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Foreword 

These Proceeding s contai n paper s o n mechanic s (mostl y fo r thi n structures ) 
essentially usin g the method s o f asymptotic integratio n an d asymptoti c approache s 
in th e choic e o f the mathematica l models . 

Only som e o f the problem s arisin g i n practic e hav e exac t solutions . Thus , on e 
is usuall y force d t o limi t onesel f t o approximat e solutions , amon g whic h on e ca n 
distinguish th e analytica l an d th e numerica l solutions . 

In th e beginnin g o f thi s century , th e analytica l solution s too k th e mai n place , 
but lately , especially during the las t decades , due to the advent o f powerful comput -
ers an d well-develope d numerica l methods , i n particular , th e finite  elemen t meth -
ods, the situation changed dramatically. Nowadays , most problems can be solved by 
means o f numerica l methods . Consequently , th e approximat e analytica l solution s 
have bee n unjustl y underestimated . 

The analytica l an d numerica l solution s hav e t o complemen t eac h other . Th e 
approximate analytica l solutions , amon g whic h th e asymptoti c solution s occup y a 
central place , clarif y qualitativel y th e solutio n behaviou r an d provid e a  firs t ap -
proximation withi n a  reasonabl e error . Not e tha t th e accurac y o f th e asymptoti c 
solutions increase s a s th e difficultie s i n th e constructio n o f th e numerica l solutio n 
increase. Thi s i s th e case , fo r example , a s th e plat e o r shel l relativ e thicknes s 
decreases. 

These Proceeding s consis t o f two parts . 
The first  par t i s a  surve y o f the asymptoti c method s applie d t o th e analysi s o f 

thin-wall structures . I t contain s onl y th e mai n result s an d a  vas t bibliography , t o 
which th e reade r ma y refe r fo r a  detailed study . 

The propertie s o f the asymptoti c expansions , includin g th e asymptoti c expan -
sions of solutions wit h a  parameter , th e Laplac e method , an d th e stationar y phas e 
and saddl e poin t method s ar e als o discussed . 

In this survey , asymptoti c expansion s o f both th e singularly perturbed differen -
tial equation s an d th e correspondin g boundar y valu e problem s ar e analyzed . Bot h 
ordinary an d partia l differentia l equation s ar e examined . Fo r th e linea r equations , 
the WK B approximation s an d thei r generalization s t o th e cas e o f turnin g point s 
or transitio n line s (caustics ) ar e considere d an d Vishik-Lyusternik' s metho d i s de-
scribed. 

Then th e applicatio n o f the asymptoti c integratio n method s t o fre e vibration s 
and bucklin g o f thi n shell s i s considered . Method s develope d b y Gol'denveizer , 
Maslov, an d Waso w ar e discusse d an d numerou s reference s t o work s containin g 
applications o f these method s t o problem s o f shel l theor y ar e given . 

On th e othe r hand , th e one-dimensiona l bea m equatio n an d two-dimensiona l 
shells equation s themselve s ar e th e result s o f th e reduction s o f three-dimensiona l 

xii i 
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problems o f th e theor y o f elasticit y t o one - o r two-dimensiona l problem s i n th e 
narrow zones . I n thi s revie w th e asymptoti c algorith m o f such reductio n i s briefl y 
discussed. 

In th e las t par t o f th e survey , th e singula r degenerac y o f nonlinea r boundar y 
value problems i s considered. Th e algorith m o f Vasil'eva-Butuzov an d th e metho d 
of Lyapunov-Schmidt ar e described . 

The secon d par t o f these Proceeding s contain s origina l paper s o n mechanic s i n 
which a n asymptoti c approac h i s used . 

The mai n grou p o f papers [19 , 58 , 59 , 129 , 188 , 240 , 241 ] i s devoted t o th e 
application o f asymptoti c method s t o thi n shel l analysis . 

In [240] , th e nonlinea r axisymmetri c deformatio n o f a  shel l o f revolutio n i s 
considered. Th e effec t o f the loa d intensit y o n the asymptoti c solutio n i s examined . 

