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Arithmetic twists and Abelian extensions
V. Kumar Murty
To the memory of my friend, Fumiyuki Momose
Abstract. Hilbert’s twelfth problem asks for the explicit construction of
abelian extensions of general number ﬁelds. This is still an open problem even
for a real quadratic ﬁeld. In some cases, Shimura succeeded in the 1970s to
construct some abelian extensions of real quadratic ﬁelds using points of ﬁnite
order on abelian varieties associated to modular forms of weight 2 with real
Nebentypus. Using results of Momose and Ribet, we shall generalize Shimura’s
construction to forms with non-real Nebentypus.
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1. Introduction
It is an elementary fact that the ﬁeld Q(ζn ) obtained by adjoining an n-th root
of unity is Galois over Q with group (Z/n)× . We may think of this extension as the
one generated by the coordinates of points of order dividing n on the multiplicative
group Gm . The classical theorem of Kronecker and Weber asserts that any abelian
extension of the rational number ﬁeld Q is contained in a cyclotomic extension. It
is also known that the abelian extensions of an imaginary quadratic ﬁeld K are
contained in the extensions generated by points of ﬁnite order on an elliptic curve
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with multiplication by (an order in) K. Kronecker’s Jugendtraum, or Hilbert’s
twelfth problem, ask for such constructions for any number ﬁeld K. This is still an
open problem. In particular, even the case of real quadratic ﬁelds is not understood.
In some cases, Shimura succeeded in the 1970s to construct ([22], Chapter 7
and [23]) some abelian extensions of real quadratic ﬁelds using points of ﬁnite order
on abelian varieties associated to modular forms of weight 2. We shall generalize
Shimura’s construction to forms with non-real Nebentypus.
The results of this paper essentially formed Chapter 3 of my thesis [10] which
was written in 1982, and this work was directly inﬂuenced by the paper of Momose
[12]. I am grateful to him for patiently explaining his work to me, and for listening
to my ideas as they were evolving. I remember spending many pleasant hours of
conversation with Momose discussing mathematics.
Since my work (which has not been published until now), several other authors
have considered Shimura’s construction and generalized it in various ways. In
particular, there are some results of Hida [7], Brown and Ghate [1] and Darmon
and Green [4]. We give a brief description of this work and its relation to our work
in the ﬁnal section.
2. Abelian varieties of type (T  )
Let K be a number ﬁeld. We consider an Abelian variety A/K deﬁned over
K. If M is any extension of K, we denote by EndM (A) the algebra of M -rational
endomorphisms of A. Write GK = Gal(K/K). If E is a subﬁeld of EndK (A) ⊗ Q
there is a natural action
ρ : GK −→ AutE⊗Q V (A)
Moreover, writing
E ⊗ Q =



Eλ ,

λ|

we have a K-rational decomposition
V (A) =



Vλ

λ|

and the action of GK on Vλ is denoted ρλ .
We say that A/K is of type (T  ) if there is a subﬁeld E of EndK (A) ⊗ Q such
that for all primes , the triple (K, A, E) satisﬁes
(T 1 ) V (A) is a free E ⊗ Q module of rank 2.
(T 2 ) for each prime λ of E dividing , the λ-adic representation ρλ does not
have an abelian semi-simpliﬁcation, and this remains true even if ρλ is
restricted to an open subgroup of GK .
(T 3 ) detE⊗Q ρ = χ where  is a ﬁnite order E-valued character independent
of .
Let Π denote the set of primes of K which either divide  or at which A has
bad reduction. Then, for v ∈ Π , set
av, = TrE⊗Q ρ (Frobv ).
Then av, is an element of E and is in fact independent of  (so can be designated
av ). The subﬁeld of E generated by these traces will be denoted P and we call it
the trace subﬁeld.
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3. The arithmetic twisting group
Let K be a number ﬁeld and A an Abelian variety deﬁned over K. The construction described below is modelled on the work of Momose [11] and Ribet [18],
[19] who worked with the Abelian varieties associated to quotients of the Jacobian
of a modular curve.
Suppose we are given a subﬁeld E of EndK (A)⊗Q such that the triple (K, A, E)
is of type (T  ). Let  denote a ﬁxed rational prime and denote by Π the set of
primes of K which divide  or at which A has bad reduction.
The decomposition

E ⊗Q Q =
Q
induces a corresponding decomposition
V = V (A) ⊗Q Q =



Vσ

indexed by the various embeddings σ : E → Q . By a result of Ribet ([16], Lemma
4.4.4), the hypothesis (T 2 ) implies that the Vσ are simple Q [H] modules for any
open subgroup H of GK .
Throughout this section, we view E as a subﬁeld of Q and we shall write
1 : E → Q for this distinguished embedding.
Lemma 3.1. We have Q() ⊆ P.
Proof. Let σ : Q −→ Q be an automorphism of Q which leaves P ﬁxed.
Let σ1 denote the composition of σ and 1. We consider the representation spaces
V1 and Vσ1 of GK . For v ∈ Π , they have equal traces. Hence, by the Chebotarev
density theorem, they have equal traces. As they are simple Q [GK ]-modules (in
particular, semisimple), it follows that they are isomorphic. Thus, their determi
nants are equal, so σ χ = χ . The result follows.
We now describe the construction of the twisting group of A. Consider the set
Γ of embeddings
γ : P → Q
for which there exists a character
×

χγ : GK −→ Q

such that for almost all v (that is, for all but ﬁnitely many v), we have
(1)

aγv = av χγ (Frobv ).
Lemma 3.2. The character χγ is of ﬁnite order and Q(χγ ) ⊆ Q().

Proof. Choose an extension of γ to an embedding E → Q and denote it
again by γ. The relation (1) implies that as Q [GK ]-modules, we have
Vγ  V1 ⊗ χγ .
In particular, the determinants are equal and so we have
(2)

γ = χ2γ .

Since  is of ﬁnite order, so is χγ . Furthermore, χγ must be of the form i ωγ
where i is an integer and ωγ is a character satisfying ωγ2 = 1. This shows that
Q(χγ ) ⊆ Q().

The following lemma is modelled on Ribet ([17], p. 40).
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Lemma 3.3. If γ ∈ Γ, there is a unique character χγ satisfying (1).
Proof. If χγ is not unique, then there is a non-trivial character χ of GK taking
values in P such that
av = av χ(Frobv )
for almost all v. This implies that there is an automorphism M of the vector space
V1 such that for all g ∈ GK , we have
M −1 ρ1, (g)M = χ(g)ρ1, (g).
It follows that M is not a scalar and that it lies in EndQ [H] V1 where H = Ker χ.
This contradicts the simplicity of the Q [H]-module V1 .

