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A limit problem for degenerate quasilinear variational
inequalities in cylinders

Dimitri Mugnai
A Patrizia, con affetto.

ABSTRACT. We consider quasilinear degenerate variational inequalities with
pointwise constraint on the values of the solutions. The limit problem as the
domain becomes unbounded in some directions is exhibited.

1. Introduction and main results

We propose a contribution to the study of limit problems for variational in-
equalities set in cylinders becoming unbounded in some directions, as in [10] or [9],
which develop a research already considered in [2], [3], [4], [5], [6], [7], [8], [11],
[13]. However, in contrast to the previous papers, we consider quasilinear varia-
tional inequalities, also with nonlinear lower order terms, in the spirit of [12]. In
particular, the presence of the p—Laplace operator in place of the usual Laplacian
introduces several technicalities which don’t let us obtain precise estimates as in the
papers cited above. Nevertheless, a description of the limit problem is still possible.

Let us present the precise setting of the problem. Let m,n € N and let w; C R™
and wy C R™ be two bounded open subsets such that

(1.1) w1 is convex and contains 0.
For any £ > 0 we introduce the cylinder
Qp = b XWQCRmXRn,

whose points will be denoted by (z,y), so that « will denote a generic point in fwy,
while y € wo.

A general constrained problem can be the following: for any y € wa, let K(y)
be a convex subset of R x R™*", Finally, fixed p € (1,00) and g € W, (ws), we
introduce the constrain set

K= {U € WhP(Qy) : v =g on 89, (v, Dv)(z,y) € K(y) ac. in Qé}v
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282 D. MUGNAI

which is a closed and convex subset of W1?(€). Once fixed f € L¥ (wy), we finally
consider the nonlinear variational inequality

up € Ky

(P)) /Q UDW|P72DW - D(v —up) + h(y,ue)(v — Ug)] dxdy

> fly)(v—up)dedy VYove K.
Q

REMARK 1.1. We can replace f € L¥' (wz) with the less restrictive condition
f € L% (wsq), where ¢ = pn/(pn — n + p) when p < n, but for the sake of simplicity
we present all the results for f € L (w,).

Associated to (FPy) there is a natural expected limit problem

Uso € Koo
(P ) / [‘Duoo‘p72Duoo 'D(U_uoo)"i'h(yvuoo)(v_uoo)] dy
> / fly)(v—us)dy Vve Ky,
where

Ky = {u € WhP(ws) & (u,0,Dyu)(y) € K(y) for ae. y € wg}

and Dyu = (O, u, . ..,0ynu) is the gradient of u with respect to the y—variables.
In view of the asymptotic estimate found in [10], we concentrate on the case
in which
g =0 and K(y) is a closed interval of R containing 0.

It is not clear whether (P;) and (Ps) admit solutions, since the nonlinear term
h may cause problems. For this we assume:
(h)(i) h : wy X R — R is a Carathéodory function and there exist a € L¥ (wy), b > 0
and ¢ > 1 such that

(1.2) |h(y, s)| < a(y) +b|s|?! for a.e. y € wy and all s € R.

Here ¢ € [1,p*), where p* = oo if p > n and p* = pn/(n — p) if p < n. Moreover,
we assume one of the following conditions:

(ii) h is non decreasing in the second variable, h(y,0) = 0 for a.e. y € wo and in
([I2) q is allowed to vary in [1,p*] if p < n; or

(iii) there exists L € [0, 1) such that

|h(y, s1) — h(y,s2)| < L|sy — 59" for all 51,85 € R and for a.e. y € wo,

and in addition

e By, s) .
l\g&l&f 575 =a(y) > —min{A p, 1}

Here p1 is the best constant in the Poincaré inequality in ws:

(1.3) ul/ lulPdy < / |Dyu|Pda for all u € Wy P (ws).
w2 w2
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Moreover, A1, denotes the first eigenvalue of —A,, in WP (R™ X ws), ie.

