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Preface

This collection of articles is the proceedings volume for a conference entitled
Homotopy Theory of Function Spaces and Related Topics, which was held 5th—
11th April 2009 at the Mathematisches Forschungsinstitut Oberwolfach (MFO),
Germany. The conference attracted an international group of 23 participants that
included leading practitioners in the field. We would like to thank the MFO for
including our conference in its workshop program for the 2009 year and for providing
a congenial and productive atmosphere for the conference. As organizers, we were
especially appreciative of the excellent level of facilities—technical, professional,
and domestic—offered by the MFO.

Function spaces have been objects of central interest to homotopy theorists,
and their study has seen steady activity for over sixty years. Current research
in this area is remarkably diverse with connections to other areas ranging from
geometry to analysis to robotics. The conference brought together researchers with
expertise in a wide breadth of such topics. The lectures at the conference provided
a snapshot of the current state-of-the-art of the subject, whilst the problem sessions
suggested many promising directions for future work. We are grateful to all those
who participated in the conference for a very stimulating week.

This volume contains 14 original research articles on function spaces and related
topics. Each of the research articles was carefully refereed. We would like to
thank the referees for their gracious acceptance and timely execution of this task.
The volume also includes two general interest articles: a survey by SMITH and a
problem list, curated by FELIX, which is an expanded and edited version of problems
discussed in sessions held at the conference.

Several main themes of research in the area of homotopy theory of function
spaces are represented by the selection of articles here. Also represented are a
number of important connections to other areas. The survey article of SMITH gives
a fairly complete picture of this landscape; we restrict ourselves to a brief summary
here, and refer to that article for details and more extensive discussion.

Of course, the basic problem is to understand the homotopy type of a function
space map(X,Y). Generally, this is a disconnected space and so one focuses on a
path component, denoted here by map(X,Y’; f), for some choice of map f: X —
Y. Different components generally display different homotopy types. In order to
progress, hypotheses on the spaces X and Y are necessary: a popular choice is to
restrict to the case in which X is a finite CW complex and Y is a nilpotent CW
complex (e.g., a simply connected CW complex).

Classification of the homotopy types of components is clearly a deep and dif-
ficult problem. The subject has progressed through results that either focus on



viii PREFACE

some particular aspect of the homotopy type of a component, or apply to partic-
ular choices of spaces X and Y. Again, the survey article contains a wealth of
information about all this. Here, we briefly highlight some of those themes and
directions represented by articles in this proceedings.

Rational homotopy theory has been used intensively in recent years to study
function spaces. The articles of Buiis and GATSINZI-KWASHIRA focus on the ratio-
nal homotopy theory of a general component of a function space. Those of KURIB-
AYASHI and FELIX-TANRE use rational homotopy theory to study topics that have
many points of contact with function spaces, namely classifying spaces of fibrations
and configuration spaces—actually an extension of such, respectively.

As described in the survey article, many results about map(X,Y) have been
proved in the cases in which either X or Y is a classifying space. Here, the article
of KONO-TSUKUDA studies the case of map(X, BG). A connection to geometry
and physics arises here due to a theorem of Gottlieb, which establishes an equiva-
lence between the gauge group of a principal G-bundle over X and the loop space
Qmap(X, BG; h), where h: X — BG is the classifying map of the bundle. The arti-
cle of SMITH-SCHOCHET is also on this subject; they focus on extending localization
properties of the spaces concerned.

The free loop space map(S!,Y’) is an object of perennial interest from numerous
points of view. The surge of activity around string topology has made it even
more ubiquitous. The articles of CHATAUR, CRABB, GATSINZI, (GIANSIRACUSA-
SALVATORE, GOLASINSKI-GONGALVES-WONG and WOCKEL all bear in some way
on this very active area.

Although spaces of equivalences were not a direct focus of the conference, they
are related to both the classifying space of a fibration and the Gottlieb groups of a
space. Several articles have already been noted that bear on the former topic. The
articles of GATSINZI and STROM-OPREA are concerned with the latter topic.

