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Inose’s construction and elliptic K3 surfaces
with Mordell-Weil rank 15 revisited
Abhinav Kumar and Masato Kuwata
Abstract. We describe two constructions of elliptic K3 surfaces starting from
the Kummer surface of the Jacobian of a genus 2 curve. These parallel the
base-change constructions of Kuwata for the Kummer surface of a product
of two elliptic curves. One of these also involves the analogue of an Inose
ﬁbration. We use these methods to provide explicit examples of elliptic K3
surfaces over the rationals of geometric Mordell-Weil rank 15.

1. Introduction
Elliptic K3 surfaces have been the focus of much work in algebraic geometry
and number theory over the last few decades. For such a surface over a ﬁeld of
characteristic 0 with at least one singular ﬁber, the rank of the Mordell-Weil group
can be as large as 18. Cox [C] proved in 1989, using the surjectivity of the period
map for K3 surfaces, that any integer between 0 and 18 actually occurs as the rank
of the Mordell-Weil group of an elliptic K3 surface over C. However, the proof uses
transcendental methods, and does not lead to an algebraic construction of examples
of elliptic K3 surfaces of a given rank.
In 2001 Kuwata constructed explicit examples of elliptic K3 surfaces over Q
whose Mordell-Weil group over Q has rank r, where 0 ≤ r ≤ 18 and r = 15 ([Kw]).
The proof uses Inose’s theorem (see Proposition 2.2), which relies on a transcendental argument. For this reason, it was not clear how to ﬁnd explicit generators of the
Mordell-Weil group of such elliptic surfaces until our recent work [KK], where we
found a systematic method to describe a set of generators (see also [Kl2] for earlier
progress on this question). Meanwhile, there have been constructions of elliptic K3
surfaces with Mordell-Weil rank 15 ([Kl1][TdZ]) in order to ﬁll the gap of [Kw].
However, these constructions are based on somewhat diﬀerent ideas from that of
[Kw], to which the method of [KK] does not seem to apply to ﬁnd generators of
the Mordell-Weil group.
The goal of this article is to describe some new constructions of elliptic K3
surfaces with high Mordell-Weil rank using ideas closely related to the idea of [Kw].
The construction of [Kw] is based on the Kummer surfaces Km(E1 ×E2 ) associated
with the product of two elliptic curves. For such a Kummer surface Shioda and Inose
[SI] constructed a double cover with certain properties (now called a Shioda-Inose
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structure). We say that a K3 surface S has a Shioda-Inose structure if S admits an
involution ﬁxing the global 2-form on S, such that the quotient is a Kummer surface
Km(A), and provided that the rational quotient map S  Km(A) induces a Hodge
isometry TS (2)  TKm(A) of (scaled) transcendental lattices. When A = E1 × E2
is the product of two elliptic curves, S was constructed in [SI] as an elliptic surface
having two II∗ ﬁbers. Shioda and Inose used this construction to prove a beautiful
theorem establishing a one-to-one correspondence between singular K3 surfaces
and even positive deﬁnite binary quadratic forms. Later, Inose [I1] constructed S
explicitly as a quartic surface in P3 and as the quotient of a Kummer surface by an
involution. Thus, we have a chain of rational maps S  Km(A)  S, which we
now call a “Kummer sandwich” ([Shi4]). The construction of Km(E1 × E2 )  S
in [I1] can be viewed as a base change of elliptic surfaces, and it is this fact that
[Kw] generalized to construct elliptic K3 surfaces of high rank. Elliptic K3 surfaces
of various Mordell-Weil ranks are constructed as a base change from S, which we
call the Inose surface.
Our main idea in this article is to replace A = E1 × E2 by the Jacobian J(C) of
a curve C of genus 2. We propose two diﬀerent generalizations of Inose’s ﬁbration
on Km(E1 × E2 ). A detailed study of Shioda-Inose structures on K3 surfaces was
carried out by Morrison [Mo]. For Kummer surfaces of principally polarized abelian
surfaces, double covers with Shioda-Inose structure were studied by Naruki [N] and
Dolgachev [GLD]. In [Km1], Kumar explicitly described these surfaces as a family
of elliptic K3 surfaces with II∗ and III∗ ﬁbers, whose Weierstrass coeﬃcients are
related to invariants of the genus 2 curve C. In this construction, the rational map
S  Km(A) in [Km1] is a 2-isogeny between elliptic surfaces. The dual isogeny
sets up the sandwich S  Km(A)  S. Our ﬁrst construction is based on the
observation that Km(A)  S can also be described as an Inose-style base change.
More precisely, there is an elliptic ﬁbration on the Kummer surface (ﬁbration 13
in [Km2]) which can be obtained from the Shioda-Inose surface in [Km1] as a
base change by a simple change of variables. In §3 we give the details of this
construction of elliptic K3 surfaces of various Mordell-Weil ranks. In particular,
we give two numerical examples that have Mordell-Weil rank 15.
Note that ﬁbration 13 in [Km2] has one IV∗ ﬁber and one I∗0 ﬁber, while Inose’s
ﬁbration on Km(E1 × E2 ) has two IV∗ ﬁbers. There does exist an elliptic ﬁbration
on Km(J(C)) with two IV∗ ﬁbers, and it can be constructed from known ﬁbrations
in [Km2] using the “2-neighbor method” of Elkies. However, this ﬁbration does
not generically have a section. Nevertheless, taking its Jacobian ﬁbration produces
an elliptic ﬁbration with section and the same ﬁber type. Taking a base change,
we can construct elliptic K3 surfaces with Mordell-Weil rank up to 18. In §4 we
give details of this construction, and give a numerical example with Mordell-Weil
rank 15.
In future work, we hope to ﬁnd explicit generators for the Mordell-Weil groups
of the elliptic K3 surfaces constructed here, along the lines of [KK].
1.1. Acknowledgements. We thank Matthias Schütt and the referees for
helpful comments on an earlier version of the paper. Kumar was supported in part
by NSF CAREER grant DMS-0952486, and by a grant from the MIT Solomon
Buchsbaum Research Fund. Kuwata was partially supported by JSPS KAKENHI
Grant Number JP26400023, and by the Chuo University Grant for Special Research.
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The computer algebra systems Magma, sage, gp/PARI, Maxima and Maple were used
in the calculations for this paper.