/ | DulPdxdy
)\1717 = 1nf R Xws

1p
weW P (RM xwoy) p
0o 2 / |u|Pdzdy
R™ X wso

which is a strictly positive number, see [1, Remark 9.21], and which guarantees the
following Poincaré inequality:

)

(1.4) )\Lp/ |ulPdzdy < / |DulPdzdy for all u € Wy P(R™ x ws).
R™ X wso R™ X wso

Let us also remark that by an easy null extension argument, we find that for every

£>0

/ | DulPdxdy
(1.5) Mp<Aipei= inf

uewy P (@) / ulPdxdy
u#0 Qe‘ |
for which there holds
(1.6) )\171,7@/ |u|Pdzdy < / |DulPdzdy for all u € Wy P (Q).
Q Q

Simple arguments also show that p; < Ay, ¢ for every £ > 0.

LEMMA 1.1. If f € L” (wy) and h satisfies (h) (i), (i) or (h) (i), (i), then prob-

lem (Py) has a solution for every £ > 0, and problem (Px) has a solution, as well.

REMARK 1.2. The condition that h is Lipschitz continuous in the second vari-
able uniformly in the first one, without any additional condition on the size of the
Lipschitz constant is sufficient for the existence of a solution. However, in (h)(iii) we
need the condition L < g1 when dealing with the limit behaviour of the solutions.

With additional assumptions, also uniqueness is granted. In particular, the
solution uy of (P) is unique if p > 2 and an additional assumption on h is verified.
Indeed, if p > 2, the operator —A,, is strongly monotone, which is a straightforward
consequence of the following fact: if p > 2, there exist C, > ¢, > 0 such that

(L.7) eplé = 17 < (IEP~2€ = 61%¢) - (6 =€)
and
(18) 612 = 12| < Collel = + P 2) e~ ¢

for every £, € R¥, k € N.

LEMMA 1.2. If, in addition to the assumptions of Lemma [[L1], there exists a
measurable function 8 : wy — R such that

h(y, s1) — h(y, s2)
s1 — s2[P72(s1 — s2)
then the solution of problem (Py) is unique if p > 2 for every £ > 0, and the solution
of (Px) 1s unique, as well.
If h is strictly increasing in the second variable, the solution is unique for every
p> 1.

> B(y) > —cpmin{A1p, p1} Vs2 # s1 and for a.e.x € wo,
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284 D. MUGNAI

The main result of this paper is that, as expected, u; converges to s, in the
following sense:

THEOREM 1.1. Let p > 2 be such that m(p — 2) < 1. Then, under the assump-
tions of Lemmas [Tl and 2,

inf/ |D(ue — uoo)|Pdzdy = 0.
E,T Q-r

More precisely, if

(1.9) irl}f/ |D(ue — uoo)|Pdzdy > 0,
Q
then there exist constants A, B> 0, n € (0,1) such that
(1.10) / |D(up — too) [Pdzdy < Ae™B".
4
In [I0] the authors prove that, for p = 2 and h = 0 the following estimate
holds:
(1.11) /Q |D(up — uoo)|Pdy < ce_O‘KHfHLp/(wQ),
£

where C,a > 0 are independent of £. In our case we are not able to prove such an
estimate, due to the presence of a remainder term which disappears only if p = 2,
and which we can control only under the additional condition m(p — 2) < 1.

2. Proofs of the Lemmas

ProoF oF LEMMA [[TTl We concentrate on (P;), the proof for (Ps) being the
same. Consider the functional I : WP () — (—o0, 00| defined as

1
/ |Du\pd1:dy—|—/ H(y,u)dzdy — fWudxdy if u e Ky,
P Ja, Qy

+00 elsewhere,

I(u) =

where H(y,u fo s)ds. Note that by the general assumption on h, I needs
not be convex. However we will show that I has a minimum.