Proposition 3.4. Γ is a ﬁnite Abelian group. It consists of the automorphisms
γ of P for which there exists a character χγ such that
aγv = av χγ (Frobv )
for almost all v.
Proof. The second statement is implied by Lemma 3.1 and Lemma 3.2. It is
clearly a ﬁnite group and it remains only to check that it is abelian. If γ1 , γ2 ∈ Γ,
we see that for almost all v, we have
γ1 γ2 (av ) = av (χγ1 χγγ12 )(Frobv ).
It follows from Lemma 3.3 that
χγ1 γ2 = χγ1 χγγ12
and similarly that
χγ2 γ1 = χγ2 χγγ21 .
Again by Lemma 3.3, we have
γ1 γ2 = γ2 γ1
if and only if
χγ1 γ2 = χγ2 γ1 .
For i = 1, 2, write
χγi = mi ωi
where ωi is a character such that ωi2 = 1 and mi is an integer such that
γi −1 = χ2γi = 2mi ,
the ﬁrst equality following from (2). Thus,
[m2 (γ1 −1)−m1 (γ2 −1)]
= 1.
χγ1 γ2 χ−1
γ2 γ1 = 


Now, let M be a ﬁnite extension of K and set
ΓM = {γ ∈ Γ, ker χγ ⊇ Gal(K/M )}.
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4. A general construction
We describe an abstract method of constructing abelian extensions. Let p be
an odd prime and F a ﬁnite ﬁeld of characteristic p. Let X be a 2-dimensional
F vector space and let G be an abstract group. Suppose we are given a normal
subgroup H of G such that G/H is ﬁnite and cyclic. Moreover, suppose that the
following condition holds.
Hypothesis 4.1. We have a representation
ρ : G −→ AutF (X)  GL2 (F)
such that Tr ρ(g) = 0 whenever gH generates G/H.
Lemma 4.2. With the above hypothesis, [G : H] is even.
Proof. We shall say that g ∈ G is special if gH is a generator of G/H. For
special g, we see by Hypothesis 4.1 that
Tr ρ(g) = 0.
Hence,
ρ(g 2 ) = − det ρ(g).
But if [G : H] is odd, then g is also special. Again, by Hypothesis 4.1, this would
imply that
Tr ρ(g 2 ) = 0
which is a contradiction.

2

Let J denote the unique subgroup of G which contains H and is of index 2 in
G, its existence and uniqueness being assured by Lemma 4.2 and the cyclicity of
G/H.
Lemma 4.3. We have ρ(J) is abelian, and contained in a Borel subgroup of
GL2 (F).
Proof. We observe that for any special g ∈ G, the subgroup J is generated by
H and g 2 . We claim that for any element g  ∈ G \ J, we have Tr ρ(g  ) = 0. Indeed,
write g  = gx, for some special g and some x ∈ J. Since we can write x = g 2a h for
some h ∈ H and some integer a ≥ 0, we ﬁnd that
Tr ρ(g  ) = Tr ρ((g 2 )a gh) = (− det ρ(g))a Tr ρ(gh) = 0.
Now consider the representation
ρ : G −→ AutF (X)  GL2 (F)
where F denotes an algebraic closure of F and X = X ⊗F F. Consider the F algebra
R = F[ρ(J)]. Fix a special g. By the observation of the previous paragraph, we
have
(3)

Tr Rρ(g) = 0.

Moreover,
(4)

ρ(g 2 ) is a scalar.

These conditions imply that R is commutative. Indeed, by (4), there is a basis of
X such that ρ(g) has the form


α 0
0 −α
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for some α ∈ F. If



a b
∈ M2 (F)
c d
is a general element of R, then (3) implies that a = d. Then, there are several
possibilities:
(a) R consists of scalars (dim R = 1)
(b) for all x ∈ R, we have c = 0 but dim R > 1:



a b
R⊆
, a, b ∈ F
0 a
x=

(c) for all x ∈ R, we have b = 0 but dim R > 1:



a 0
R⊆
, a, c ∈ F
c a
(d) there exists an x ∈ R for which b = 0 and c = 0. In this case dim R > 1
and



a cν
R⊆
, a, c ∈ F
c a
×

for some element ν ∈ F .
In the last three cases, dim R = 2. In all cases, R is commutative and ρ(J) is
contained in a Borel subgroup.

Next, we give a criterion for ρ(J) to be contained in a Cartan subgroup (case
(a) or (d) above). Let ω denote the non-trivial character of G/J. We shall also
think of it as a character of G.
×

Proposition 4.4. Suppose that there does not exist an F valued character
η of G such that det ρ = ωη 2 . Then ρ(J) is contained in a Cartan subgroup C
of AutF (X). Furthermore, ρ(G) is contained in the normalizer of C but not in C
itself.
Proof. This is modelled on (Momose [12], Lemma 1.2). By Lemma 4.3, we
know that there is a line V left stable by ρ(J). Suppose that
ρ(G)V = V .
Then, the semisimpliﬁcation of ρ is given by two characters ν and η such that
νη = det ρ
(ν + η)(g) = 0 if g ∈ G \ J.
From the second relation, it follows that
ν/η = ω.
Then, the ﬁrst relation implies that
ωη 2 = det ρ
contrary to hypothesis. Thus,
ρ(G)V = V .
It follows that for any g ∈ G \ J, we have a non-trivial decomposition
X = V ⊕ ρ(g)V .
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If we choose another element g  ∈ G \ J, then
ρ(g  )V = ρ(g)V .
It follows that ρ(J) is contained in the Cartan subgroup
C = AutF (V ) × AutF (ρ(g)V ).


Since any g ∈ G \ J interchanges V and ρ(g)V , it follows that ρ(G) is contained
in the normalizer of C but not in C itself. This proves the result.

Throughout the rest of this section, we shall assume that the hypothesis of
Proposition 4.4 holds. Thus, we get two characters
φ1 , φ2 : J −→ F

×

and an F basis of X such that ρ restricted to J has the form


φ1 0
.
0 φ2
Moreover, for any δ ∈ G \J, we have ρ(δ) has the form


0 x
y 0
×

for some x, y ∈ F . Now let us ﬁx one δ ∈ G \ J.
Corollary 4.5. For any j ∈ J, we have
φ1 (j)φ1 (δ −1 jδ) = φ2 (j)φ2 (δ −1 jδ) = det ρ(j).
Proof. We have
det ρ(j) = det ρ(j)
and




φ2 (j)
φ1 (δ −1 jδ)
0
0
−1
−1
= ρ(δ jδ) = ρ(δ) ρ(j)ρ(δ) =
.
0
φ2 (δ −1 jδ)
0
φ1 (j)
Thus,
det ρ(j) = φ1 (j)φ2 (j) = φ1 (j)φ1 (δ −1 jδ) = φ2 (j)φ2 (δ −1 jδ).

Let G (resp. J  ) denote the commutator subgroup of G (resp. J). We view φ1
and φ2 as characters of the quotient J/J  . Consider the composite homomorphisms
×

Φi : G −→ G/G −→ J/J  −→ F

for i = 1, 2. Here, the rightmost map is φi and the middle map is the transfer
homomorphism Ver (see Serre [20], p. 120) which in our case can be made quite
explicit:

Ver(g mod G ) =

g 2 mod J 
gδgδ −1 mod J 

if g ∈ J
if g ∈ J.

Corollary 4.6. For any g ∈ G, we have
Φ1 (g) = Φ2 (g) = ω(g) det ρ(g).
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Proof. If g ∈ J, then
Trρ(g) = 0.
Thus,
ρ(g 2 ) = − det ρ(g).
If g ∈ J, we have by Corollary 4.5,
φi (Ver(g mod G )) = det ρ(g)
for i = 1, 2. This proves the result.



