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Abstract. In 1975, Paul Erdös asked the question if there exists a ﬁnite
bound on the cardinality of sets of pairwise noncommuting elements in a group
provided every such set is ﬁnite. B.H. Neumann answered Erdös’ question in
the aﬃrmative by showing that every such group is central-by-ﬁnite and that
the converse also holds. In an unpublished result R. Baer had shown earlier
that a group is the union of ﬁnitely many abelian subgroups if and only if it
is central-by-ﬁnite. All the proofs rely heavily on Neumann’s Lemma, stating
that in a set of subgroups whose union is the whole group, all subgroups of
inﬁnite index can be removed and the union of the remaining subgroups is still
the whole group.
The question by Erdös, Neumann’s Lemma and ﬁnite coverings all make
sense in other algebraic structures. The topic of this paper is a survey of
analogues of the above results for groups in the case of loops, rings and semigroups. In addition some results for groups concerning ﬁnite coverings are
mentioned because they appear to make interesting topics for investigation in
other algebraic structures.

1. Introduction
A group is said to be covered by a collection of subsets if each element of the
group belongs to at least one subset in the collection. Such a collection of subsets
is called a covering of the group. The topic of this paper is to give a report on
some analogues for loops, rings and semigroups of certain results on ﬁnite coverings
by subgroups, speciﬁcally a question by Paul Erdös, an unpublished theorem by
Reinhold Baer, and a lemma by Bernhard Neumann.
In 1975, Paul Erdös posed the following problem:
Let G be a group in which every set of pairwise noncommuting
elements is ﬁnite; is there then a ﬁnite bound on the cardinality of
sets of pairwise noncommuting elements?
Baer’s Theorem can be found as Theorem 4.16 in [21] and is stated as follows.
Baer’s Theorem. A group is central-by-ﬁnite if and only if it has a ﬁnite
covering consisting of abelian subgroups.
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In [19], B.H. Neumann answered Erdös’ question in the aﬃrmative, characterizing these groups as those with a center of ﬁnite index, i.e. tying it with Baer’s
Theorem. An essential tool in the proof is Neumann’s Lemma which can be found
in [18].
Neumann’s Lemma. Let G =