First, let us assume that (h)(ii) holds, and let (u,), C K¢ be a minimizing
sequence. Since h is non decreasing, then H is nonnegative, so that it is readily
seen that (uy), is bounded. Thus, we can assume that u, — u in W,"*(€,) and
a.e. in Q. Of course, u € K;. By the semicontinuity of the W'* and L —norms
(or the continuity of the L9—norm), we find that I has a minimum point in K, and
so a solution of (Pp) is given.

If (h)(iil) holds, we proceed as follows. Fixed & > 0, there exists M > 0 such

that
h(y,s)
|s[P=2s

—a(y) > —e V|s| > M and a.e. y € ws.
Integrating we get

(2.12) H(y,s)—H(y,M) > M(\s\p — MP) V|s| > M and a.e. y € wo,
p
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DEGENERATE QUASILINEAR VARIATIONAL INEQUALITIES 285
while (2] implies
(2.13) |H(y,s)| < (a(y) + Z%Mql> M V|s| < M and a.e. y € wa.
Then, by [212)) and (2I3]) there exists Cpy > 0 such that

M : AY) =€
s [ Mwordet [ hworde  cur SE(sp - ar)

= M >
|s|P |s|P |s|P ’
so that
|s|—o0 ‘S‘p - p
for every € > 0, i.e.
H
(2.14) liminf 2:9) 5 @)
|s]—o0 |S|p p
Now let us show
I
(2.15) lim inf ﬂ > 0.

oo |[uf|P
ueKy

Take (un)n in Ky such that ||u,| — co. Up to a subsequence we can assume that
converges to a function u € K, weakly in Wy P (), strongly in L?(£)

Uy
flwnl
and a.e. in Qy. Moreover |Ju|| <1 and

[H(y, un)| _ a(y)|un| + blun|"/p
[unlP [[wn[?

Vp 1=

(2.16) — 9|u\17 in L'(Qy).
p

We recall the following generalized Fatou’s Lemma: if (¢,), and (i), are two
sequences of measurable functions on a measurable space (X, ) such that

Gn > poace. in X,
vy, =¥ pae in X
and

lim Ppdu = / lim ¥,du € R,
X X n—oo

n—oo

then
/ liminf ¢, du < lim inf/ & dit.
X n—oo X

n—oo
The proof of the statement is obtained by applying the Fatou Lemma to the func-
tions 6,, = ¢, — Vn,.
Hence, by (218) we immediately find

H(y, un H(y, un
(2.17) lim inf Ay, un) dady > / lim inf Ay, un) dady.
n=oo Jo, [unl? Q. nooe JluallP
But
Qe ={z€Q : uy(2) is bounded} U {z € Q¢ : |un(z)| is unbounded},

h‘rl(f’ﬁ;}) — 0 in the set {z € Q : u,(2) is bounded}, while in the set {z € Q :

|tun(2)] is unbounded} we have

H H p
nooo lupllP nmeen un P flunfP T p

and

u(y)lP
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by @2I4)). Therefore [2I7) gives

Alp/ .

H > ——= ulPdaedy if u+#0,

it [ 0 tn) o [0 2 TR iy
Q 0

n—=oo Jq, Huan if u=0,

so that
- —== |ulP dedy  if u # 0,
Qp

1
lim inf 11)
o JlunllP ") 2 if u=0.
p
By the fact that ||ul| < 1, (I3) and the Poincaré inequality (L.8), we get
1 1 .
(un) - — = |DufP dx >0 if u # 0,
lim inf —— ]1) pJa,
n—oo ||un||17 L lf w = 0,
p

and (2I8) follows.

As a consequence, [ is coercive and obviously sequentially weakly lower semi—
continuous in K. Hence, by the Weierstrass Theorem, there exists a minimum of

I on K, which is a solution of problem (Pp).