Corollary 4.7. ρ(G) is non-abelian.
Proof. Since conjugation by ρ(δ) interchanges the eigenspaces of C, we see
that ρ(G) is abelian if and only if φ1 = φ2 . Suppose ρ(G) is abelian. Then φ1 can
be extended to a character φ (say) of G, This character satisﬁes
Φ1 = Φ2 = φ 2 .
Thus, by Corollary 4.6, we have
det ρ = ωφ2 .
This contradicts the hypothesis of Proposition 4.4.



Proposition 4.8. Let M denote the quadratic ﬁeld corresponding to ω. The
splitting ﬁeld of ρGal(K/M ) is an abelian extension of M which is at most tamely
ramiﬁed at p.
Proof. We have already seen that the splitting ﬁeld is abelian as ρ(Gal(K/M ))
is contained in a Cartan subgroup of GL2 (F). Such a subgroup has order (q − 1)2
or q 2 − 1 depending on whether it is split or not, where q is the cardinality of F. In
particular, the order of ρ(Gal(K/M )) is prime to p.

Remark 4.9. In section 6 we shall ﬁnd examples of representations ρ satisfying
the hypotheses in this section, as follows. We consider a triple (K, A, E) of type
(T  )which has a non-trivial twist γ and we associate an ideal Sγ of E. Then, the
representation ρ is obtained by studying the Galois action on the Sγ -division points.
In the next section, we abstractly deﬁne and develop the properties of Sγ .
5. The ideal Sn (E/F )
Let E/F be a cyclic Galois extension of (local or global) ﬁelds. Let γ be a
generator of Gal(E/F ), and let ζ be a root of unity in E such that NormE/F ζ = 1.
(Note that ζ may or may not be in F ). Let b(γ, ζ) be the ideal of E generated by
the set
b0 (γ, ζ) = {x ∈ OE : xγ = ζx}.
Our assumption on ζ implies that this set contains non-zero elements.
Definition 5.1. S(γ, ζ) is the radical of b(γ, ζ).
Remark 5.2. Whenever we write S(γ, ζ) or b(γ, ζ), with some root of unity ζ,
we shall be tacitly assuming that NormE/F ζ = 1.
Remark 5.3. In the case that E is a CM-ﬁeld, γ is complex conjugation and
ζ = −1, this ideal was considered by Shimura [22], [23] and it is this case that is
the motivation for this work.
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We begin by developing some of the elementary properties of this ideal.
Proposition 5.4.
then

(1) If ζ and η are two primitive n-th roots of unity,

S(γ, ζ) = S(γ, η).
(2) If τ ∈ Aut(E/Q), then
S(γ, ζ)τ = S(τ −1 γτ, ζ τ ).
Proof. We can write η = ζ i for some positive integer i satisfying (i, n) = 1.
Then, we clearly have
b0 (γ, ζ)i ⊆ b0 (γ, η).
By symmetry, for some j, we have
b0 (γ, η)j ⊆ b0 (γ, ζ).
Thus, the radicals of b(γ, ζ) and b(γ, η) are equal, proving the ﬁrst assertion. If
x ∈ b0 (γ, ζ), then
−1
(xτ )τ γτ = xγτ = ζ τ xτ
and so
xτ ∈ b0 (τ −1 γτ, ζ τ ).
−1
τ
Conversely, if x ∈ b0 (τ γτ, ζ ), then
(xτ
Thus, x

τ −1

−1

)γ = (xτ

−1

γτ τ −1

)

= (ζ τ x)τ

−1

= ζxτ

−1

.

∈ b0 (γ, ζ). This shows that
b0 (γ, ζ)τ = b0 (τ −1 γτ, ζ τ ).

It follows that the corresponding equality also holds for b and its radical S, proving
the second assertion.

Proposition 5.5. Let m be the order of γ, and r a positive integer with
(r, m) = 1. Let ζ be a primitive n-th root of 1 in E. Then
S(γ r , ζ) = S(γ, ζ).
Proof. Let i be the unique integer satisfying 0 ≤ i < n with ζ γ = ζ i . Let
j = 1 + i + i2 + · · · + ir−1 .
If for an x ∈ OE , we have

xγ = ζx,

then
xγ

r

= ζ j x.

Thus
S(γ, ζ) ⊆ S(γ r , ζ j ).
We claim that (j, n) = 1. If this were so, then
S(γ r , ζ j ) = S(γ r , ζ)
by Proposition 5.4. Thus
S(γ, ζ) ⊆ S(γ r , ζ).
And then, by symmetry, it follows that equality holds. To complete the proof, it
only remains to check that (j, n) = 1. For this, we note that
ir − 1 = j(i − 1)
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and
(im − 1, ir − 1) = i(m,r) − 1 = i − 1.
But
1 + i + i2 + · · · + im−1 ≡ 0 (mod n)
since γ m = 1. Thus, (n, j) divides ((im − 1)/(i − 1), j) = 1.



Definition 5.6. We write Sn (E/F ) for S(γ, ζ) where γ is any generator of
Gal(E/F ) and ζ is any primitive n-th root of unity such that N ormE/F (ζ) = 1.
By Propositions 5.4 and 5.5 this is well-deﬁned.
In the next few results, we relate Sn (E/F ) to the diﬀerent of E/F .
Proposition 5.7. Let α ∈ OE be such that αγ = ζα. Then

Sn (E/F ) =
Sn (F (α)/F )OE .
Proof. If β ∈ OE and β γ = ζβ, then βα−1 ∈ F . Thus,
b0 (γ, ζ) ⊆ F (α)
and b(γ, ζ) is the lifting to E of the ideal in F (α) generated by b0 (γ, ζ).



Remark 5.8. The ﬁeld F (α) above depends only on n and the extension E/F ,
but not on the choice of γ, ζ or the choice of α in b0 (γ, ζ). We shall denote this
ﬁeld E  for short, when no ambiguity can arise. In general, it is a proper subﬁeld
of E. For example, let E = Q(ζ5 ) and F = Q, where ζ5 is a primitive 5-th root
of unity.
by the automorphism
which maps ζ5 to ζ52 .
√ Then Gal(E/F
√ γ) is generated
√
√

Now, 5 ∈ E and ( 5) = − 5. Hence, E = Q( 5). In this case,
√
√
S2 (E/F ) =
S2 (Q( 5)/Q)OE =
5OE = (1 − ζ5 )OE .
Definition 5.9.
(1) If T is a number ﬁeld and R is a ﬁnite extension of
T , we denote by d(R/T ) the diﬀerent of R/T . It is an ideal of OR .
(2) If I is an ideal of T and r is an integer, I prime to r denotes the ideal pvp
where the product is over prime divisors of I which do not divide rOE and
vp is the exact exponent of p in I. We shall also write I odd when r = 2.
(3) If r is a positive integer, ζr denotes a primitive r-th root of unity.
(4) The degree [E : F ] will be denoted by m.
Proposition 5.10. We have
Sn (E/F ) ⊇


d(E  /F )OE .