In [129] , th e bucklin g o f a  conve x shel l o f revolutio n unde r nonaxisymmetri c 
loading i s studied. Th e bucklin g mod e localize d i n neighbourhood s o f th e edge s i s 
constructed. 

In [58 , 59] , low-frequenc y fre e vibration s o f a  cylindrica l shel l wit h a  slante d 
edge an d connecte d shell s ar e considered . Th e asymptoti c solutions , whic h tak e 
into accoun t th e influenc e o f th e boundar y conditions , ar e obtaine d fo r th e fre e 
frequencies an d vibratio n modes . 

In [189] , th e acousti c proble m fo r th e vibration s o f tw o concentri c cylindrica l 
shells i n ai r i s examined. Th e rati o o f th e shel l radi i fo r whic h th e vibratio n mod e 
is localized nea r th e excitatio n zon e i s found . 

Papers [19 ] and [241 ] contain a  review o f the authors ' wor k o n the asymptoti c 
integration o f thi n shel l equations . Thes e paper s wer e presente d a s report s a t th e 
First Europea n Congres s o f Mathematic s i n Jul y o f 199 2 in Paris . 

Similar t o pape r [189] , th e paper s [9] , [20], [47] , [48] , [152] and [192 ] are con-
cerned with the equations describin g the behaviour o f three-dimensional continuou s 
media. 

In [9 ] the perturbatio n metho d i s used fo r th e constructio n o f an approximat e 
solution t o a n axisymmetri c electromagneti c proble m whic h occurs i n the diagnosi s 
of materia l defect s b y nondestructiv e edd y curren t testing . 

In [20 , 47 , 48] , [152 ] an d [192] , one - an d two-dimensiona l model s fo r thi n 
structures ar e used . 

In [47 ] an d [48] , a coupled proble m fo r thi n flexible  profile s movin g i n an idea l 
incompressible flow  i s considered . Th e cas e o f tw o flexible  profile s movin g i n a n 
ideal incompressibl e flow,  the interconnectio n o f which i s provided b y th e flow and 
the vorte x trace s behin d th e bac k edge s o f th e profile s an d th e cas e o f a  flexible 
airfoil encounterin g a  gus t i n a n incompressibl e flow,  ar e analyzed . 

Papers [20 ] an d [152 ] ar e concerne d wit h th e determinatio n o f th e temper -
ature deformation s o f metalli c mirrors . I n thes e paper s th e rea l structure s ar e 
modeled b y mean s o f a  syste m o f one-dimensiona l plasto-elasti c beam s ([152] ) o r 
two-dimensional elasti c thi n plate s ([20]) , respectively . Numerica l studie s revea l 
the goo d qualit y o f the propose d models . 

In pape r [192] , th e dynami c bucklin g o f a  rotatin g anisotropi c shaf t i s consid -
ered. Th e asymptoti c metho d i s use d t o stud y th e stabilit y o f a  thi n anisotropi c 
shaft wit h a  crack . Thi s proble m i s ver y importan t fo r a n earl y diagnosi s i s o f a 
crack. 

The general an d mai n ai m of these Proceeding s demonstrat e th e importanc e of 
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asymptotic method s an d simplifie d asymptoti c model s an d thei r possibl e applica -
tions t o practica l problem s o f mechanics . 

Petr E . Tovsti k 
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Preface 

These Proceeding s ar e th e resul t o f th e scientifi c cooperatio n o f researcher s 
from th e Laborator y o f Applie d Mechanic s o f th e Institut e o f Mathematic s an d 
Mechanics a t St . Petersbur g Stat e University , th e Department s o f Theoretica l an d 
Applied Mechanic s an d th e Departmen t o f Hydroelasticity o f the Facult y o f Math -
ematics an d Mechanic s o f the sam e University , th e Departmen t o f Acoustics o f th e 
St. Petersbur g Institut e o f Cinema Engineering , th e Departmen t o f Applied Math -
ematics o f th e Rig a Technica l Universit y an d th e Departmen t o f Mathematic s o f 
the Universit y o f Ottawa . 

