, S. Schwede, B. Shipley: Model categories of 
diagram spectra. Proc. London Math. Soc. To appear. 

[97] M. A. Mandell, J.P. May: Equivariant orthogonal spectra and S-modules. 
Preprint, 2000. 



xlii IGOR KRIZ 

[98] J.P. May: Picard groups, Grothendieck rings, and Burnside rings. Preprint, 
1999. 

[99] H. Fausk, L. G. Lewis, J. P. May: The Picard group of the equivariant 
stable homotopy category. Preprint, 2000. 



Mathematical ancestry of J. Peter May 

• Karl Jacobi, 1825, Humboldt 
• Wilhelm Scheibner, 1848, Halle 
• William Story, 1875, Leipzig 
• Solomon Lefschetz, 1911, Clark 
• Norman Steenrod, 1936, Princeton 
• George W. Whitehead, 1941, Chicago 
• John Moore, 1952, Brown 
• Peter May, 1964, Princeton 

Students of J. Peter May 
• Neal Glassman, 1968 
• Albert F. Lawrence, 1969 
• Claude Schochet, 1969 

- Andre Deutz, 1985 
• Stanley Kochman, 1970 

- Jesus Mayorquin, 1985 
• Ib Madsen, 1970 

- Marcel Bokstedt, 1979 
* Ivar Ottesen, 1997 
* Morten Brun, 1998 

- Erkki Laitinen, 1979 
- Steffen Bentsen, 1983 
- Jan-Alve Svensen, 1986 
- Lisbeth Fajstrup, 1992 
- Kenneth Hansen, 1992 
- Lars Hesselholt, 1994 
- Christian Shlichtkrull, 1997 

• Marta Herrero, 1972 
• Frederick Cohen, 1972 

- Dan Waggoner, 1985 
- Shiu Wong, 1991 
- Dai Tamaki, 1993 
- Ran Levi, 1993 
- Jie Wu, 1995 
- Jeffrey Wang, 1997 
- Miguel Xicotencatl, 1997 

• Zbigniew Fiedorowicz, 1975 
- Gerald Dunn, 1984 
- Yongjin Song, 1990 

xliii 



xliv MATHEMATICAL ANCESTRY OF J. PETER MAY 

- Wojciech Gajda, 1990 
- Cornel Balteanu, 1997 

• Hans Ligaard, 1976 
• Robert Bruner, 1977 

- Dilip Bayen, 1994 
• Mark Steinberger, 1977 
• Robert Wellington, 1977 
• L. Gaunce Lewis, 1978 

- Melda Yaman Oruc, 1987 
- Florian Luca, 1996 
- Kevin Ferland, 1998 

• James E. McClure, 1978 
• Stefan Waner, 1978 
• Anthony Elmendorf, 1979 
• Jeffrey Caruso, 1979 
• Nicholas Kuhn, 1980 

- Piotr Krason, 1991 
- Mark Winstead, 1993 
- David Hunter, 1997 
- Stephen Ahearn, 2000 

• Unni Namboodiri, 1982 
• Jean Pierre Haeberly, 1983 
• Steven Costenoble, 1985 
• John Harris, 1985 
• John Wicks, 1990 
• Yimin Yang, 1992 
• Michael Cole, 1996 
• Jerome Wolbert, 1996 
• Michael Mandell, 1997 
• Maria Basterra, 1998 
• Laura Scull, 1999 
• Dan Isaksen, 1999 

Current students working with May (as of Summer 1999) 
• Mark Behrens 
• Benjamin Blander 
• Halvard Fausk 
• Christopher French 
• Adam Przezdziecki 
• Johann Sigurdsson 



Selected Titles in This Series 
(Continued from the front of this publication) 

247 Lawrence Wasson Baggett and David Royal Larson, Editors, The functional and 
harmonic analysis of wavelets and frames, 1999 