Proof. By Proposition 5.7, we may assume that E = E  . Let p be a prime of
E and suppose that p  |d(E/F ). We want to show that p  |Sn (E/F ). For this, it is
enough to produce an element y ∈ OE such that y γ = ζn y and y ∈ p. Since the
inertia group at p is trivial, the ring homomorphisms
χi : OE −→γ

i

OE −→ OE /p

are distinct. Suppose we are given a0 , a1 , · · · , am−1 ∈ OE , not all zero modulo p.
By mimicing the proof of independence of characters, we can show that there is an
x ∈ OE such that
(a0 χ0 + a1 χ1 + · · · + am−1 χm−1 )(x) ≡ 0
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In particular, there is an integer x ∈ E such that
m−1

ζn−(1+γ+γ

y =

2

+ ··· + γ j−1 ) j

γ x ≡ 0

(mod p).

j=0

Here, the exponent of ζn is interpreted as 1 for j = 0. Now,
y γ = ζn y


as is readily veriﬁed.
Proposition 5.11. We have
Sn (E/F )prime

to n

=


d(E  /F )prime

to n O .
E

Proof. By Proposition 5.10, it is enough to prove that

d(E  /F )prime to n OE .
Sn (E/F )prime to n ⊆
By Proposition 5.7, we may suppose that E = E  . Choose an element
α ∈ b0 (γ, ζn ).
Then α is an integral generator of E/F . Thus,
(α − αγ ) · · · (α − αγ

m−1

) ∈ d(E/F ).

This expression simpliﬁes to
αm−1 (1 − ζn )(1 − ζn1+γ ) · · · (1 − ζn1+γ+γ
Thus,
α∈



d(E/F )prime

2

+···+γ m−2

) ∈ d(E//F ).

to n O .
E


Proposition 5.12. We have
Sn (E/F ) ⊆


d(E  /F (ζn ))prime

to m O .
E

Proof. let e = [E  : F ]. Suppose we show that

d(E  /F (ζn ))prime
Sn (E  /F ) ⊆

to e O .
E

Then, since e divides m = [E : F ], we get the stated result. Write
d = [F (ζn ) : F ].
Then Gal(E  /F (ζn )) is generated by τ = γ d . In particular, for any
α ∈ b0 (γ, ζn ),
we have
d−1

ατ = ζn1+γ+··· + γ α
and let us write the right hand side as ηα. It is easily checked that η is a primitive
f -th root of unity, where f = e/d. Since α is an integral generator of E  /F (ζn ), we
have
f −1
(α − ατ ) · · · (α − ατ ) ∈ d(E  /F (ζn )).
But this element is equal to
αf −1 (1 − η)(1 − η 1+τ ) · · · (1 − η 1+τ +τ

2

+···+τ f −2
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Hence,
α ∈


d(E  /F (ζn ))prime

to e O .
E



proving the result.
Remark 5.13. Without a further restriction, it is not true that

d(E  /F )prime to m OE .
Sn (E/F ) ⊆

For example, take E = Q(ζ3 ), F = Q and γ to be complex conjugation. Then
S3 (E/F ) = 1 since
ζ3γ = ζ32 = ζ3 ζ3 .
But
√
d(E/F )prime to 2 = −3OE .
Next, we give some necessary conditions for Sn (E/F ) to be non-trivial.
Proposition 5.14. Let i be an integer such that 0 < i < n and ζ γ = ζ i . Let
d = (i − 1, n). If (d, n/d) = 1, then
Sn (E/F ) = Sd (E/F ).
In particular, if d = 1, Sn (E/F ) = 1.
Proof. Write n = dn0 . Then
b0 (γ, ζn )n0 ⊆ b0 (γ, ζd ),
and so
Sn (E/F ) ⊆ Sd (E/F ).
Similarly,
b0 (γ, ζd )b0 (γ, ζn0 ) ⊆ b0 (γ, ζn/(n0 ,d) ),
and so
Sd (E/F )Sn0 (E/F ) ⊆ Sn/(n0 ,d) (E/F ) = Sn (E/F ).
Now let i − 1 = da. Then
ζnγ = ζnda ζn = ζna0 ζn .
Since (a, n0 ) = 1, we have
ζn ∈ S(γ, ζna0 ) = S(γ, ζn0 ) = Sn0 (E/F ).
Hence, Sn0 (E/F ) = 1 and the result follows.



Corollary 5.15. If (m, n) = 1, then Sn (E/F ) = 1.
Proof. Let i be as in Proposition 5.14. Then
1 + i + · · · + im−1 ≡ 0 (mod n).
But also
1 + i + · · · + im−1 ≡ m (mod (i − 1)).
Thus, (i − 1, n) divides (m, n). Now the result follows from Proposition 5.14.



Finally, we determine the ideal Sn (E/F ) when m = 2.
Proposition 5.16. Suppose that γ has order 2 (that is, m = 2). Then, we
have the following:
(1) If n is odd, Sn (E/F ) = 1.
(2) If n = 2n0 with n0 odd, then Sn (E/F ) = S2 (E/F ).
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(3) If 4|n and n is not a power of 2, then Sn (E/F ) = S2 (E/F ) = 1.
(4) If n is a power of 2 but n = 2, then S2 (E/F ) = 1 and Sn (E/F ) divides
(1 − ζn ).
Proof. Let i be as above, that is ζnγ = ζni . Since γ 2 = 1, we have
ζ 1+i = 1.
If i = 1, then n = 2 and there is nothing to prove. So assume from now on that
i ≡ −1 (mod n) and i = 1. For the ﬁrst assertion, we have (m, n) = (2, n) = 1 and
so by Corollary 5.15, Sn (E/F ) = 1. For the second assertion, we have (i−1, n) = 2.
Then by Proposition 5.14, we have
Sn (E/F ) = S2 (E/F ).
For any even n, we see that
b(γ, ζn )n/2 ⊆ b(γ, −1).
Thus,
Sn (E/F ) ⊆ S2 (E/F ).
−1
On the other hand, Sn/2 (E/F ) = 1 since ζn ∈ b0 (γ, ζn/2
) from the relation
−1
ζn .
ζnγ = ζn−2 ζn = ζn/2

Thus, if 4|n, we ﬁnd that S2 (E/F ) = 1. In particular, this proves part of the
third and part of the fourth assertions. To complete the proof, write n0 = n/4 and
consider
y = ζnn0 −1 (1 − ζn ).
Then
y γ = (ζnn0 −1 )i − ζnn0 i = ζn1−n0 − ζn−n0 = −ζnn0 +1 + ζnn0 = ζn y.
Thus,
y ∈ b(γ, ζn )
and
(1 − ζn ) ∈ Sn (E/F ).
If n is a power of 2 but not equal to 2, then 1 − ζn is a unit. This completes the
proof of the third assertion and also proves the fourth assertion.

Corollary 5.17. Suppose that γ has order 2. Then
Sn (E/F ) = 1 unless n = 2q with q = 1 or a prime power.
If q is odd, then
Sn (E/F ) = S2 (E/F )
and
S2 (E/F )odd = d(E/F )odd
where d(E/F ) is the diﬀerent of E/F . Moreover, this diﬀerent divides (1 − ζq )OE .