The content s ar e papers o n mechanics (mostl y on mechanics o f thin structures ) 
in which , basically , th e problem s ar e formulate d b y mean s o f a n asymptoti c ap -
proach an d th e solution s ar e obtaine d b y th e method s o f asymptoti c integration . 

Initially, i t wa s planne d t o limi t th e proceeding s t o origina l paper s containin g 
new results . Thes e paper s ar e presented i n the secon d par t o f this collection . How -
ever, a s th e paper s wer e bein g collected , i t wa s realize d that , fo r th e convenienc e 
of the reader , i t woul d b e usefu l t o includ e a  surve y o n th e asymptoti c method s i n 
mechanics whic h ar e use d i n thes e papers . Thi s survey , whic h comprise s th e first 
part o f thi s book , ma y als o serve a s an introductio n t o th e field. 

A specia l featur e o f th e collectio n i s the vas t bibliograph y o n th e application s 
of asymptoti c method s t o problem s o f mechanics , includin g Russia n literatur e o n 
asymptotic methods , whic h i s generall y translate d i n English , bu t stil l no t widel y 
known, despite its high quality. Th e editors made every effort t o include the numbe r 
of pages, in parentheses, for the monographs listed in the bibliography to the Survey , 
because man y o f th e Russia n book s ma y no t b e easil y availabl e t o th e Wester n 
reader an d i t wa s though t tha t thi s extr a piec e o f information woul d b e useful . 

The book i s intended fo r researcher s an d engineer s workin g i n the analysi s an d 
construction o f thin-walle d structure s an d continuou s media , an d applie d mathe -
maticians, who are interested in asymptotic methods in problems of mechanics. Th e 
book woul d als o b e usefu l t o advance d undergraduat e an d postgraduat e student s 
in Mathematics , Physic s an d Engineering . 

This wor k wa s supporte d i n par t b y th e Natura l Science s an d Engineerin g 
Research Counci l o f Canad a unde r gran t A7691 , th e Centr e d e recherche s mathe -
matiques o f the Universit e d e Montreal , th e Ministr y o f Science , Higher Educatio n 
and Technica l Polic y o f Russi a unde r th e them e #01910056114 , an d th e Institut e 
of Mathematic s an d Mechanic s o f St . Petersbur g Stat e University . 

The opportunit y give n t o th e first  edito r t o wor k i n Professo r J . A . Goldak' s 
Laboratory i n Mechanica l Engineering , a t Carleto n University , throug h th e Sci -
entific Exchang e Progra m betwee n Carleto n Universit y an d St . Petersbur g Stat e 
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University unde r th e directio n o f Professo r D . R . F . Taylor , ha s bee n ver y helpfu l 
in th e final  stag e o f preparation o f th e book . 

The editor s woul d lik e t o underlin e th e specia l rol e o f Professor P . E . Tovstik , 
who initiate d th e stud y o f asymptoti c method s applie d t o problem s o f soli d me -
chanics a t St . Petersburg (the n Leningrad) Stat e Universit y mor e than 2 5 years ag o 
and wh o lecture d t o mor e tha n hal f o f the contributors . 

The editors did the major translatio n and edition work for the book. Ou r friend , 
Dr. A . A . Kolyshkin , whil e visitin g Ottawa , di d th e formidabl e tas k o f insertin g 
all the correction s neede d i n th e first  revision s o f the text . Thank s ar e du e Mr . N . 
Filippov (St . Petersburg Stat e University ) fo r th e excellen t bitma p drawings , whic h 
were used a s templates, by the editors , for th e final  postcript figures. A  very specia l 
thank i s due to Mrs . V. Sergeeva (St . Petersburg Stat e University ) wh o typeset th e 
text i n AMS-T&-

Andrei L . Smirno v an d Rem i Vaillancour t 
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