2. Preliminaries
By an elliptic surface we mean a smooth projective surface S together with a
relatively minimal elliptic ﬁbration π : S → C over a smooth projective curve C,
all deﬁned over a ﬁeld k, which we assume to be a number ﬁeld throughout. We are
interested in the case where S is a K3 surface, C is isomorphic to P1 over k, and
π admits a section σ0 : P1 → S also deﬁned over k. Under these assumptions the
generic ﬁber E of π is an elliptic curve deﬁned over the rational function ﬁeld k(t).
We also assume there is at least one singular ﬁber (to ensure that the MordellWeil group is ﬁnitely generated). Denote by MWk̄ (E) the Mordell-Weil lattice
E(k̄(t))/E(k̄(t))tors . We refer the reader to [Shi2] for the theory of Mordell-Weil
lattices and [SS] for a broader overview of elliptic surfaces.
A theorem of Shioda and Tate connects the Mordell-Weil E(k̄(t)) group with the
Picard group or the Néron-Severi group NSk̄ (S) of E (note that linear equivalence
and algebraic equivalence coincide). In particular, we have the Shioda-Tate formula
(cf. Shioda[Shi1])
(2.1)

rank NSk̄ (S) = 2 + rank MWk̄ (E) +



(mP − 1),

P ∈C

where mP is the number of (geometrically) irreducible components of the ﬁber
π −1 (P ). We call ρ(S) = rank NSk̄ (S) the (geometric) Picard number.
Remark 2.1. In the absence of a section we would say that π is a genus one
ﬁbration. Sometimes in the literature these are called elliptic ﬁbrations and those
with section are labeled Jacobian elliptic ﬁbrations.
The following theorem of Inose is essential to our construction.
Proposition 2.2 (Inose [I1, Cor. 1.2]). Let S1 and S2 be K3 surfaces deﬁned
over a number ﬁeld k and f : S1 → S2 a rational map of ﬁnite degree. Then S1
and S2 have the same Picard number.
Proof. Inose proves this lemma for K3 surfaces over C using a transcendental
argument. Since we know that NSC (S) = NSk̄ (S), the conclusion is still valid for
our case.