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

180

V. KUMAR MURTY

6. Applications to Abelian varieties
We now use the results of the ﬁrst three sections to construct abelian extensions
of number ﬁelds. We preserve the notation of section 3. Thus (K, A, E) is a triple
of type (T  ). We suppose that Γ(A) = {1}. We have the following associated
notation:
• Π : the set of places of K where A has bad reduction
• P : the trace ﬁeld
• γ: a non-trivial element of Γ(A)
• R: the subﬁeld of P ﬁxed by γ
• χ: the twisting character corresponding to γ.
The following elementary lemma is crucial in what follows.
Lemma 6.1. If the order n of χ is odd, then Sn (P/R) = {1}.
Proof. If n is odd, then χ2 also has order n. Let v be a prime of K, not
dividing the conductor of χ or , such that χ2 (Frobv ) is a primitive n-th root of
unity. Then, from the relation
γ = χ2 ,
we deduce that
(Frobv ) ∈ S(γ, χ2 (Frobv )).

Now
•
•
•
•
•
•
•
•
•
•
•

we introduce the rest of our notation and assumptions:
n: the order of χ; we assume n is even, say n = 2q
S: the ideal (Sn (P/R)OE )odd which we assume is not the unit ideal
p: a prime divisor of S
F: the residue ﬁeld OE /p of p
p: the characteristic of F; it is necessarily odd
L: an Op [GK ]-stable lattice in Vp (A) = Vp (A) ⊗E⊗Qp Ep , such lattices
exist (see below).
X: the two dimensional F vector space L/pL
ω: the character χq
M : the ﬁxed ﬁeld of ker ω
M : the ﬁxed ﬁeld of ker 
ω̃, ˜, χ˜p : the reduction of the appropriate character modulo p.

Remark 6.2. As GK is compact and ρp is continuous, there always exist
Op [GK ] stable lattices.
Remark 6.3. The fact that X is two dimensional over F follows from (T 1 ).
Since E acts K-rationally on A, the action of GK on X is F-linear. Thus, we
get a representation
ρ : GK −→ AutF (X).
Lemma 6.4. Let K(X) be the ﬁxed ﬁeld of ker ρ. Then M ⊆ K(X) and
K(X)/M is an abelian extension.
Proof. If we let G = GK , H = ker χ, and ρ as above, then it is clear that H
is normal and G/H is ﬁnite and cyclic. Moreover, the Hypothesis 4.1 is satisﬁed.
Indeed, let g ∈ G be such that gH generates G/H. There are inﬁnitely many
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primes v of K so that g = Frobv . For such v, we see that χ(Frobv ) is a primitive
n-th root of unity. The relation
aγv = av χ(Frobv )
implies that
av ≡ 0 mod p.
Thus, Tr ρ(g) = 0. It follows from Lemma 4.3 that ρ(J) is abelian, where J =
ker(ω). Furthermore, if g ∈ G\J then Tr ρ(g) = 0. If g ∈ ker ρ, then Tr ρ(g) = 2 = 0
as p is odd. Therefore,
ker ρ ⊆ J
and the Lemma follows.

Theorem 6.5. The extension K(X)/M is unramiﬁed outside of the primes of
M which divide p or an element of Π. Suppose that at least one of the following
holds:
(i) K has a real place ∞ and ω and  agree on the inertia group at that place
(ii) K has a place q over p of odd local degree [Kq : Qp ] such that ω and 
agree on an inertia group over q.
Then,
(1) Gal(K(X)/M ) is contained in a Cartan subgroup C of GL2 (F).
(2) K(X)/K is Galois and non-abelian. Its group is contained in the normalizer of C.
(3) If (i) above holds, then in fact ω and  are unramiﬁed at the place ∞.
(4) If (ii) above holds, then ω(−1) = (−1) = 1 where −1 denotes an
element of order 2 in any inertia group over q.
Proof. The p-adic representation of GK on Vp (A) is unramiﬁed outside of the
primes of K which divide p or lie in Π. The ﬁrst assertion follows from this.
Suppose there exists a character
η : GK −→ F

×

such that
(5)

ω̃η 2 = ˜χ̃p .

It remains to show that either of the assumptions (i) or (ii) contradict this. Then
(1) and (2) will follow from Proposition 4.4 and Corollary 4.7.
If (i) holds, denote by c the non-trivial element in the inertia group at ∞. Then
Lemma 6.1 implies that
ω̃(c) = ω̃(c)η 2 (c) = ˜(c)χ̃p (c) = ω̃(c)χ̃p (c).
This implies that χ̃p (c) = 1, which is a contradiction.
If (ii) holds, let Iq denote any inertial subgroup (of GK ) over q. Now ω and 
agree on on e, and hence on any, such subgroup. Let θp−1 denote the “fundamental
character of level 1”, that is the composite map
×
×
Iq  Oq× −→ Z×
p −→ Fp → F ,

where the ﬁrst arrow is the Norm map and the second is reduction modulo p. By
Serre ([21], Proposition 8), we have
e
χ̃p = θp−1
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where e = e(Kq /Qp ). Let pn = |OK /q|. Then, by hypothesis, n and e are odd.
Thus,
n−1
χp (−1) = (−1)(1+p+···+p )e = (−1)ne = −1.
This contradicts (5) and proves (1) and (2).
Now let a be any element of order 2 in GK . Suppose that χ̃p (a) = −1 and
ω̃(a) = ˜(a). Then in fact
ω̃(a) = ˜(a) = +1.
Indeed, otherwise, a ∈ Gal(K/M ). Then by Corollary 4.6, we have
(a)χ̃p (a) = −1.
1 = ρ(a2 ) = ω̃(a)˜
This is a contradiction as p = 2. This proves (3) and (4).



Remark 6.6. It follows from the Brauer-Nesbitt theorem, that the semisimpliﬁcation of ρ|J is independent of the choice of lattice. In particular, this applies if
ρ(J) is contained in a Cartan subgroup. Thus in this case, the extension K(X)/M
is independent of the choice of lattice. We call X the GK -module associated to p.
7. The p-part of the conductor
In this section, we consider the ramiﬁcation over p in the abelian extensions
constructed in Section 6. We preserve the notation and hypotheses of that section.
In addition, we shall assume throughout this section that the following hypothesis
holds.
Hypothesis 7.1. Gal(K(X)/M ) is contained in a Cartan subgroup C of
GL2 (F) and Gal(K(X)/K) is non-abelian.
Thus, we get two characters
×

φ1 , φ2 : Gal(K(X)/M ) −→ F
such that
φ|Gal(K/M ) = φ1 ⊕ φ2 .

Proposition 7.2. (cf. Shimura [22], Corollary 7.3.1) Let N be the compositum
⊂
of M and M . Then, N (ζp ) ⊂
= N (X). If ([N : M ], p − 1) = 1, then M (ζp ) = K(X).
Proof. Take an element g ∈ Gal(K/N (X)). Then ρ(g) = 1 and
χ̃(g) = det ρ(g) = 1.
This implies that ζp ∈ N (X). If N (ζp ) = N (X), then N (X) (and hence also K(X))
is abelian over K. This contradicts Hypothesis 7.1. Now, if g ∈ Gal(K/K(X)),
then
˜(g)χ̃(g) = 1.
Again, by Hypothesis 7.1, M (ζp ) = K(X).