O

PROOF OF LEMMA As before, we prove the uniqueness result only for (P).
Assume uq,ug are two solutions of problem (Pp); then, choosing us as test func-
tion in (P;) when wu; is considered as solution and u; as test function when wus is

considered as solution, and summing up, we immediately find

/ (\Du1|p72Du1 - |Du2|p72Du2) . (Du2 - Dul)dxdy

Q

(2.18) ‘

+/ [h(x,ul) — h(z, uz)] (ug — uq)dzdy > 0.
Q

Then, from (7)) and the additional hypothesis on h, we find
0 < —cpllur —ua|? —/ Blur — ua|Pdady,
Q
and, if uy # ug, by (L8, we would find

0< —Cp>\17p,[/ lur — ug|Pdxdy + Cp)‘lm/ lug — us|Pdxdy
Q

Q.

< —Cp)\l’p’e/Q |ur — ua|Pdzdy + Cp)\l’p’z/ |ug — ua|Pdxdy = 0.
£

Q

If h is strictly increasing in the second variable, from (2I8) we obtain,
being monotone for every p > 1,

o[ i) = )] 0 — )y

from which w1 = us by the strict monotonicity.
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DEGENERATE QUASILINEAR VARIATIONAL INEQUALITIES 287

3. Proof of the Theorem
We start as in [10]. Take 0 < ¢; < £ —1 and a function ¢ € C(R™) such that

0<¢<1, ¢=1lonliw, ¢6=00nR™\ ({1 + 1w, |D¢|<c

for some constant ¢ independent of ¢; and ¢. Then uy — (uso — u¢)¢ € Ky, so that
from (Py) we get

— | [Dugl’*Duyg - D((ug — uoo)g)dady
Qp

-, h(y, ue)(ug — o) dady > — A J() (ue — uoo) ¢ dady.

(3.19)

In an analogous way, since e + (up(Z, ) — oo )P € Koo for a.e. x € lwy, from
(Px) we find that for a.e. x € lw;

/ |Dyu0<>|p_2Dyuoo : Dy((ué(xa Y) — Uso)P)dy

+ / Ay, too) (we(@,y) — usc)pdy > [ f(y)(we(z,y) — uss) @ dy.
Wy w2
Integrating the previous inequality in z, us, and ¢ being independent of x, we find

|Duoo|7”*2DuOO - D((ug — uoo)@)dxdy
Q

+ / By toe) (g — unc)dddy > [ Fy)(ug — woe) dady.
Qp Qp

(3.20)

Summing up both sides of (I9) and (320), we get

/ (IDusl 2Dy — [ Dtco P2 Dutcg) - D((t — 100)$)ddy
(3.21) o
< [ h(gt) = )] e = )6 iy

Qp

Now, if h is non decreasing in the second variable, the right hand side of [B.21]) is
non positive. Otherwise, if (h)(iii) holds, we can estimate ([B2I]) with

(3.22) L | ¢lug — uso|Pdady < L/ |te — uoo|Pdady.
Qp Qeq+1
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288 D. MUGNAI

Hence, recalling that D¢ = 0 in the complementary set of Qp, 11\ Q¢,, B21)
and (L) imply

/ (|DuglP~2Dug — | Do [P 2 Do) - D(up — oo )pdady

Qp

< c/ [tg — Uo ||| Due|P~2Duy — | Dtios [P~ 2 Doy | dzdy
Qey+1\Q¢y

+ L/ [te — Uoo|Pdady
Qi 41

<cCy [te — too |(| Dug|P~2 + | Dios |P~2)| D(up — uoo )| dady

Qey+1\Q¢y

Y
Qoy 1

where we allow the value L = 0 if h is non decreasing.
On the other hand, again by ([I7)), we deduce

cp/ |D(up — uoo)|Pdzdy < ¢ O|D(ug — uoo ) |Pdxdy
Q, Q

(3.23) < cCy e = too| (| Duug[P~% + | Do [P~2)| D (up — oo )| didy
Qoy 41\,

+ L/ |t — Uoo|Pdady.
Qi 41

By Young’s and Holder’s inequalities, for every € > 0 we have

(3.24)
SecCp/ [te — Uoo|Pdady
Quy 11\,
cCp _9 —2\p/(p—1) /(p—1)
+— ([DuelP™" + | Duco |[P=2)P/ PV D (g — uoo ) [P/~ dudy
gp—1 le+1\Q(1
L
+ — / |we — oo |Pdady
er—1 JQp 41
<ecC) [t — Uoo|Pdady
Qey +1\Q0¢4
p—2
cCp —2 —2\p/(p—2) o
+ — (|Dug|P~% + | Duco [P~ )P/ P~ dady
er 1 | Ja, 11\
o L
. / |D(up — uso)|Pdady + ;/ |ty — Uoo|Pdady.
Ry +1\Q¢ €r=1 JQu 41