Due to the transcendental nature of Inose’s proof we do not have a very good
understanding of how the Néron-Severi lattices of S1 and S2 are related. Thus,
knowledge of an explicit set of divisors generating the Picard group of S1 , or of the
Mordell-Weil group if S1 is elliptically ﬁbered, does not easily translate to the same
for S2 .
Let S be a Kummer surface associated with an abelian surface A. Then,
rank NSk̄ (S) = rank NSk̄ (A) + 16.
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Proposition 2.3 (cf. Birkenhake-Lang [BL, Prop. 5.5.7]). Let A be a simple
abelian surface. Then, the Picard number ρ(A) = rank NSk̄ (S) is given as follows.
EndQ (A)

ρ(A)

Q
real quadratic ﬁeld
indeﬁnite quaternion algebra
CM ﬁeld of degree 4

1
2
3
2

Proposition 2.4. Let A be an abelian surface isogenous to the product of two
elliptic curves E1 × E2 . Then, the Picard number ρ(A) is given as follows.
A ∼ E1 × E2

ρ(A)

E1 ∼
 E2
E1 ∼ E2 , without CM
E1 ∼ E2 , with CM

2
3
4

3. Inose type surface for the Jacobian of a curve of genus 2
Let C be a curve of genus 2 given by the equation
y 2 = f (x) =

6


fi xi ,

i=0

where f is a squarefree polynomial. In particular, we allow f6 to be 0 (but in that
case f5 = 0). In [Km1] it is shown that a generic elliptic K3 surface with II∗
and III∗ ﬁbers has a Shioda-Inose structure such that the quotient is the Kummer
surface of the Jacobian of a genus 2 curve. In fact, this correspondence sets up a
birational map between the moduli space of such elliptic K3 surfaces and M2 , the
moduli space of genus 2 curves. It can also be viewed as an isomorphism between
the moduli space of K3 surfaces lattice polarized by U ⊕ E8 (−1) ⊕ E7 (−1) and A2 ,
the moduli space of principally polarized abelian surfaces. For a genus 2 curve C,
we can describe the unique associated elliptic K3 surface with II∗ and III∗ ﬁbers
as follows.
Let (I2 , I4 , I6 , I8 ) be the Igusa-Clebsch invariants (see for example [Km2]).
Then the corresponding K3 surface is given by the Weierstrass equation

I
I
I2 
I2 I4 − 3I6
4
10 2
t + 1 x + t5
t +
t+
(3.1)
y 2 = x 3 − t3
12
4
108
24
It has a type II∗ ﬁber at t = ∞ and a type III∗ at t = 0. We say that C is “general”
if the other singular ﬁbers are all I1 .
The surface deﬁned by (3.1) is isomorphic to
I
I
1
I2 I4 − 3I6
I2 
4
10
+
x+
t+
+
,
y 2 = x3 −
12
t
4
108
24t
which we call G(1) , and deﬁne the base change
I
I
1
I2 
I2 I4 − 3I6
4
10 n
.
+ n x+
t +
+
G(n) : y 2 = x3 −
12 t
4
108
24tn
Compare with the deﬁnition of F (n) in [Shi3] and [KK]. Straightforward calculations show that the Kodaira-Néron model of G(n) is a K3 surface for n = 1, . . . , 4.
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In [Km1] the map G(1) → Km(J(C)) is given as a 2-isogeny between two
elliptic surfaces. All Jacobian elliptic ﬁbrations (elliptic ﬁbrations with section) on
Km(J(C)) are classiﬁed in [Km2]. Fibration 13 in [Km2] is




y 2 = x3 − 108t4 48t2 + I4 x + 108t4 72I2 t4 + (4I4 I2 − 12I6 )t2 + 27I10 ,


which is isomorphic to G(2) by (x, y, t) → t2 x/9, t3 y/27, 1/(2t) . Thus, G(2) is
isomorphic to Km(J(C)), and we have a Kummer sandwich diagram: G(1) 
G(2)  Km(J(C))  G(1) .
Remark 3.1. The surface G(1) can be realized as a quartic surface just as
Inose’s suface in [I2]:

I
I
 I I − 3I 
I2 
4
10 2
2 4
6
w + z xzw −
w + z 2 w2 −
y 2 zw − x3 z +
zw3 = 0.
12
4
24
108
Therefore we can regard G(1) as a generalization of Inose’s surface to the case of
Jacobian of the genus 2 curve C. This point of view was also studied in [CD].
Theorem 3.2. Suppose C is general. Then the rank of the Mordell-Weil group
G(n) (Q(t)) is given by the table below. Here, ρ = ρ(J(C)) is the Picard number of
J(C).
Singular ﬁbers
(1)

G
G(2)
G(3)
G(4)

∗

∗

II , III , 5I1
IV∗ , I∗0 , 10I1
I∗0 , III, 15I1
IV, 20I1

Rank
ρ−1
4+ρ
9+ρ
12 + ρ

Proof. Determination of the types of singular ﬁbers is a straightforward application of Tate’s algorithm. By Proposition 2.2, the Picard number of each of
the K3 surfaces G(1) , . . . , G(4) is equal to that of Km(J(C)), namely, 16 + ρ. Now,
calculation of the rank is a straightforward application of the Shioda-Tate formula
(2.1).

In order to obtain elliptic K3 surfaces whose Mordell-Weil rank 15, it now
suﬃces to ﬁnd curves C such that the Picard number of its Jacobian J(C) is 3. We
give two diﬀerent examples below.
Remark 3.3. As shown in [Km2], a set of ﬁve sections forms a basis of
G(2) (Q(t)) if ρ(J(C)) = 1. These sections are deﬁned over the ﬁeld k(J(C)[2]).
Example 3.4 (QM case). In the case where the Jacobian J(C) is simple,
ρ(J(C)) = 3 if and only if it has quaternionic multiplication. Writing down an
explicit equation of such a curve C is a delicate number theoretical problem. Here,
we use an example of [DR] which depends on a result of Hashimoto and Tsunogai

[HT] (see also [HM]). Take the curve in [HT, Lemma 4.5] and let σ = τ = −3/2.
Then we obtain

7  83 4
1519 2
1813 
x + 14x3 −
x + 49x −
.
C : y 2 = x2 +
2 30
30
120
It has quaternionic multiplication by a maximal order in the quaternion algebra of
discriminant 6, which is the smallest possible discriminant for a non-split quaternion
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algebra. Calculating Igusa-Clebsh invariants, and simplifying the coeﬃcients by a
change of variables, we obtain the elliptic surface


5
3431 
G(4) : Y 2 = X 3 + 529200 6 − 4 X − 9261000 4t4 + 20 − 4 .
t
t
Simple calculations show that the singular ﬁbers are irreducible except at t = ∞
where it has a ﬁber of type IV. This shows that the rank of G(4) (Q(t)) equals 15.
√
Remark 3.5. If we take the quadratic twist of G(4) by Q( 2 · 3 · 5 · 7), the
elliptic surface becomes simpler:


5
3431 
Y 2 = X 3 + 12 6 − 4 X − 4t4 + 20 − 4 .
t
t
However, it is possible that the ﬁeld of deﬁnition of the Mordell-Weil group of the
original surface may be easier to describe.
Example 3.6 (Split case). As a second example, we consider the case where
J(C) is isogenous to the product of two elliptic curves. Since we want ρ(J(C)) to
be equal to 3, we need to consider the case where J(C) ∼ E × E with E without
complex multiplication.
Take two elliptic curves
E1 : y 2 + xy + y = x3 + 4x − 6

(Cremona label 14a1),

E2 : y + xy + y = x − 36x − 70 (Cremona label 14a2),
2

3

These both have rational 6-torsion points, and are 2-isogenous to each other. Moreover, we have E1 [3]  E2 [3]  Z/3Z × μ3 as Galois modules. Take the quadratic
(−3)
twist E2
of E2 by −3. Then, the Galois isomorphism E1 [3] → E2 [3] isometric
(−3)
with respect to the Weil pairing induces an anti-isometry E1 [3] → E2 [3]. Therefore, by Frey-Kani [FK], there exists a curve C of genus 2 admitting morphisms
(−3)
C → E1 and C → E2
of degree 3. To ﬁnd an explicit equation, we use Shaska’s
result [Sha, §3]. Using the fact that j(E1 ) = (215/28)3 and j(E2 ) = (1705/98)3 ,
we ﬁnd that the curve C corresponds to the values u = 107553525/12595352,
v = −11619959625/1032401161 in equation (8) in [Sha]. After making some
changes of variables, we obtain the following Weierstrass equation for C:
C : y 2 = −96393(13x + 12)(7x − 13)(107x2 − 273x + 252)(56x2 + 104x + 31).
(−3)