n


Si gi where S1 , . . . , Sn are (not necessarily

i=1

distinct) subgroups of G. Then we can omit from the union any Si gi for which
[G : Si ] is ﬁnite.
The question by Erdös makes sense in other algebraic structures, such as loops,
rings and semigroups, and we may ask if such structures can be characterized in a
similar way as in the case of groups. To that end, we make the following deﬁnition.
Definition 1.1. A group is a Paul Erdös group, or a P E-group, if every set
of pairwise noncommuting elements is ﬁnite.
The following theorem has served as the road map for investigations in rings
[2], semigroups [12] and loops [7] in how far analogues of the group result hold
in those structures, and in the case such analogues do not hold universally, what
are the conditions to be imposed on the structure such that we obtain a result
analogous to the characterization in groups.
Theorem 1.2. For a group G the following conditions are equivalent:
(i) G is a P E-group;
(ii) G is central-by-ﬁnite;
(iii) G is the union of ﬁnitely many abelian subgroups.
But ﬁrst we will take a look at groups to establish additional equivalences in
Theorem 1.2 and to ﬁnd possible extensions to other properties, a topic suggested
by B.H. Neumann in [17]. In particular, we report on extensions to coverings by
subgroups of bounded nilpotency class [4] and coverings by 2-Engel subgroups [11].
In Section 3 we consider rings in this context. The characterizations for rings
in [2] are almost verbatim those for groups, just group replaced by ring. This is
due to the fact that Neumann’s Lemma holds in rings for the additive group.
In semigroups, investigated in [12], the answer to Erdös’ question is not in the
aﬃrmative, as established by an example. However, under suitable conditions for
the semigroup, such as being embeddable into a group or being isomorphic to the
multiplicative semigroup of a ring, we obtain an analogue to Theorem 1.2.
Lastly, in loops the situation is not suitable for a general characterization as
established by an example in [7]. The main reason is that cosets of a subloop do
not necessarily form a partition of the loop. But imposing strong conditions on the
coset decomposition of the subloops involved leads to an analogue of Neumann’s
Lemma for loops. This allows us to establish an analogue to Theorem 1.2 under
very restrictive conditions.
In the last section we report on some further results in other structures such
as a characterization of rings which are the union of three proper subrings [15],
an analogue of Scorza’s characterization of groups which are the union of three
proper subgroups [22]. We conclude our journey with some group results worthy
of investigation in loops, rings and semigroups.
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For easier reference, we formulate here the axioms of a group from which the
axioms of a loop, a semigroup or a quasigroup can be easily obtained by deleting
one or the other axiom.
Definition 1.3. A group is a nonempty set with a binary operation G×G → G,
satisfying the following conditions:
⎧
⎪
⎨(1) associative;
(G) = (2) identity 1 with 1 · a = a · 1 = a for all a ∈ G;
⎪
⎩
(3) for a, b ∈ G there exist unique x, y ∈ G with xa = b and ay = b.
A loop then satisﬁes the axioms (G) − (1), a semigroup (G) − (2) − (3), and a
quasigroup (G) − (1) − (2).
2. Groups
Before exploring what the answer to Erdös’ question is in other structures, we
want to take a second look at groups to establish other equivalences in Theorem 1.2
and consider ﬁnite coverings by subgroups with other properties, such as 2-Engel
and nilpotency of class c.
In [4], two more equivalencies are added to Theorem 1.2, B. Neumann’s result
in [19].
Theorem 2.1. For a group G, the following conditions are equivalent:
(i) G is a P E-group;
(ii) G is central-by-ﬁnite;
(iii) there exist subgroups Hi , i = 1, . . . , k, with Hi = 1 such that G =

k


Hi ;

i=1

(iv) G has only ﬁnitely many maximal abelian subgroups;
(v) every maximal abelian subgroup has ﬁnite index in G.
In [17], Bernhard Neumann suggested the following problem:
Given a group G covered by ﬁnitely many subgroups H1 , . . . , Hn with intersection D. If H1 , . . . , Hn possess a certain property E, what can be said about D in
relation to G, or about G itself?
In the same paper, B. Neumann raises the question whether Baer’s characterization of central-by-ﬁnite groups can be extended to ﬁnite coverings by k-Engel
groups. An answer to this question is given in [11] for the case of 2-Engel groups.
We deﬁne k (x, y) = [x, k y] = [[x, k−1 y], y] as the k-Engel word, where
1 (x, y) = [x, 1 y] = [x, y] is the commutator of x and y. An element a in a group
G is a right k-Engel element if [a, k x] = 1 for all x in G and a group is a k-Engel
group if [x, k y] = 1 for all x, y ∈ G. Let G be a group and let
L(G) = {a ∈ G; [a, 2 x] = 1 ∀ x ∈ G}
be the set of right 2-Engel elements. In [13], W.P. Kappe has shown that L(G)
is a characteristic subgroup of G. For the property 2-Engel we have now a direct
analogue of Baer’s Theorem.
Theorem 2.2. ([11]) A group is the union of ﬁnitely many 2-Engel subgroups
if and only if G/L(G) is ﬁnite.
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A similar result cannot be expected for coverings by k-Engel subgroups, k > 2,
since the right k-Engel elements in a group do not necessarily form a subgroup. The
question arises, what other properties of subgroups lead to similar characterizations
as in the abelian case, in case there exists a ﬁnite covering of the group by subgroups
with this property. Obviously, if Zn (G), the n-th center of the group G, has ﬁnite
index in G, then G has a ﬁnite covering by subgroups of nilpotency class n. However
the converse is not true. In [11], a group G was constructed which has a ﬁnite
covering by subgroups of nilpotency class 2 but Z2 (G) has not ﬁnite index in G.
Contrary to abelian and k-Engel, nilpotency of class n cannot be described by a
property of pairs of elements. However, in [4] a special embedding property of
commutators was introduced leading to a characterization of groups with Zn (G)
having ﬁnite index of G in terms of coverings by certain subgroups of nilpotency
class n.
Consider the following set of subgroups of a group G and n a positive integer:
H(G, n) = {H ≤ G; H  ≤ Zn−1 (G)}.
Obviously, H ∈ H(G, n) implies H ∈ Nn , the groups of nilpotency class not exceeding n. One can easily see that H(G, n) has maximal elements. We denote this
subset of H(G, n) by M(G, n). The following theorem characterizes groups with
G/Zn (G) ﬁnite.
Theorem 2.3. ([4], Theorem 2.2) For a group G and a positive integer n the
following are equivalent:
(i) Any subset S of G, where [x, y] ∈ Zn−1 (G) for distinct x, y ∈ S, is ﬁnite;
(ii) G/Zn (G) is ﬁnite;
k

