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Preface

This monograph is an expanded version of the notes for a series of lectures
delivered at a workshop on Moduli Spaces and the Arithmetic of Dynamical Sys-
tems, Bellairs Research Institute, Barbados, May 2-9, 2010. As such, the level
of exposition is uneven, with some results being worked out in detail, while oth-
ers are merely sketched or have proofs by citation. The goal is to provide an
overview, with enough details and pointers to the existing literature, to give the
reader an entry into this exciting area of current research. It is the author’s hope
that this will be useful, especially since at present there are only a small num-
ber of books [4,38,61,90,99,110] dealing with the arithmetic or algebraic side of
dynamical systems. For further reading, the reader might consult the webpage

http://www.math.brown.edu/~jhs/ADSHome .html
which contains links to an extensive list of articles in this area.

Acknowledgements. I would like to thank Xander Faber and the McGill
University Mathematics Department for inviting me to deliver a series of lectures
at the Bellairs Workshop, and Chantal David and Ina Mette for arranging for these
notes to be published as a CRM monograph.

I would like to thank Shu Kawaguchi for showing me the proof of Proposi-
tion 3.18, which he adapted from [52, Proposition 21.6], Michelle Manes for pro-
viding the proof sketch of Bousch’s theorem (Theorem 4.12), Michelle Manes and
Alon Levy for the content of Remark 4.19, Tom Scanlon for providing the proof
sketch of Theorem 5.11(b), Adam Epstein for providing the proof sketch of Propo-
sition 6.18, Michael Zieve for allowing me to include the algebraic characterization
of Lattes maps (Theorem 3.22), Curt McMullen for providing information about
transcendence in dynamics, and Xavier Buff, Laura DeMarco, and Adam Epstein
for a number of helpful email conversations.

I would also like to thank the people who looked at an initial draft of this
monograph and offered suggestions and corrections: Adam Epstein, Ben Hutz,
Patrick Ingram, Michelle Manes, Bjorn Poonen.

These notes greatly benefited from the many questions and comments posed
by the participants at the Bellairs Workshop, so I would like to thank all of them
for being such a lively audience: Arthur Baragar, Anupam Bhatnagar, Henri Dar-
mon, Laura DeMarco, Adam Epstein, Xander Faber, Eyal Goren, Benjamin Hutz,
Patrick Ingram, Rafe Jones, Shu Kawaguchi, Cristin Kenney, Sarah Koch, Holly
Krieger, ChongGyu (Joey) Lee, Alon Levy, Kalyani Madhu, Michelle Manes, Alice
Medvedev, Bjorn Poonen, Michael L. Tepper, Adam Towsley, and Phillip Williams.

Joseph H. Silverman
August 2011
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[F,, Gy nth iterate of [F, G], 57

[0, Y]az Arakelov—Zhang pairing, 72

(¢, ¥]ks Kawaguchi-Silverman pairing, 72

F=<G notation for FF < G and G < F, 101

g-x the image of the action of g on x, 12

(¢) the point in M/} corresponding to ¢ € Homy, 25
GKF notation for G(z) < 1 F(x) + co, 101

ACG the ring of invariant of G acting on A, 11

Ay the moduli space of principally polarized abelian varieties, 88
a(o) ideal class associated to minimal model of ¢, 49
Aut (o) the automorphism group of the map ¢, 34

BiCrity set of maps with exactly two critical points, 42
Ci(n) dynamical modular curve for maps 1;(2) = 2/(2% + b), 66
deg (S) minimal degree of polynomial vanishing on S, 98
eq(P) the ramification index of ¢ at P, 91

ey () the valuation of the Macaulay resultant of ¢, 47
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Fq moduli space of K3 surfaces, 52

Fix map from Homy to the fixed points of the map, 36
Dy n-dynatomic polynomial, 57

of = f~logo f, the conjugate of ¢ by f, 4
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oc(2) the polynomial 22 + ¢, 59

Gy the subgroup of Gal(K /K) such that o(¢) ~ ¢, 116
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subvariety of Pg“t with point having given critical point orbit,
96

set of periodic points for ¢, 4
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Moébius function, 26, 57
model theory, 111
modular curve
dynamical, 59, 60
elliptic, 65
level structure, 6, 8, 66
reducible, 66
Xo(n), 60, 61
Xi(n), 59, 61
Yo(n), 60
Yi(n), 59, 61
moduli problem, 5
moduli space, 5
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99
PCF maps have bounded height, 101
Schwarzian derivative as function on, 29
semistable locus, 21
stable locus, 21
structure sheaf, 21
moduli space My, 8
moduli space Mt 92, 111
moduli space M7
dimension of, 24
exists as geometric quotient, 23
is not fine, 34
is rational?, 36
Milnor multiplier function on, 28
scheme over Z, 47
moduli space M7, 8
Montel’s theorem, 98
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automorphism group, 34, 65, 114
canonical height is transcendental?, 89
chordal derivative, 108
conjugate of, 4, 8
conservative, 109
constant moduli, 45
critical canonical height, 100



critical point, 91
degree of, 40
derivative, 91
dominant, 7, 81
Fatou set, 89
field of definition, 116
field of moduli, 116
fixed point, 36
good reduction, 45, 47, 76
good reduction iff £,(¢) = 0, 48
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This monograph studies moduli problems associated to algebraic dynamical systems. It
is an expanded version of the notes for a series of lectures delivered at a workshop on
Moduli Spaces and the Arithmetic of Dynamical Systems at the Bellairs Research Institute,
Barbados, in 2010.

The author’s goal is to provide an overview, with enough details and pointers to the existing
literature, to give the reader an entry into this exciting area of current research. Topics
covered include:

(1) Construction and properties of dynamical moduli spaces for self-maps of projective
space.

(2) Dynatomic modular curves for the space of quadratic polynomials.
(3) The theory of canonical heights associated to dynamical systems.

(4) Special loci in dynamical moduli spaces, in particular the locus of post-critically finite
maps.

(5) Field of moduli and fields of definition for dynamical systems.
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