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Preface

Quantum field theory (QFT) is largely considered as one of the most successful
theories in physics. The perturbative approach to QFT, based on power series
expansions of probability amplitudes for physical processes, permitted theoretical
predictions in breathtaking agreement with experimental data. The coefficients of
these power series expansions, known as Feynman amplitudes, are integrals over
a large number of variables that can be represented pictorially by the so-called
Feynman diagrams. The Feynman rules, named after their inventor, the theoretical
physicist and Nobel laureate Richard P. Feynman, provide a systematic way for
translating a Feynman diagram into its corresponding amplitude.

The predictive power of perturbative QFT to a great extent hinges on finding ef-
ficient ways to calculate Feynman amplitudes. In this context, the past two decades
have seen enormous progress on foundational as well as computational aspects of
perturbative QFT. Advanced techniques from algebra, geometry and combinatorics
have played an increasingly important role, turning the subject into a fruitful play-
ground for mathematicians and theoretical physicists alike. This progress rests
primarily on the pioneering work of David Broadhurst and Dirk Kreimer on the
occurrence of multiple zeta values in Feynman integral calculations, and on the
geometric formulation of Alain Connes and Kreimer of renormalization via a Hopf
algebra of Feynman diagrams. This research immediately attracted international
attention, leading to the emergence of exciting links between the computation of
Feynman amplitudes on the one hand, and the theory of motives of algebraic va-
rieties and their periods on the other hand. The works of Spencer Bloch, Francis
Brown, Connes, Hélène Esnault, Alexander Goncharov, Kreimer, Matilde Marcolli,
and others, created intensive research collaborations between mathematicians and
physicists, with tremendous impact in this area.

The mathematical concepts of periods and motives are pivotal in these de-
velopments. The former are numbers that are computed as integrals of algebraic
differential forms over topological cycles on algebraic varieties. The term originated
from the period of a periodic elliptic function, which can be computed as an elliptic
integral. The theory of motives was introduced by Grothendieck as a “universal
cohomology theory” to explain the common features of different cohomology theo-
ries. One may describe motives as an intermediate step between algebraic varieties
and their linear invariants (cohomology). The motives associated to smooth pro-
jective varieties are called “pure”, while the motives associated to quasi-projective
and singular varieties are called “mixed” (they consist of different pure pieces). A
complete and satisfactory theory of mixed motives is not yet available, although
some pieces of it have already been developed. For instance the category of mixed
Tate motives (the simplest mixed motives) is well understood.
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viii PREFACE

In spite of the beautiful links between Feynman amplitudes, motives and peri-
ods uncovered in the work of the aforementioned researchers, a precise understand-
ing of the relationship between perturbative QFT and motives remains an open
question that has stimulated further research in various directions, encouraging
new ways of thinking and leading to unexpected new results. An example demon-
strating the fruitfulness of the research collaboration between mathematicians and
physicists in this area is the recent work of Goncharov et al. on amplitudes as-
sociated to a particular Feynman diagram, whose original expansion spanned an
expression covering several pages. Thanks to the motivic interpretation, this ex-
pansion could be simplified to just two lines. Such results underline the importance
of these developments for progress in physics, and more generally, the remarkable
success of this interplay between pure mathematics and modern theoretical physics.

The articles presented in this volume provide an exciting perspective on recent
developments in the field. They are based on research talks given at the interna-
tional workshop “Periods and Motives – A Modern Perspective on Renormalization
(PM2012)1”, which was hosted in Madrid (Spain), from July 2–6, 2012, by the Insti-
tuto de Ciencias Matemáticas (ICMAT – Institute of Mathematical Sciences). The
organizing committee consisted of David A. Ellwood, Dominique Manchon, Stefan
Weinzierl, and the editors. The workshop also included a Young Researchers Ses-
sion, coordinated by Susama Agarwala and Marina Logares. We would like to thank
all the participants as well as the other organizers and coordinators for making this
a memorable event.

During the workshop, on July 4, 2012, we received exciting news from the AT-
LAS and CMS experiments at CERN about the discovery of a particle consistent
with the Higgs boson. This caused considerable enthusiasm among the partici-
pants. And we are grateful to Claude Duhr, who improvised an inspiring lecture
on those LHC experiments, accessible to an audience composed of mathematicians
and physicists. We thank ICMAT, Severo Ochoa Excellence Grant SEV-2011-0087
(Spain), and CNRS GDR “Renormalisation” (France) for financial support. In ad-
dition, the workshop received generous support on all levels from ICMAT, and we
express our deepest gratitude towards ICMAT and its staff for its great profession-
alism in organizing this meeting. However, saying this, it should be clear that this
volume only exists due to the excellent contributions from all authors, and we can
not overstate our thankfulness for their patience and dedication that leads to the
enjoyment of reading the content of this volume. Thank you also to the referees
that helped us uncompromisingly.

Luis Álvarez-Cónsul
José Ignacio Burgos-Gil
Kurusch Ebrahimi-Fard

Madrid, February 20, 2015

1http://www.icmat.es/congresos/periods-and-motives/
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This volume contains the proceedings of the International Research Workshop on Periods
and Motives—A Modern Perspective on Renormalization, held from July 2–6, 2012, at the
Instituto de Ciencias Matemáticas, Madrid, Spain.

Feynman amplitudes are integrals attached to Feynman diagrams by means of Feynman
rules. They form a central part of perturbative quantum field theory, where they appear as
coefficients of power series expansions of probability amplitudes for physical processes.
The efficient computation of Feynman amplitudes is pivotal for theoretical predictions in
particle physics.

Periods are numbers computed as integrals of algebraic differential forms over topolog-
ical cycles on algebraic varieties. The term originated from the period of a periodic elliptic
function, which can be computed as an elliptic integral.

Motives emerged from Grothendieck’s “universal cohomology theory”, where they de-
scribe an intermediate step between algebraic varieties and their linear invariants (coho-
mology). The theory of motives provides a conceptual framework for the study of periods.
In recent work, a beautiful relation between Feynman amplitudes, motives and periods has
emerged.

The articles provide an exciting panoramic view on recent developments in this fasci-
nating and fruitful interaction between pure mathematics and modern theoretical physics.
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