Hi , Hi ∈ H(G, n);
(iii) G =
i=1

(iv) M(G, n) is ﬁnite;
(v) the elements of M(G, n) have ﬁnite index in G.
Since Z0 (G) = 1, it can be seen that the elements of M(G, 1) coincide with the
maximal abelian subgroups of the group. (Note that this is no longer the case for
n > 1.) It follows that Theorem 2.1 is a special case of Theorem 2.3 when n = 1.
3. Rings
When it comes to analogues in other algebraic structures to the answer of
Erdös’ question for groups, it turns out that the answer for rings is pretty much the
same as for groups as one can see from [2]. One of the reasons is that Neumann’s
Lemma holds for the additive group of a ring, due to a basic ring-theoretic result
by Lewin, which appeared as recently as 1967.
Lemma 3.1. ([14], Lemma 1) Let R be a ring. If S is any subring of ﬁnite
index, then S contains a two-sided ideal I of R which is also of ﬁnite index.
Deﬁning a P E-ring as in the case of groups, i.e. every subset of pairwise noncommutating elements is ﬁnite, we obtain the following characterization of P Erings.
Theorem 3.2. ([2], Theorem 2.8) For a ring R, the following are equivalent:
(i) R is a P E-ring;
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Z(R) has ﬁnite index in R;
R is the union of ﬁnitely many commutative subrings;
R has only ﬁnitely many maximal commutative subrings;
every maximal commutative subring has ﬁnite index in R;
there exists a central ideal I such that [R : I] < ∞.

Comparing Theorem 3.2 with Theorem 2.1, the corresponding result on groups,
we observe that the equivalence conditions (i) through (v) are literally the same,
just group is replaced by ring. Condition (vi) of Theorem 3.2 is just in the nature
of rings, since the center of a ring is not necessarily an ideal.
4. Semigroups
In [12], semigroups were investigated in context with Erdös’ question. As in
the case of groups, we say a semigroup is a P E-semigroup if every set of pairwise
noncommuting elements is ﬁnite. We start our discussion with an example.
Example 4.1. ([12], Example 1.2) Let Sn be the symmetric group on n letters,
∞