In the next result, we assume that K = Q. We shall calculate the restriction
of the characters φ1 , φ2 to an inertia group over p using the methods of Ohta [13]
and Momose [12]. By class ﬁeld theory, φ1 and φ2 give two idèle class characters
×

ψ1 , ψ2 : MA× −→ F .
Let v be a place of M unramiﬁed in Q(X).
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Remark 7.3. We assume that the reciprocity map
MA× −→ Gal(Q(X)/M )
sends a uniformizer at v to the inverse of a Frobenius element at v (that is, to the
geometric Frobenius).
For each place w of M , we get characters
Mw×

MA×

ψi

F

×

×
by composition. Let ψi,w denote the restriction of the composed character to Ow
.
(Here, Ow is the w-adic completion of OM .)
We shall also make use of the “fundamental characters” {θpd −1 } (see Serre
×
[21], Section 1). We view them as characters of Ow
.

Theorem 7.4. Suppose that K = Q, that A has good reduction at p and that
p is unramiﬁed in M . If p splits in M , say
pOM = ww
then
(ψ1,w , ψ1,w , ψ2,w , ψ2,w ) = (θp−1 , 1, 1, θp−1 ) or (1, θp−1 , θp−1 , 1).
If p remains prime in M , then
(ψ1,p , ψ2,p ) = (θp2 −1 , θpp2 −1 ) or (θpp2 −1 , θp2 −1 ).
Proof. Firstly, we may assume that OE ⊆ EndQ (A). Indeed, there is an
Abelian variety B/Q which is Q-isogenous to A and such that OE ⊆ EndQ (B)
(cf. Shimura [22], p. 199). For such a B, we see that (Q, B, E) is again a triple
of type (T  ), and we can identify Γ(B) = Γ(A). In the notation of section 6, B
will correspond to a (possibly) diﬀerent choice of OB [GQ ]-lattice in Vp (A). By our
Hypothesis 7.1, and the remark at the end of Section 6, the extension Q(X)/M is
independent of the choice of lattice. Thus, we may as well assume to start with
that OE ⊆ EndQ (A).
Now, let w be a place of M over p. Then, A/M has good reduction at w. Since
e(Mw /Qp ) = 1, by a theorem of Raynaud ([15], 3.3.4) (see also Ribet [16], Theorem
2.2.4), the characters ψi,w can be written, without multiplicity, as a product of
fundamental characters of level f where
f = [OM /w : Fp ].
Also, by Serre ([21], Proposition 8), we have
χ̃p |Ow× = θp−1 .
Consider ﬁrst the case when p splits: pOM = ww . Then
(6)

ai
bi
, ψi,w = θp−1
, i = 1, 2
ψi,w = θp−1

where ai , bi are integers such that 0 ≤ ai , bi ≤ 1. Then, from the relation
ψ1 ψ2 = ˜χ˜p ,
we deduce that
a1 +a2
θp−1
= ψ1,w ψ2,w = θp−1
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since  is unramiﬁed at p. Let r be any rational integer prime to p. We view it as
×
an element of Z×
p = Ow . Then
r a1 +a2 ≡ r

(mod p).

Since
0 ≤ a1 + a2 ≤ 2
we must have
a1 + a2 = 1.
Similarly, b1 + b2 = 1.
We get another relation using Corollary 4.6. Let r be a rational prime r = p,
congruent to 1 modulo a suﬃciently high power of each prime dividing the non-p
part of the conductors of ψ1 and ψ2 . Let e(r) be the idèle of M given by

r if v|r
e(r)v =
1 otherwise.
We view r itself as a constant idèle. Then
1 = ψi (r) = ψi (e(r))ψi,w (r)ψi,w (r).
Now by Corollary 4.6,
r ai +bi ≡ r

(mod p).

Thus,
a1 + b1 = a2 + b2 = 1.
This, together with the previous relation implies that
(a1 , b1 , a2 , b2 ) = (1, 0, 0, 1) or (0, 1, 1, 0).
Now suppose that p remains prime in M . Then, we can write
ip
ψi,p = θpa2i +b
−1 , ai , bi ∈ Z, 0 ≤ ai , bi ≤ 1

for i = 1, 2. Proceeding in the same way as above, we ﬁnd that
(a +a2 )+(b1 +b2 )p

θp21−1

= ψ1,p ψ2,p = θp−1 .



Let (Q/Z) denote the abelian group of rational numbers of order prime to p. By
Serre ([21], Proposition 5), the map which associates to each ratonal number a/d
with (d, p) = 1, the character θda gives an isomorphism of (Q/Z) with the character
group of the tame inertia group of the local ﬁeld Mp . Thus,
(a1 + a2 ) + (b1 + b2 )p
1
=
p2 − 1
p−1
Since 0 ≤ ai , bi ≤ 1, this implies that

(mod Z[1/p]).

a1 + a2 = b1 + b2 = 1.
We get another relation if we choose r as in the previous paragraph. Then,
1 = ψi (r) = ψi (e(r))ψi,p (r)
and by Proposition 4.6, we have
r ai +bi ≡ r

(mod p).

Therefore,
a1 + b1 = a2 + b2 = 1.
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Thus,
(a1 , b1 , a2 , b2 ) = (1, 0, 0, 1) or (0, 1, 1, 0).