Now, by the Poincaré inequality (L3)), we have that for a.e. x € w;

1
/ [t — Uoo|Pdy < —/ |Dy (ue — uso)|Pdy.
w2 Ml w2

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



DEGENERATE QUASILINEAR VARIATIONAL INEQUALITIES 289

Integrating over (¢1 + 1)w; \ f1w1, we immediately find

1
(3.25) / [ty — Uoo|Pdrdy < — |D(ug — uoo)|Pdzdy,
Qey 41\ Q¢ 1 J Qg 1\ Q,

while integrating over ({1 + 1)w; gives

1
(3.26) / [t — Uoo|Pdady < — |D(up — uoo)|[Pdady.
Qey 41 H1 JQp, 11

Hence, by 323) and B24), using 320 and B20), we easily obtain
(3.27)

C. + Le—1/(—1)

/ 1D (g — use) Prdy < S22 / | D(ue — uoo)[Pdady
Q, picpy +ecCy Q1
Cippire=1/ =)
picy +ecCy

e1+1\820y

p—1
: [ / (1Duel"™ + | Ducs =27/ <”>dxdy]
Q

1

p—1
| ID(ue — woe)Pdady|
Qey +1\Q2¢4

LEMMA 3.1. There exists M > 0 such that
[ Dwl 4 Duap 2 ey < Mty
ey 11\ 20y
and
| (UDwl + Dusl)dsdy < by
Qel
for every 1 > 1.

PROOF. Let us start from ue,. Taking v = 0 in (Py), we find

[ Duoo [Pdy + By, too ) ticody < F(Y)ucedy < ||fHLP/(w2)||u<>0||LP(uJ2)'
w2

w2 w2

If (h)(ii) holds, by (I3]) we obtain

£l ur
328) [ Dunlly < 1 il < 225782 ([ (Dulray)
w2 lLLl w2

while, if (h)(iii) is in force, we get
(3.29) | DucolPdy < [ fll 1o (o) 00 [l o () +L/ [too|"dy.

w2 w2

From ([B.28), integrating over ({1 + 1)w; \ 1w, we find
(3.30) / | Duoo|Pdxdy < AC]!
Qey 41\ Q¢

for some constant A > 0. On the other hand, starting from B29), by (3], using
the fact that L < u1, we obtain

(3.31) / |Duos|Pdy < B
ws
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290 D. MUGNAT
for some positive constant B. Integrating (B.31]), we find
/ | Do |Pdxdy < B
Qo +1\Q0¢,

Concerning ug, choosing v = 0 in (), in an analogous way, we find

w p’ / w o’
||ug||p*11m < M@T/p < Mﬁ”
WO (Qﬁl) qulj M}f
if (h)(ii) holds (recall that p’ > 1), while, under assumption (h)(iii), we find

p m
HU,ZHWOLP(QZI) S Czl

for some constant C' > 0.
Proceeding as above and integrating over £1wy, the conclusions easily follow. [

Starting from (B27), using Lemma Bl we find

ecCp + Le— =

D — Uso )|Pdzd
P D — o) Pdedy

Qpq 41

/ |D(ue — oo )|Pdzdy <
Q,

1

—1/(p-1) - o
Cotne L emE | [ ID(ue —uo)Pdady|
picp +ecCp Qpy+1\ Q0

We need the following inequality, whose proof is very easy: if a > b > 0 and
a € [0,1], then