n ≥ 1. Consider the disjoint union S =
Sn ∪ {0} with a product deﬁned as
n=1

follows: For a ∈ Sn , b ∈ Sm , let a · b be as in Sn if n = m, and a · b = 0 if n = m;
also 0 · x = x · 0 = 0 for all x ∈ S. Then S is a P E-semigroup but the size of sets
of pairwise noncommuting elements is not bounded.
As this example shows, the answer to Erdös’ question in the case of semigroups
is not in the aﬃrmative. The next question which arises is under what conditions
is the size of sets of pairwise noncommuting elements in a P E-semigroup bounded.
As we will see, a connection of the P E-semigroup to a ring will assure an aﬃrmative
answer.
Using results from [2], we obtain the following theorem.
Theorem 4.2. ([12], Theorem 1.3) For every P E-semigroup which can occur
as the multiplicative semigroup of a ring there exists a bound on the size of sets of
pairwise noncommuting elements.
In case a semigroup is embeddable into a group, we get an analogue of Theorem
1.2 and as a consequence, the size of sets of pairwise noncommuting elements in a
P E-semigroup which can be embedded into a group is bounded.
Theorem 4.3. ([12], Theorem 3.7) Let S be a semigroup embeddable into a
group. Then the following conditions are equivalent:
(i) S is a P E-semigroup;
(ii) S , the subgroup generated by S, is central-by-ﬁnite;
(iii) S is the set-theoretic union of ﬁnitely many commutative subsemigroups.
Not all semigroups can be embedded into groups. Malcev in [16] gave examples
of cancellative semigroups which cannot be embedded into groups. However in [12]
it was shown that a cancellative P E-semigroup can be embedded into a group.
Thus we have the following corollary to Theorem 4.3.
Corollary 4.4. ([12], Corollary 4.4) The size of sets of pairwise noncommuting elements in a cancellative P E-semigroup is bounded.
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5. Loops
In this section, we consider ﬁnite coverings of loops by subloops or subgroups,
the focus of the investigations of [7]. Loops behave quite diﬀerently than groups or
rings, or even semigroups. For instance
C(L) = {a ∈ L : ax = xa ∀ x ∈ L},
the literal analogue of the center of a group and called the centrum of the loop, is
not necessarily a subloop. Such a situation makes it diﬃcult to ﬁnd e.g. an analogue
of central-by-ﬁnite for loops. We start with an example which is further evidence
of the diﬀerent situation we encounter in loops.
Example 5.1. ([7], Example 4.1) Consider a ﬁeld F with multiplicative group
F∗ and the idempotent quasigroup with binary operation given in the table below:
1 2 3
1 1 3 2
2 3 2 1
3 2 1 3
Let L(3) (F) = {ai (x) : x ∈ F∗ and i = 1, 2, 3} ∪ {1} (i.e. each element of the
form ai (x) in this set is double indexed by i and x). We deﬁne a binary operation
on L(3) (F) as follows:
(i) for any l ∈ L(3) (F), 1 · l = l· 1 = l;
ai (x + y) if x + y = 0,
(ii) for x, y ∈ F∗ , ai (x)ai (y) =
1
otherwise;

aij (xy)
for i < j,
(iii) for x, y ∈ F∗ , ai (x)aj (y) =
aij (−xy) for i > j.
Then L(3) (F) is a loop.
For convenience in light of (ii), we will also denote 1 by ai (0), where i ∈ {1, 2, 3},
and thus if x + (−x) = 0 we get ai (x)ai (−x) = ai (0) = 1.
If char F = 0, then L(3) (F), L for short, has some pretty interesting properties in
as far as coverings by subloops are concerned. We observe that Ai = {ai (x); x ∈ F},
i = 1, 2, 3, are abelian subgroups of L and L = A1 ∪ A2 ∪ A3 and Ai ∩ Aj = {1},
i = j. Also, L = Ai 1 ∪ Ai aj (1) ∪ Ai ak (1), where i, j and k are distinct, i.e. it is the
union of three
 cosets of Ai . On the other hand, there exist inﬁnite subsets Y of L
with L =
yAi , but no proper subset of Y gives a covering of L. Furthermore,
y∈Y