246 Marcy Barge and Krystyna Kuperberg, Editors, Geometry and topology in 
dynamics, 1999 

245 Michael D. Fried, Editor, Applications of curves over finite fields, 1999 
244 Leovigildo Alonso Tarrio, Ana Jeremias Lopez, and Joseph Lipman, Studies in 

duality on noetherian formal schemes and non-noetherian ordinary schemes, 1999 
243 Tsit Yuan Lam and Andy R. Magid, Editors, Algebra, K-theory, groups, and 

education, 1999 
242 Bernheim Booss-Bavnbek and Krzysztof Wojciechowski, Editors, Geometric 

aspects of partial differential equations, 1999 
241 Piotr Pragacz, Michal Szurek, and Jaroslaw Wisniewski, Editors, Algebraic 

geometry: Hirzebruch 70, 1999 
240 Angel Carocca, Victor Gonzalez-Aguilera, and Rubi E. Rodriguez, Editors, 

Complex geometry of groups, 1999 
239 Jean-Pierre Meyer, Jack Morava, and W. Stephen Wilson, Editors, Homotopy 

invariant algebraic structures, 1999 
238 Gui-Qiang Chen and Emmanuele DiBenedetto, Editors, Nonlinear partial 

differential equations, 1999 
237 Thomas Branson, Editor, Spectral problems in geometry and arithmetic, 1999 
236 Bruce C. Berndt and Fritz Gesztesy, Editors, Continued fractions: From analytic 

number theory to constructive approximation, 1999 
235 Walter A. Carnielli and ltala M. L. D'Ottaviano, Editors, Advances in 

contemporary logic and computer science, 1999 
234 Theodore P. Hill and Christian Houdre, Editors, Advances in stochastic 

inequalities, 1999 
233 Hanna Nencka, Editor, Low dimensional topology, 1999 
232 Krzysztof Jarosz, Editor, Function spaces, 1999 
231 Michael Farber, Wolfgang Liick, and Shmuel Weinberger, Editors, Tel Aviv 

topology conference: Rothenberg Festschrift, 1999 
230 Ezra Getzler and Mikhail Kapranov, Editors, Higher category theory, 1998 
229 Edward L. Green and Birge Huisgen-Zimmermann, Editors, Trends in the 

representation theory of finite dimensional algebras, 1998 
228 Liming Ge, Huaxin Lin, Zhong-Jin Ruan, Dianzhou Zhang, and Shuang Zhang, 

Editors, Operator algebras and operator theory, 1999 
227 John McCleary, Editor, Higher homotopy structures in topology and mathematical 

physics, 1999 
226 Luis A. Caffarelli and Mario Milman, Editors, Monge Ampere equation: 

Applications to geometry and optimization, 1999 
225 Ronald C. Mullin and Gary L. Mullen, Editors, Finite fields: Theory, applications, 

and algorithms, 1999 
224 Sang Geun Hahn, Hyo Chul Myung, and Efim Zelmanov, Editors, Recent 

progress in algebra, 1999 
223 Bernard Chazelle, Jacob E. Goodman, and Richard Pollack, Editors, Advances 

in discrete and computational geometry, 1999 
222 Kang-Tae Kim and Steven G. Krantz, Editors, Complex geometric analysis in 

Pohang, 1999 

For a complete list of titles in this series, visit the 
AMS Bookstore at www.ams.org/bookstorej. 



Homotopy Methods in Algebraic Topology 

J. P. C. Greenlees, University of Sheffield, UK, Editor, with assistance 
from Robert R. Bruner, Wayne State University, Detroit, MI, and 

Nicholas Kuhn, University of Virginia, Charlottesville 

This volume presents the proceedings from the AMS-IMS-SIAM Summer Research 
Conference on Homotopy Methods in Algebraic Topology held at the University of 
Colorado (Boulder). The conference coincided with the sixtieth birthday of J. 

Peter May. 
An article is included reflecting his wide-ranging and influential contributions to the 
subject area. Other articles in the book discuss the ordinary, elliptic and real-oriented 

I 
Adams spectral sequences, mapping class groups , configuration spaces, extended powers, 
operads, the telescope conjecture, p-compact groups , algebraic K theory, stable and 
unstable splittings, the calculus of functors, the Eoo tensor product, and equivariant coho-
mology theories. The book offers a compendious source on modern aspects of homotopy 
theoretic methods in many algebraic settings. 

ISBN 0-8218-2621-2 

9 780821 826218 
CONM/271 