The maps φ1 : C → E1 and φ2 : C → E2

are given by

φ1 : (x, y) → (x1 , y1 ) =

4(13x − 6)(214x2 + 273x + 126)y
156260x3 + 3627x + 86895
,−
−
,
2
3(7x − 13)(56x + 104x + 31)
9(7x − 13)2 (56x2 + 104x + 31)2
φ2 : (x, y) → (x2 , y2 ) =

47485x3 + 4173x2 − 211380
(12(7x + 26))(14x2 − 52x + 31)y
,−
,
2
(13x + 12)(107x − 273x + 252) (13x + 12)2 (107x2 − 273x + 252)2
(−3)

where we have used the following Weierstrass forms for E1 and E2
E1
: y12 = x31 + 5805x1 − 285714,
(−3)
E2
: y22 = x32 − 5115x2 + 115414.

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

:

INOSE’S CONSTRUCTION AND ELLIPTIC K3 SURFACES WITH RANK 15

137

The elliptic K3 surface G(n) corresponding to this C is given by

1126255812 
X
G(n) : Y 2 = X 3 + 33 2933005 −
tn

274280846290470 
− 2 28449792tn − 8690133815 −
.
tn
(Here, we have scaled X, Y , and t diﬀerently from the deﬁnition of G(n) to clear
denominators.) It is readily veriﬁed that the singular ﬁbers other than the IV ﬁber
√
(−3)
are isogenous over Q( −3) and
at t = ∞ are all irreducible. Since E1 and E2
do not have complex multiplication, the rank of G(4) (Q(t)) is exactly 15.
Remark 3.7. The reader may wonder why we did not use a curve C such that
J(C) is (2, 2)-isogenous to the product E1 × E2 . The reason is that the resulting
elliptic surface G(1) has at least one I2 ﬁber other than II∗ and III∗ ﬁbers. Thus,
the rank of G(4) (Q(t)) cannot be 15. Similarly, Example 1 in [Sha, §5] yields G(1)
with two I2 ﬁbers, and Example 2 yields one with a I3 ﬁber.

4. Fibration with two IV∗ ﬁbers
A Kummer surface Km(J(C)) can be realized as a complete intersection of
three quadrics in P5 . It contains two sets of sixteen lines intersecting each other
as shown in [GH, p.767, Figure 21]. Classically, these sets are labeled nodes and
tropes; in the model of the Kummer surface as a quartic surface in P3 with sixteen
singular points, the (blown-down) nodes are the singular points, while the tropes
correspond to the sixteen planes tangent to the Kummer surface along plane conics
(which are the transforms of the tropes).
As indicated in Figure 1, we ﬁnd a conﬁguration of a pair of divisors of type
IV∗ . We thus have an elliptic ﬁbration on Km(J(C)) having these two IV∗ ﬁbers.
It turns out, however, that such an elliptic ﬁbration does not have a section. Thus,
it is not in the list of elliptic ﬁbrations studied in [Km2].
The elliptic divisor corresponding to the ﬁbration is F = 3T0 + 2N3 + 2N4 +
2N5 + T3 + T14 + T25 .
To obtain an explicit equation of this ﬁbration, we start with Fibration 1 in
[Km2], two I∗0 ﬁbers and six I2 ﬁbers, with Mordell-Weil group Z ⊕ (Z/2Z)2 . The
zero section in [Km2] is taken to be T2 . However, we will take T3 to be the zero
section; this does not aﬀect the Weierstrass equation, however changes the identity
components of the reducible ﬁbers, for instance. We can now take a 2-neighbor step
to the elliptic ﬁbration corresponding to the ﬁber F  = T3 +N3 +T0 +N4 +T14 +N23
(this ﬁber class is in the orbit of ﬁbration 10 of [Km2]). We omit the details of the
neighbor-step, apart from giving the elliptic parameter

y + ys
1
− 2a(b − 1)(c − a)
t1 =
t − a x − xs
where


(xs , ys ) = −4(a−1)(b−1)t(t−c)(ct−ab), −8(a−1)(b−1)(c−a)(c−b)t2(t−ab)(t−c)
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3