Corollary 7.5. If p splits in M , then Q(X)/M (ζp ) is unramiﬁed over p.
8. Numerical examples
Given an Abelian variety A of type (T  ), one may try to produce explicit abelian
extensions using the above theory. To do this, one has to solve two problems. The
ﬁrst, is to decide whether A has a non-trivial twist or not. The second is to check
whether the corresponding ideal is non-trivial or not.
If we consider the Abelian variety Af attached to a non complex-multiplication
newform f of weight 2, both problems can be solved, in principle, using the Selberg
trace formula. Indeed, the trace formula can be used to explicitly calculate the
ﬁeld generated by the Fourier coeﬃcients of f . However, this usually entails an
excessive amount of computation, since the dimension of the space S2 (Γ0 (N ), ) of
cusp forms of weight 2 and a given Nebentypus character , is  N .
Shimura has extensively studied the case when f has real Nebentypus and has
produced many examples, by explicit calculation, in the case that f has prime
level. In this section, we give a set of examples with non-real Nebentypus and
prime level. In these examples, the two problems mentioned above can be solved
“by inspection”.
Let f ∈ S2 (Γ0 (N ), ) be a normalized non-complex multiplication newform of
weight 2, level N and character . Suppose that  = 1. We consider the triple
(Q, Af , Ef ), where Ef is the ﬁeld generated by the Fourier coeﬃcients of f . We
have seen that Ef is a CM-ﬁeld. Let c denote the canonical complex conjugation
of Ef , and denote by Ef+ the maximal totally real subﬁeld of Ef . Then c ∈ Γ(Af )
and χc = −1 . We retain the notation of our previous sections and set
Sf = Sn (Ef /Ef+ )odd
where n is the order of .
Proposition 8.1. Suppose that N is squarefree, and that  has conductor N
and even order n = 2q. Suppose that Sf = 1 and let p be a prime divisor of Sf .
Let√pZ = p ∩ Z and X the associated GQ module. Then the ﬁxed ﬁeld M of −q is
Q( N ) and
1. q = pa with some integer a ≥ 0.
2. Gal(Q(X)/M ) is contained in a split Cartan subgroup of GL2 (F).
3. M ⊆ M (ζp ) ⊆ Q(X).
4. The conductor of Q(X)/M is p∞1 ∞2 , where ∞1 , ∞2 are the inﬁnite
places of M .
Suppose that p does not divide N . Let u denote the fundamental unit of M . Then
5. Q(X)/M (ζp ) is everywhere unramiﬁed if p splits in M .
6. If Norm u = +1, then u ≡ 1 (mod pOM ).
7. If Norm u = −1, then u2 ≡ 1 (mod pOM ) but u ≡ 1 (mod pOM ).
Remark 8.2. Conditions (1), (6) and (7) are necessary for Sf = 1. If f has
real Nebentypus, then (1) is vacuous (a = 0) but (6) and (7) are still necessary. The
extra condition (1) in the case of non-real Nebentypus makes it more diﬃcult for Sf
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to be non-trivial. For example, consider the case of prime level. Since (−1) = 1,
we must have N ≡ 1 (mod 4). In this case, Norm u = −1 and so we have
u2 − 1 = (Tr u)u.
Thus, u2 − 1 and Tr u have the same prime factors.Then (1) and (6), (7) would
require that p divides (N − 1, Tr u). For N < 100, this happens only for N ≡
1 mod 12, i.e. N = 13, 37, 61, 73, 97. In all these cases p = 3. The ﬁrst case when
√ a
prime larger than 3 divides (N − 1, Tr u) is N = 101. In this case, u = 10 + 101
and p = 5. If we choose any character  (mod 101) of order 10, we ﬁnd that
dim S2 (Γ0 (N ), ) = 8. Without explicitly calculating the characteristic polynomial
of some Hecke operators, I see no a-priori way of deciding whether there is an
eigenform f in this space for which Sf = 1.
Remark 8.3. Shimura ([23], p. 148) has conjectured that (for real Nebentypus
and prime level), condition (6) (i.e. p divides Tr u) is also suﬃcient to ensure that
Sf = 1 provided p ≥ 5. Momose pointed out to me that Koike [8] has shown the
following result. Denote by Sf∗ the ideal of Ef generated by the Fourier coeﬃcients
an such that acn = −an . Let N be squarefree
with N ≡ 1 (mod 4). Suppose that
√
the norm of the fundamental unit u of Q( N ) is −1. Let p ≥ 5 be any prime which
divides the trace of u. Then, there exists a cusp form h ∈ S2 (Γ0 (N ), N· ) which is
an eigenform for the Hecke operators such that p divides the norm of Sh∗ .
Remark 8.4. We may conjecture that if p = 2 is a common divisor of φ(N ) and
the trace of u, then there exists an eigenform h ∈ S2 (Γ0 (N ), ) with  a character
of order 2pa for some a, such that p divides the norm of Sh . We shall partly prove
this in the case p = 3. By this method, we shall produce some abelian extensions
which it does not seem possible to obtain using forms with real Nebentypus.
Remark 8.5. The analogue of Koike’s theorem for p = 3 is false. Indeed,
and
consider N = 37. In this case, the space S2 (Γ0 (37), 37
· ) is 2 dimensional
√
is spanned by an eigenform f and its conjugate. We have Ef = Q(
−1)
and
√
Sf∗odd = 1 although 3 divides the trace of the fundamental unit 6 + 37.
8.1. Proof of Proposition 8.1.
Proof. The ﬁrst assertion (1) follows from Corollary 5.17. Next, since condition (1) of Theorem 6.5 is satisﬁed, Gal(Q(X)/M ) is contained in a Cartan subgroup
C (say) of GL2 (F). Now assertion (3) follows from Proposition 7.2.
To see that we can take C to be split, let wN denote the Atkin-Lehner involution
of level N . It induces an automorphism of Af which is deﬁned over M , and which
is of order 2. Furthermore, for all g ∈ GQ , we have
(7)

g
wN
= (g)wN

and wN commutes with the action of Ef+ . Thus, if we let
X± = (1 ± wN )X
then we see that
(a) X = X+ ⊕ X−
δ
(b) there exists a δ ∈ GQ such that X±
= X∓ .
(c) X± is an F-vector space of dimension 1
(d) the decomposition of (a) is rational over M .
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Indeed, (a) is clear. For (b), we note that since  has even order, there exists a
δ ∈ GQ such that (δ) = −1. Then, we have from (7)
δ
wN
= −wN

and (b) follows. In particular, both X± are non-zero.
Let O+ denote the ring of integers of Ef+ , and let q = p∩O+ . Then O+ acts on
X± and this action factors through q. This gives X± the structure of an O+ /q  F
vector space. Moreover, from (a) and (b) it follows that it is of dimension 1. Finally,
(d) follows from (7) and the fact that ζq ≡ 1 (mod p) (cf. (1) and Corollary 5.17).
Putting all of these observations together, we see that Gal(Q(X)/M ) is contained
in the split Cartan subgroup
C = AutF (X+ ) × AutF (X− ).
This proves (2).
By Proposition 4.8, we know that the ramiﬁcation over p is tame, and so (4)
will follow from (3) if we show that Q(X)/M is unramiﬁed over N/(N, p). To show
this, we consider the diagram of ﬁelds below.
M (X)
Q(X) = M (X)

M
q

M
Q
We have [M : M ] = q whereas [Q(X) : M ] divides (q −1)2 and is, in particular,
prime to q. Therefore, Q(X) ∩ M = M . On the other hand, the hypotheses on
N and  ensure that Af acquires everywhere good reduction over M (by Deligne
and Rapaport [5]). Thus, M (X)/M is unramiﬁed at the primes dividing N/(N, p).
Combining these two observations, we deduce that Q(X)/M is unramiﬁed at primes
dividing N/(N, p) also. Thus (4) is proved. We note that (5) is just (4) combined
with Corollary 7.5. To prove (6), let α be any totally positive unit of M . Let φ1 ,
φ2 be the characters
Gal(Q(X)/M ) −→ F

×

obtained from the Cartan subgroup C. Let ψ1 , ψ2 be the associated Hecke characters. Then
ψ1 (α) = ψ2 (α) = 1.
Suppose p splits in M , say pOM = ww . By Theorem 7.4, we may assume that
(ψ1,w , ψ1,w , ψ2,w , ψ2,w ) = (θp−1 , 1, 1, θp−1 ).
Then
1 = ψ1 (α) = ψ1,w (α) = α

(mod w).

Similarly,
α

(mod w ) = 1.
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Thus, α ≡ 1 (mod pOM ). If p does not split in M , we ﬁnd in a similar manner
that α ≡ 1 (mod pOM ).
Now if Norm u = +1, then u is totally positive so u ≡ 1 (mod p). On the
other hand, if Norm u = −1, then u2 is totally positive, so u2 ≡ 1 (mod p).
Moreover, u ≡ 1 (mod p) for otherwise we would have
−1 = uu ≡ 1 (mod p)
contradicting the fact that p is odd. (Here, u denotes the conjugate of u.) This
proves the Proposition.

8.2. Numerical Examples. Now we ﬁnd a set of examples which satisfy the
hypotheses of Proposition 8.1.
√
Lemma 8.6. Let M = Q( N ) with a positive squarefree integer N ≡ 1 (mod 4).
Suppose that NormM/Q u = −1 where u is the fundamental unit of M . Then
3|TrM/Q u if and only if N ≡ 1 (mod 3).
Proof. This is due to Shimura ([23], p. 186).