L has a trivial centrum and no normal subloop of ﬁnite index. For the details we
refer to Propositions 4.2 and 4.4 in [7].
The evidence given by Example 5.1 suggests that there appears to be no connection between the existence of the ﬁnite covering by commutative subloops and
the properties of the center of the loop. One of the obstacles in establishing such
a connection is the absence of an analogue of Neumann’s Lemma for loops. Before
we go into the discussion of what conditions have to be imposed on a loop to assure
that an analogue of Neumann’s Lemma holds, we want to mention that the loop L
of Example 5.1 is a P E-loop, in fact any set of pairwise noncommuting elements
contains at most three elements, one from each Ai . Not much is known about the
answer to Erdös’ question in loops and it might be a topic for further investigations.
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One of the obstacles to establishing an analogue of Neumann’s Lemma in loops
is the fact that left (right) cosets modulo a subloop do not necessarily form a
partition of the loop. To that end, the following deﬁnition is made:
Definition 5.2. ([20], Deﬁnition I.2.10) A loop L has a left (right) coset
decomposition modulo a subloop H if the left (right) cosets form a partition. If L
has left and right coset decomposition modulo H, then we say that L has a coset
decomposition modulo H.
According to Theorem I.2.12 in [20], subloops having a coset decomposition in
a loop can be characterized as follows.
Proposition 5.3. A loop L has a left coset decomposition modulo a subloop
H if and only if for any x ∈ L and h ∈ H, (xh)H = xH.
In [23], an alternate proof of Neumann’s Lemma for groups is given. Almost
to the end it looks like this proof can be adapted to the case of loops, just requiring
that the loop has left (right) coset decomposition for all subloops involved. However
at the very end, we need to conclude that x(yH) = (xy)H for all x, y ∈ L and L
having a coset decomposition modulo H. This leads to the following deﬁnition.
Definition 5.4. A loop L has a strong left (right) coset decomposition modulo
H, where H is a subloop of L, if x(yH) = (xy)H for all x, y ∈ L. If L has a strong
left and right coset decomposition modulo H, then we say that L has a strong coset
decomposition modulo H.
Denoting with [L : H]l the index of a left coset decomposition of L modulo H,
we obtain now the following loop analogue of Neumann’s Lemma.
n

gi Hi , where
Theorem 5.5. ([7], Theorem 6.4) Let L be a loop with L =
i=1

H1 , . . . , Hn are (not necessarily distinct) subloops of L, and L having strong left
coset decompositions modulo Hi , i = 1, . . . , n. Then all cosets in the union for
which the corresponding index [L : Hi ]l is inﬁnite can be omitted from the union
and the remaining cosets still cover the loop.
In [7], there are several interesting corollaries of Theorem 5.5 addressing various
types of ﬁnite coverings of a loop. In context with our theme of ﬁnite coverings by
commutative substructures, we want to mention here one of these. Note that we
say that a loop L has an n-covering, if there exist subloops Hi , i ∈ Ω, an index set,
such that for every {x1 , . . . , xn } ⊆ L there exists an i ∈ Ω with {x1 , . . . , xn } ⊆ Hi .
As mentioned earlier, C(L), the centrum of a loop, is not necessarily a subloop.
However, Z(L) = C(L) ∩ N uc(L), the center of a loop, is always a normal subloop.
Here N uc(L) is the nucleus of a loop deﬁned as
N uc(L) = N ucl (L) ∩ N ucm (L) ∩ N ucr (L),
where

N ucl (L) = {x ∈ L : x(yz) = (xy)z ∀ y, z ∈ L},
N ucm (L) = {y ∈ L : x(yz) = (xy)z ∀ x, z ∈ L},