2

1

2

1

1

2

T0

3

T1

2

T2

2

T12

2

T3

1

T13
T23
T45
T4
1

T14
T24
T35
T34

1

T25
T15
T5
N0

N1

N2 N12 N3 N13 N23 N45 N4 N14 N24 N35 N34 N25 N15 N5

Figure 1. Two IV∗ ﬁbers in the 16–6 conﬁguration of NS(Km(J(C)))

is the equation of the section T14 . The new elliptic ﬁbration has Weierstrass equation.

y12 = x1 x21 + x1 (t41 /16 + t31 (b − 1)(c − a)/2
+ t21 (3b2 c2 − abc2 − 4bc2 + 2ac2 − 4ab2 c − b2 c + 2a2 bc
+ 3abc + 2bc − 4a2 c + 2ac + 2ab2 + 2a2 b − 4ab)/2
+ 2t1 (b − 1)b(b − a)(c − 1)c(c − a) + b2 (b − a)2 c2 (c − 1)2 )


− (a − 1)a(b − 1)(c − a)(c − b)t31 (t1 + 2bc − 2b)(t1 + 2bc − 2ac)/2

The ﬁber F  is at ∞, while there is another ﬁber of type I6 at t1 = 0, given by
T1 + N12 + T12 + N45 + T5 + N15 . There are also I2 ﬁbers at t1 = −2(b − a)c and

(in the notation of Fibration 1 of [Km2])
t1 = −2b(c − 1). The ﬁrst is T25 + N35
and the second has N24 as a component. We can now move by another 2-neighbor
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step to the elliptic ﬁbration with F as a ﬁber. The elliptic parameter is
x1
t2 =
;
t1 + 2(b − a)c
we omit the remaining details. The Jacobian of this new ﬁbration is given by


B3 
C2 2
X + C1 T +
Y 2 = X 3 + AX 2 + B1 T + B2 +
,
T
T
where T = t2 and

A = 4 abc2+ bc2 − 2ac2 + ab2 c − 2b2 c − 2a2 bc + bc + 4a2 c − 2ac + ab2 − 2a2 b
+ab ,
B1 = (a −1)c − a(b − 1),
B2 = −16 ab2 c4 − a2 bc4 − abc4 + a2 c4 + a2 b3 c3 − ab3 c3 − b3 c3 − a3 b2 c3
+2a2 b2 c3 − 2ab2 c3 + b2 c3 + a2 bc3 + 2abc3 − 2a2 c3 − ab4 c2 + b4 c2
−a3 b3 c2 − 2a2 b3 c2 + 6ab3 c2 − b3 c2 + a4 b2 c2 + a3 b2 c2 − 3a2 b2 c2
−2ab2 c2 + a2 bc2 − abc2 + a2 c2 + a2 b4 c − ab4 c + 2a3 b3 c − 2a2 b3 c − ab3 c
−2a4 b2 c + a3 b2 c + 2a2 b2 c + ab2 c − a2 bc − a3 b3 + a2 b3 + a4 b2 −a3 b2 ,
2
B3 = −ab c(a − 1)(b − 1)(c − 1)2 (a − b)(b − c)(c − a) (a − 1)c − a(b − 1) ,
C1 = 1,
C2 = ab2 c(a − 1)(b − 1)(c − 1)2 (a − b)(b − c)(c − a).
It has IV∗ ﬁbers at T = 0 and ∞.
Deﬁne



B3 
C2 2
H (n) : Y 2 = X 3 + AX 2 + B1 tn + B2 + n X + C1 tn + n .
t
t

The Kodaira-Néron model of H (n) is a K3 surface for n = 1, 2, 3.
Theorem 4.1. Suppose C is general. Then the rank of the Mordell-Weil group
H (n) (Q(t)) is given by the table below. Here, ρ = ρ(J(C)) is the Picard number of
J(C).
Singular ﬁbers
(1)

H
H (2)
H (3)

∗

2IV , 8I1
2IV, 12I1
24I1

Rank
2+ρ
10 + ρ
14 + ρ

Proof. Since H (1) is the Jacobian of an elliptic ﬁbration on Km(J(C)), there
is a rational map H (1)  Km(J(C)) of ﬁnite degree. Thus, by Proposition 2.2,
the Picard number of H (1) is equal to 16 + ρ. The rest of the proof is similar to
that of Theorem 3.2.

