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Preface 

This book is based on the material covered in the Summer School on Inter
actions between Homotopy Theory and Algebra held at the University of Chicago, 
from July 26 to August 6, 2004. 

The first week was dedicated to three lecture series that introduced general 
constructions and techniques that have been used in both fields: 

• Paul Goerss (Northwestern University) 
Simplicial Methods and Model Categories 

• Craig Huneke (University of Kansas) 
Local Cohomology 

• Henning Krause (University of Paderborn, Germany) 
Differential Graded Methods and Derived Categories 

Papers based on these lecture series form the first part of the book. 
The second week included lecture series on selected topics in these fields: 

• Alejandro Adem (University of British Columbia, Canada) 
Group cohomology 

• Ragnar-Olaf Buchweitz (University of Toronto, Canada) 
What Arrows can Commutative Algebra pull from Quivers? 

• John Greenlees (University of Sheffield, England) 
First steps in brave new commutative algebra 

• Kathryn Hess (EPFL, Switzerland) 
Rational homotopy theory 

• Mark Hovey (Wesleyan University, Connecticut) 
Cotorsion Theories 

• Srikanth Iyengar (University of Nebraska, Lincoln) 
Andr&-Quillen homology of commutative algebras 

• Jack Morava (Johns Hopkins University) 
Quillen's setup for cobordism 

The second part of this book includes accounts based on all of the above lectures 
except those of Buchweitz and Morava. 

It is impossible in a two-week-long meeting to touch upon many aspects of 
the complex and intense flow of ideas between algebra and homotopy theory. Two 
papers in the second part of the book are based on series of lectures delivered at 
other recent events: 

• Igor Burban (University of Mainz, Germany) 
Coherent sheaves on an elliptic curve 

• John Greenlees (University of Sheffield, England) 
Spectra for commutative algebraists 

vii 
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Burban lectured at the summer school Derived categories in representation theory 
held at Tsinghua University in Beijing in August 2005. Greenlees gave his talks in 
February, 2003, during the 2002-2003 MSRI program Commutative algebra. Finally, 
we have added a short account that ties together topics found in the articles by 
Huneke, Greenlees, and Adem: 

• Bill Dwyer (University of Notre Dame) 
Local cohomology in commutative algebra, 
homotopy theory and group cohomology 

The goal of this book is to create a resource where one can learn about some 
deep connections between homotopy theory and various algebraic fields, such as 
commutative algebra, representation theory, and algebraic geometry, and find back
ground for these directions of current research. The lectures at the summer school 
were presented to an audience consisting of beginning researchers with varied math
ematical backgrounds, and lecturers were asked to deliver their talks with novices 
in mind. This emphasis is preserved, and often enhanced, in the written accounts 
collected here. 

* * * 
The three expositions that make up the first part of this book provide intro-

ductions to topics that are crucial in the connections between homotopy theory and 
various algebraic fields. They are intended for non-experts in the specific topic. 

Goerss introduces Quillen model categories as a tool for understanding resolu
tions. Goerss then explains how Quillen used this tool in his foundational work on 
the homology of commutative algebras, now called Andre-Quillen homology. More 
recent work on the use of Andre-Quillen homology to characterize regular homo
morphisms and locally complete intersection homomorphisms appears in Iyengar's 
article. Another of Quillen's original applications of model category technology 
was to rational homotopy theory; an introduction to this subject appears in Hess' 
article. Model categories have also been an important ingredient in Morel and 
Voevodsky's motivic homotopy theory which applies homotopy theory to algebraic 
geometry [12, 13, 14]. 