(a —b)* < 217%™ — b~
As a consequence, we get

ecCp + Le w1

/ |D(ue — uoo ) [Pdzdy < |D(ug — uoo)|Pdxdy
Q,

pacp +ecCyp Qy 41
_1
cCppne /@D =2 p2 / » o
e MY/ p-1T2p-1 D — Uoo)|"dzd
* H1Cp +ECCp [ ] gy 41 | (UZ ! )l o
1
ccp/“g*l/(P*l) i P=2 / p—1
- [M{™]PpT D(up — uoo)|Pdxd .
picp +ecCly [ } Q, [Dlue = tioe )" dardy
Setting
f(t7) = / 1Dty — oo Pdidy
g T
and
1
Le v —-1/(p=1) p=2
(3.32) g St le T aas SCeE T it
picy +ecCy picy + ecCly
this means that
(3.33) FU0) + AF(6,0) 7T < kF(0, 01 + 1) + 25T Af(L, 0, + 1) 7T,
First, assume by contradiction that
inf f=p5>0.
Then we claim that there exists A € (k, 1) such that
(3.34) F00) + AF(00) 7T S A(F(6 6+ 1) + Af(E 6 +1)77).
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Indeed, we prove that
RF(E G+ 1) + 25T Af(6 6 +1)7T < A(f(6 6+ 1) + Af (L6 +1)7T),
or, equivalently,
(3.35) A=k > (251 — NAS(L 6 + 1) 75T,
Condition ([335) is guaranteed, for example, if
A=k > (251 —N)ABTFT,
that is

N 2%%;% |

1+ A" 71
We now choose ¢ = ¢7 with v > (m — 1)(p — 2)/(p — 1), so that, recalling (.32,
B38) reads

(3.36)

_ _ m(p—2)—
L Ol + LU 7T 4 251 cCLf™ 7Ty Mp1 0

= )\0.

p=2 m(p=2)—~y

p1cp + cCplY + cCpf~ 7Ty Mo=14" =1
Note that Ag < 1 if and only if we choose v > m(p — 2) and ¢ large. In this case
lim )\0 =1".

{— 00

Thus, we can take A = A\g < 1, and starting from (3:34]), once set g = f—i—AfTil,
we find

Choosing ¢; = £/2 and iterating, we easily get

(o) 054

Recalling that é —-1< [g] < é we finally obtain
J4 1 .
(338) g <£, 5) < e(%_l) ln)\og(&[) - )\_Oeé ln/\og(g7 0).

Since \g — 17 as £ — oo, we take the first order expansion of the right hand side
of B38), so that by Lemma Bl we find

Hi1Cp - m
——=0"7 ) D¢
P < 2cCy, )
for some constant D > 0. Taking « also such that v < 1 (which is possible, since
m(p —2) < 1), we can find A, B > 0 and n € (0, 1) such that
L "
g<€,§>§A6_BZ — 0 as £ — oo,

against the assumption that inf f > 0, which implies inf g > 0.
Hence inf g = inf f = 0. Now, if inf, g(¢,¢) = 8 > 0, we can proceed as we did
to obtain (B31) from (B30), starting with /1 = ¢ — 1 and finding

g(€7£ - 1) S )\Og(& 6)7
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which implies

([ ) e

and, as before, we can find A, B > 0 and 7 € (0,1) such that

g(é—[ﬂ,é—l)SAe‘Ben—>Oas€—>oo.

Setting k = g — [%], we have % <k < £ 41 and thus

k 11]¢ B
—9)< 222 -1 < "
g(k,k — 2) _g(k, 3 + 3 [2} 1> < Ae

and the theorem is completely proved.

REMARK 3.1. In contrast to [10], we are not able to prove an estimate of the

form (IT)). However, we believe that it is coherent with ([8:33) when p # 2. Indeed,

for

instance, the function ¢! satisfies ([B.33)), but, obviously, has no exponential

decay.

(1]
2]

(9]
[10]

(11]

(12]
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