Lemma 8.7. Let N be a positive integer and  an even character modulo N of
conductor r. Then dim S2 (Γ0 (N ), ) is equal to


1 
1
1
1
1


N
φ((d, N/d)) −
(x) −
(x)
1+
−
12
p
2
4
3
d|N
p|N

(d,N/d)|(N/r)

where the ﬁrst sum is over x (mod N ) satisfying x2 + 1 ≡ 0 (mod N ) and the
second sum is over x (mod N ) satisfying x2 + x + 1 ≡ 0 (mod N ).
Proof. See Cohen and Oesterlé [3].



Lemma 8.8. Let N be a prime ≡ 13 mod 24. Let a be the largest power of 3
that divides N − 1. Let  be the even character modulo N of order 2 · 3a . Then
dim S2 (Γ0 (N ), ) is (N − 1)/12. In particular, it is odd.
Proof. Let g be a primitive root modulo N and ζ a primitive 3a -th root of
unity, such that (g) = −ζ. If x2 + 1 ≡ 0 (mod N ), then
x = ±g (N −1)/4 .
Thus,

(x) = (−1)(N −1)/4 = −1.
Similarly, if x2 + x + 1 ≡ 0 (mod N ), then
x = g (N −1)/3 or g 2(N −1)/3 .
Thus,
(x) = ζ3 or ζ32
where ζ3 is a primitive cube root of 1. Thus, by Lemma 8.7,
1
1
1
dim S2 (Γ0 (N ), ) =
(N + 1) − 1 +
+
= (N − 1)/12.
12
2
3

Lemma 8.9. Let N be an arbitrary positive integer and  an even character
modulo N . Suppose that the dimension of S2 (Γ0 (N ), ) is odd. Then, there exists
an eigenform f ∈ S2 (Γ0 (N ), ) such that the degree [Ef : Q()] is odd.
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Proof. Choose a basis X of S2 (Γ0 (N ), ) consisting of eigenforms for all the
Hecke operators Tn with (n, N ) = 1. Choose a maximal subset Y of X such that
no two elements of Y are Galois conjugates of one another. Then
[Eh : Q()].

dim S2 (Γ0 (N ), ) =
h∈Y

Indeed, viewing the Eh as subﬁelds of C, we have
X ⊆ Y  = {hσ | h ∈ Y, σ ∈ Aut(C/Q())}
and the forms in Y  are independent. Now, since S2 (Γ0 (N ), ) has odd dimension,

one at least of the [Eh : Q()] must be odd. This proves the lemma.
Theorem 8.10. Let N be a prime ≡ 13 mod 24 and let a be the highest power
of 3 that divides N − 1. Let  be the even character (mod N ) of order 2 · 3a .
Then, there exists a normalized eigenform f ∈ S2 (Γ0 (N ), ) and a prime p of Ef
which lies√over 3, such that p divides Sf . Let X be the associated GQ -module, and
M = Q( N ). Then, Q(X) contains the unique class ﬁeld of conductor 3∞1 ∞2
and degree 4 over M .
Proof. By Lemma 8.8, the dimension of S2 (Γ0 (N ), ) is odd. Then by Lemma
8.9, we can choose a normalized eigenform f such that the degree [Ef : Q()] is
odd. Let n = 2q with q = 3a . Then, by Corollary 5.17, we have
Sf = d(Ef /Ef+ )odd ⊇ (1 − ζq )OEf .
Now by the diagram of ﬁelds below, it follows that d(Ef /Ef+ )odd = 1. We thus
may apply Proposition 8.1 to deduce that Q(X)/M is abelian of conductor 3∞1 ∞2 .
Let h denote the class number of M .
Ef
Q(ζq )
2

Ef+
odd

Q(ζq )+
We claim that the 3∞1 ∞2 ray class ﬁeld H of M is of degree 4h over M .
Indeed, let u be the fundamental unit of M . Since N is a prime ≡ 1 (mod 4), we
have N orm u = −1. By Proposition 8.1 (4), we deduce that u2 ≡ 1 (mod 3) but
u ≡ 1 (mod 3), Since N ≡ 1 (mod 3), it follows that 3 splits in M . Putting these
two facts together, we see that H has degree 2 · h · (3 − 1)2 /2 = 4h over M (cf.
Lang ([9], p. 127)).
Since N is prime, h is odd. Therefore, H contains a unique ﬁeld H  (say) of
degree 4 over M and of conductor 3∞1 ∞2 . To show that Q(X) ⊇ H  it is enough
to show that 4 divides the degree [Q(X) : M ]. Since 3 splits in M , this follows, for
example, from Theorem 7.4.

√
Corollary 8.11. If the class number h(N ) of Q( N ) is prime to Norm p −1,
then Q(X)/M is the unique class ﬁeld of conductor 3∞1 ∞2 and degree 4. In
particular, this is the case if h(N ) = 1.
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Proof. Since the order of Gal(Q(X)/M ) divides (N orm p − 1)2 , and also 4h,
it follows that this order is in fact 4. The rest of the assertion follows from Theorem
8.10.

Remark 8.12. From the tables in Cohen and Roblot [2], we see that if D is
a prime such that D ≡ 1 (mod 4) and D < 573, then h(D) ≤ 5 and is odd. It is
easily checked that 3 and 5 are coprime to any number of the form 3b − 1 with b not
divisible by 4. Thus, if N ≡ 13 (mod 24) is a prime with N < 573, then Q(X)/M
is the unique class ﬁeld of conductor 3∞1 ∞2 and degree 4.
9. Remarks on other work

√
Brown and Ghate [1] consider a quadratic ﬁeld F = Q( D). Let χD denote
the associated quadratic Dirichlet character modulo |D|. Consider a cusp form
f of some weight k ≥ 2 for the congruence subgroup Γ0 (|D|) with Nebentypus
f is a normalized Hecke eigenform. Factor D = D1 D2 and
χD and assume that √
assume that F1 = Q( D1 ) is a real quadratic ﬁeld. Assume that f has a twist by
(γ, χD1 ) for some automorphism γ of the ﬁeld Ef of Fourier coeﬃcients of f . Let p
be a prime that divides the diﬀerent of Ef /Efγ and p the rational prime below it.
Assume that (p, 2D) = 1 and that f is ordinary at p. Assume also that the mod p
representation associated to f is absolutely irreducible. Then, they use Shimura’s
method to construct some abelian extensions of F1 .
The case F1 = F is considered by Hida [7]. However, Hida allows forms of
any weight k ≥ 2 and he restricts his attention to identifying and characterizing
‘dihedral primes’ (that is primes such as p above at which the mod p representation
is dihedral) and does not explicitly discuss the construction of class ﬁelds. Of
course, for weight larger than 2, one does not have a corresponding Abelian variety
so it is not at ﬁrst clear how one might generate class ﬁelds. However, Brown and
Ghate remark that one can work in a Hida family which contains a form of weight 2
congruent to the form of higher weight, and this form can then be used to generate
some class ﬁelds.
The work of Darmon and Green [4] takes a completely diﬀerent approach to the
construction of class ﬁelds of real quadratic ﬁelds. Their attempt is to generalize
the construction of Heegner points and they propose a conjectural construction
of Stark-Heegner points. The construction is local, and it is conjectured that the
points are actually global and deﬁned over a ring class ﬁeld of a real quadratic
ﬁeld. This theory is very intriguing given that there are very few general ways of
producing rational points on curves or higher dimensional varieties.
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