N ucr (L) = {z ∈ L : x(yz) = (xy)z ∀ x, y ∈ L},
the left, middle, and right nucleus of a loop, respectively (see e.g. [7]).
With this deﬁnition we obtain now a partial analogue of Baer’s Theorem for
groups.
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Corollary 5.6. ([7], Corollary 6.7) Given a loop L with a ﬁnite 2-covering by
abelian subgroups Hi , i = 1, . . . , n, such that L has a strong left coset decomposition
modulo Hi for all i, then Z(L) has ﬁnite index in L.
In view of Example 5.1, we cannot expect that the converse of this statement
holds true too.
6. Further results and some open problems
In this section we want to address some further results in other structures which
are analogues to results for groups concerning ﬁnite coverings. However they are not
directly related to the main theme of this paper, namely, Neumann’s Lemma, ﬁnite
coverings by abelian subgroups and Erdös’ question. In addition we will list some
open questions in context with these results and those of the preceding sections.
We do not claim that our list is in any way complete.
No group is the union of two proper subgroups, in fact it can be shown that
no quasigroup is the union of two proper subquasigroups (see e.g. [7]). Thus the
analogous result will hold for loops. Since the additive group of a ring can’t have a
covering by two proper subgroups, a ring as well can’t be the union of two proper
subrings. However, a semigroup can be the union of two proper subsemigroups,
e.g. the semigroup of nonzero integers under multiplication is the union of the
subsemigroups of odd and even integers.
What about groups which are the union of three proper subgroups? In his
seminal paper [22], Scorza characterized the groups which are the union of three
proper subgroups as those groups having a homomorphic image isomorphic to the
Klein-Four group. In [3], a characterization of groups which are the union of ﬁnitely
many proper normal subgroups was given as those groups with a homomorphic
image isomorphic to an elementary abelian p-group of rank 2 for some prime p.
With this result, Scorza’s characterization can be expanded as follows.
Theorem 6.1. For a group G the following conditions are equivalent:
(i) G has a homomorphic image isomorphic to the Klein-Four group;
(ii) G is the set theoretic union of three proper normal subgroups;
(iii) G is the set theoretic union of three proper subgroups.
In [15], Lucchini and Maróti explore the ring analogue of Scorza’s theorem. It
is easy to see that there exist rings which are the union of three proper subrings,
e.g. consider Z2 ⊕ Z2 , where Zp denotes the ﬁeld of integers modulo a prime p.
However the solution is less simple than in the group case. As shown in [15], a ring
is the union of three proper subrings if and only if it has a homomorphic image
isomorphic to one of ﬁve rings. For details we refer to Theorem 1.2 in [15]. However
for coverings by three proper ideals, we have the following analogue of the group
result.
Theorem 6.2. A ring R is the union of three proper ideals if and only if there
exists an ideal I in R such that R/I is either the zero ring on Z2 × Z2 or R/I is
isomorphic to Z2 ⊕ Z2 , the direct sum of two Galois ﬁelds of order 2.
This theorem is an easy corollary to Theorem 1.2 in [15]. The question arises,
if rings which are the union of ﬁnitely many proper ideals can be characterized
in a similar way as groups which are the union of ﬁnitely many proper normal
subgroups.
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In [10], Greco characterizes all groups G which are the union of four proper
subgroups. In view of the results in [15] for the case of the union of three proper
subrings, this does not seem to be a feasible problem for rings. However the covering
number σ(G), as introduced by Cohn in [5], seems to be an object worthy of
investigations in other structures. Let G be a group which has a covering by n
proper subgroups. We say the covering is minimal if no covering of G has fewer
than n subgroups. The size of a minimal cover is denoted by σ(G) and called the
covering number of the group. Cohn conjectured that the covering number of a
solvable group is congruent to one modulo a prime power. This conjecture was
later conﬁrmed by Tomkinson in [24]. There it was also shown that there exists
no group G with σ(G) = 7 and Tomkinson conjectured that there exist no groups
with covering number 11 or 13. In [6], Tomkinson’s conjecture was conﬁrmed for
n = 11. However, in [1] it was shown that σ(S6 ) = 13. For further results we refer
to [9], where Garonzi determines all n < 27, such that n is not a covering number.
It should be mentioned here that it is not known, if the set of such integers is ﬁnite
or inﬁnite.
All questions about covering numbers should be of interest in other structures
too, in particular in rings, where the question about covering numbers reduces to
ﬁnite rings as in the case of groups. An interesting question would be if there are
integers > 2 that are not the covering number of a ring.
For loops one can show that there exist loops with covering number n for every
n > 2. This can be achieved by using an idempotent quasigroup of order n for the
construction of the loop instead of the one of order 3 in Example 5.1. Nevertheless
it is of interest to ﬁnd the covering numbers of certain families of loops as was done
by Gagola in [8] for the smallest Paige loop.
In the case of semigroups, there seem to be so far no investigations concerning
covering numbers. At least one could make a start by ﬁnding the covering number
for some ﬁnite semigroups, perhaps those embeddable into groups.
The list of open problems on coverings of loops, rings and semigroups given
here is just a beginning. The hope is that it will lead into research just as rich and
interesting as the one in group theory.
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