Huneke's Lectures on local cohomology is an introduction to a topic in com
mutative algebra that is both well-established and is still a focus for contemporary 
research. The vanishing and the structure of local cohomology modules character
ize two main classes of commutative rings-Gorenstein rings and Cohen-Macaulay 
rings. (The other two fundamental classes, regular rings and complete intersection 
rings, are characterized by the vanishing of Andre-Quillen homology, discussed in 
the papers of Goerss and of Iyengar.) Huneke's starts by constructing the formal 
machinery of local cohomology, then goes on to "discover" the classes of Gorenstein 
rings and Cohen-Macaulay rings. Such an approach may be habitual to algebraic 
topologists and unusual for algebraists; a fact that by itself should provide each 
group with a topic for meditation. On a mathematical level, the notes are aimed at 
providing a complete proof of an important theorem on connectedness of intersec
tions of projective varieties, due to Fulton and Hansen. For systematic expositions 
of local cohomology, the reader can consult both Grothendieck's foundational text 
and the modern treatment [8]. For a spectacular recent application, (s)he should 
read Huneke and Lyubeznik's short paper [7]. 

The article Derived categories, resolutions, and Brown representability by 
Krause investigates the differential graded resolutions and derived categories that 
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are precursors to the simplicial resolutions and homotopy categories developed for 
doing homotopy theory in non-abelian categories as discussed in Goerss' article. 
The early sections of this paper discuss triangulated categories and Brown repre
sentability, which provide a framework and important tools for the kind of homo
logical algebra that arises in representation theory, algebraic geometry, and stable 
homotopy theory. The later sections give a characterization of algebraic triangu
lated categories in terms of the derived categories of differential graded algebras 
or dg-categories. These topics are closely associated to Keller's generalization of 
Rickard's work on Morita theory [9]. For an expository discussion of the extension 
of Morita equivalences to the ring spectra from stable homotopy theory see [16]. 
For other current related work on dg-categories, see the survey [10]. 

* * * 
The second part of this book includes some survey articles and some more 

specialized accounts based on current research. The order of the articles attempts to 
reflect some connections between the topics. The fact that it is somewhat arbitrary 
reflects the multiple connections. 

Greenlees' article Spectra for commutative algebraists models the development 
of the category of spectra in stable homotopy theory on the derived category of 
a ring. The study of spectra, with a suitable analogue of a tensor product, is 
sometimes referred to as brave new algebra or spectral algebra. Analogues of 
many constructions from algebra have been studied in this new context: topological 
Andr&.Quillen homology [3, 15], topological Hochschild homology [11, 4, 17] and 
topological modular forms [5, 6]. Applications of these ideas include many of the 
papers written in stable homotopy theory in the past five years. See also Greenlees' 
second article, First steps in brave new commutative algebra. 

In her article Rational homotopy theory: A brief introduction, Hess surveys 
an area that has seen a sustained and very successful exchange of ideas between 
homotopy theory and commutative algebra. Differential graded algebras were first 
used in algebraic topology to compute cohomology rings. When Tate introduced 
them into commutative algebra in 1957 he specifically mentioned that origin. In 
the mid 1970s, after Quillen and Sullivan constructed commutative DG algebra 
models for the rational singular cochains, the latter reintroduced Tate's technique 
back into topology. The similarity of the technical machinery used to study rational 
homotopy invariants of topological spaces and homological invariants of local rings, 
in arbitrary characteristic, has led to significant advances on both sides of the ledger. 
Examples include proofs of an elliptic/hyperbolic dichotomy for Betti numbers of 
loop spaces of finite CW complexes and of residue fields of local rings, and solutions 
of long standing problems of Ganea on Lusternik-Shnirelmann category and of 
Quillen on Andre-Quillen homology. Hess provides a fast-paced, very readable 
introduction to these developments, starting with an overview of the construction 
of Sullivan models. 

Andre-Quillen homology of commutative algebras is the title of a survey by 
Iyengar, where the goal is to demonstrate how the theory is applied to specific 
problems of commutative algebra. As in Goerss' article, the theory is constructed 
from scratch, but with changes in emphasis. For one, efforts are made to keep the 
size of simplicial resolutions under control, with an eye towards extending to simpli
cial algebras the noetherian character of finitely generated algebras over noetherian 
rings. Another aspect is an examination of exact sequences in low dimensions, 
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which recover and extend fundamental properties of modules of Kahler differen
tials. The payoff comes as a characterization, in terms of the vanishing of Andre
Quillen homology functors, of homomorphisms of finite type that are regular or 
locally complete intersections; this is applied to prove a generalized form of the 
Hochschild-Kostant-Rosenberg theorem on Hochschild homology. The topics are 
chosen so as to highlight the interplay of homotopy theory and commutative ring 
theory. The hypothesis of finite type can be removed, but new ideas are required; 
the interested reader should consult [1] and [2]. 