One further direction of application for the study of map(X,Y’) is represented
by the article of KOZLOWSKI-YAMAGUCHI. A number of seminal results establish
equivalences of one sort or another—weak homotopy equivalences, equivalences af-
ter stabilization in a certain sense—between the space of maps that preserve some
pertinent structure and the corresponding space of continuous maps. An emblem-
atic result of this type is one of Segal that relates the space of based holomorphic
maps Hol,(S?,CP") with the based function space map,(S?,CP") in this way.
Such results then allow knowledge of the ordinary function space to be applied
to yield information about the space of more structured maps, an object which,
a priori, one might expect to be more difficult to analyze or requiring techniques
different from those of the Homotopy Theory of Function Spaces.

We refer the reader to the survey article and to the problem list for further
information about themes of research in the area and directions of application to,
or connections with, other areas.

The AMS publications department has been very encouraging throughout the
preparation of this volume. We would like especially to thank Christine Thivierge
for her guidance at each stage of the process.

Y. Félix, G. Lupton, S. B. Smith
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Conference Presentations

In keeping with standard practice at MFO, the number of talks was kept rela-
tively low, so as to allow generous amounts of time for discussion amongst partici-

pants.

The following four talks were expository (solicited as such by the organizers):

David Chataur: Division Functors and Mapping Spaces

Katsuhiko Kuribayashi: Models for Function Spaces and Applications
John Oprea: Gottlieb Groups, Evaluation Maps and Geometry
Shuichi Tsukuda: Survey on Gauge Groups

The remaining 13 were research talks on the presenters’ work.

Méadhbh Boyle: An Algebraic Model for the Homology of Pointed Map-
ping Spaces out of a Closed Surface

Urtzi Buijs: The Homotopy Lie Algebra of Function Spaces and Spaces of
Sections (joint with A. Murillo)

Jean-Baptiste Gatsinzi: Rational Homotopy Groups of Function Spaces

Marek Golaziriski: Foz and Gottlieb Groups and Whitehead Products (joint
with D. Gongalves, J. Mukai and P. Wong)

Daniel Gottlieb: Self Coincidence Numbers and the Fundamental Group
Andrey Lazarev: Characteristic Classes of Operadic Algebras

Paolo Salvatore: Cyclic Formality of the Operad of Framed Little Discs,
with Implications for Spaces of Knots

Jonathan Scott: On the Geodesic Conjecture (joint with K. Hess)
Jeffrey Strom: Miller Spaces

Svjetlana Terzi¢: The Integral Pontrjagin Homology of the Based Loop
Space on a Flag Manifold

Shuichi Tsukuda: On the Configuration Space of a Certain n-arms Ma-
chine in FEuclidean Space

Antonio Viruel: Equivalences of a Product and Mal’cev Quasi-rings

Christoph Wockel: Non-Integral Central Extension of Loop Groups via
Gerbes

Two problem sessions were also held, not included on this list.

xi
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This volume contains the proceedings of the Workshop on Homotopy Theory of Function
Spaces and Related Topics, which was held at the Mathematisches Forschungsinstitut
Oberwolfach, in Germany, from April 5-11, 2009.

This volume contains fourteen original research articles covering a broad range of topics
that include: localization and rational homotopy theory, evaluation subgroups, free loop
spaces, Whitehead products, spaces of algebraic maps, gauge groups, loop groups,
operads, and string topology.

In addition to reporting on various topics in the area, this volume is supposed to facilitate
the exchange of ideas within Homotopy Theory of Function Spaces, and promote cross-
fertilization between Homotopy Theory of Function Spaces and other areas. With these
latter aims in mind, this volume includes a survey article which, with its extensive bibli-
ography, should help bring researchers and graduate students up to speed on activity in
this field as well as a problems list, which is an expanded and edited version of problems
discussed in sessions held at the conference. The problems list is intended to suggest direc-
tions for future work.
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