Thus, H (3) for any simple abelian surface without extra endomorphisms gives
an elliptic K3 surface of rank 15. However, although a very general abelian surface
(in the moduli space of principally polarized abelian surfaces) has this property,
and we expect a “random” numerical example to have ρ = 1, we must verify
it for any putative example explicitly. To do so, we ﬁrst use Leprévost’s criterion
[L, Lemme 3.1.2]: a genus 2 curve C over Q has simple Jacobian if there is a prime 
of good reduction such that the Galois group of the characteristic polynomial of
Frobenius of the reduced curve is the 8-element dihedral group D4 . We can compute
the characteristic polynomial of Frobenius in magma or sage; the latter has an
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optimized implementation of the p-adic Harvey-Kedlaya algorithm for computing
the matrix of Frobenius for a curve over a ﬁnite ﬁeld.
Example 4.2. Let a = −1, b = 1/7, and c = −6/7. Then, we can verify that
the Jacobian J(C) of the curve

6
1 
C : y 2 = x(x − 1)(x + 1) x −
x+
7
7
is simple and ρ(J(C)) = 1 by the lemma below. After a certain change of variables,
we have
6084  n
4
1354 2 936  n 42989
4 2
x +
t +
+ n x+
t − n .
H (n) : y 2 = x3 −
7
7
819
t
49
t
The Mordell-Weil rank of H (3) is 15.
Lemma 4.3. Let C be the curve of Example 4.2. Then ρ(J(C)) = 1.
Proof. The characteristic polynomial of Frob37 and Frob41 on A = J(C) are
given by
p37 = x4 − 4x3 + 46x2 − 148x + 1369
p41 = x4 + 4x3 + 6x2 + 164x + 1681.
We can directly verify (for instance in gp/PARI or Magma) that p37 has Galois group
D4 . Therefore, the Jacobian is simple. Next, since p37 and p41 are irreducible, it
follows by [Ta, Theorem 2] that the endomorphism rings of the reductions A ⊗ F37
and A ⊗ F41 are orders in quartic ﬁelds deﬁned by p37 and p41 . These ﬁelds are
easily checked to be linearly disjoint. Since End(A) ⊗ Q is a subﬁeld of each, it
must be Q, and End(A) must be Z.

References
Christina Birkenhake and Herbert Lange, Complex abelian varieties, 2nd ed., Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 302, Springer-Verlag, Berlin, 2004. MR2062673
[CD] Adrian Clingher and Charles F. Doran, Lattice polarized K3 surfaces and Siegel modular forms, Adv. Math. 231 (2012), no. 1, 172–212, DOI 10.1016/j.aim.2012.05.001.
MR2935386
[C]
David A. Cox, Mordell-Weil groups of elliptic curves over C(t) with pg = 0 or 1, Duke
Math. J. 49 (1982), no. 3, 677–689. MR672502
[DR] Luis V. Dieulefait and Victor Rotger, On abelian surfaces with potential quaternionic
multiplication, Bull. Belg. Math. Soc. Simon Stevin 12 (2005), no. 4, 617–624. MR2206004
[E]
Noam D. Elkies, Elliptic curves of high rank over Q and Q(t), in preparation.
[FK] Gerhard Frey and Ernst Kani, Curves of genus 2 covering elliptic curves and an arithmetical application, Arithmetic algebraic geometry (Texel, 1989), Progr. Math., vol. 89,
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Les Dix-huitièmes Journées Arithmétiques (Bordeaux, 1993). MR1413580
David R. Morrison, On K3 surfaces with large Picard number, Invent. Math. 75 (1984),
no. 1, 105–121, DOI 10.1007/BF01403093. MR728142
Isao Naruki, On metamorphosis of Kummer surfaces, Hokkaido Math. J. 20 (1991), no. 2,
407–415, DOI 10.14492/hokmj/1381413848. MR1114412
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