Local cohomology in commutative algebra, homotopy theory, and group co
homology by Dwyer ties together the notions of local cohomology appearing in 
Huneke's article and Greenlees' article First steps in brave new commutative alge
bra. Dwyer also compares the notions of Gorenstein rings appearing in these two 
articles. Finally, Dwyer explains some of the connections between local cohomology, 
Gorenstein rings, and group cohomology. 

Greenlees' First steps in brave new commutative algebra considers construc
tions from commutative algebra extended to the context of stable homotopy theory. 
Specifically, he considers localization and completion first with respect to ideals in 
the coefficient ring of a ring spectrum and then entirely in the derived category. 
The goal of the first part of this paper is an exposition of the connections between 
local cohomology and equivariant cohomology theory. In the second part, Green
lees explains how completion and localization arise from Morita adjunctions and 
develops the notion of Gorenstein ring spectra. 

The title of Hovey's paper Cotorsion pairs and model categories links two areas 
of research that, until recently, had little (if anything) in common. The unusual 
angle here is that model categories are used to study categories of modules directly, 
rather than through the intermediary of their derived categories. For algebraists 
with a classical tilt towards abelian categories this may be the most inviting intro
duction to the language, methods, and use of model categories. The mechanics of 
the interaction are emphasized by describing instances where parallel notions and 
constructions appeared independently in completely different setups and for com
pletely different reasons, and by explaining statements of results and structures of 
arguments that are naturally suggested once a link is established. 

Several of the papers presented above gravitate around interactions between 
algebra and topology that take place through various triangulated categories, such 
as categories of spectra, derived categories of modules, or derived categories of 
differential graded modules. Similar categorical constructions have linked recent 
developments in algebraic geometry and mirror symmetry to representation theory 
of algebras. Buchweitz's lectures at the workshop followed some of those links, 
but have not been written up for these proceedings. The article Coherent sheaves 
on an elliptic curve by Bruning and Burban provides a glimpse into that rapidly 
developing area of research. The paper contains a modern account of the classical 
description of indecomposable sheaves on an elliptic curve, due to Atiyah. Along 
the way, the authors present several fundamental algebra-geometric constructions 
and discuss them from non-traditional points of view. 

Group cohomology is a prime example of a subject in which homotopy theory 
and algebra come together; in fact, one of the reasons for inventing it in the first 
place was a desire to give an algebraic interpretation of an intrinsically topological 
object (the cohomology ring of the classifying space of a group). Since then, the 
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connections have developed in many directions. For instance,for a finite group G, 
Quillen related the algebraic geometry of the ring R = H*(BG) to the subgroup 
structure of the group G, and then later on Alperin, Carlson, Benson and others 
found ways to study G-modules by assigning to them subvarieties of the prime 
ideal spectrum of R. Benson and Carlson have studied various other commutative 
algebraic properties of this ring R, and this has developed, in the hands of Greenlees, 
and others, into an investigation of the cochain algebra of the classifying space with 
the tools of stable homotopy theory. Local cohomology and its homotopy theoretic 
versions play a large role in this (see Greenlees' second article). 

Adem's Lectures on the Cohomology of Finite Groups takes a very elementary 
approach. He defines the cohomology ring of a finite group; goes in some detail 
into methods for computing these rings; gives an introduction to questions about 
depth, dimension, and duality properties; and ends up by sketching how some of 
these techniques can be applied to study a geometric question: which finite groups 
can act freely on various products of spheres? 

*** 
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