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Preface 

From Ma y 5  to Ma y 9 , 1997 , th e CR M hoste d a  worksho p o n Grap h Colour -
ing an d Applications . Th e worksho p wa s organize d b y Pierr e Hanse n an d Odil e 
Marcotte an d wa s jointly sponsore d b y CR M an d GERA D (Group e d'etude s e t d e 
recherche e n analys e de s decisions) . I t brough t togethe r outstandin g researcher s 
in th e fields  o f combinatoria l optimizatio n an d grap h theory , an d include d eleve n 
lectures b y invite d speaker s an d seventee n contribute d talks . 

The openin g lectur e wa s give n b y Pau l Seymour , fro m Princeto n University , 
who presented th e lates t an d mos t elegan t proo f o f the famous four-colou r theorem . 
This proo f i s the resul t o f work carried ou t b y Paul Seymou r an d hi s collaborators , 
several of whom were also attending the workshop. Th e lecture of Professor Carste n 
Thomassen, fro m th e Technica l Universit y o f Denmark , ha d a  simila r topic , i.e. , 
algorithms fo r colourin g graph s embedde d i n specifi c surfaces . Professor s Claud e 
Berge (fro m Paris ) an d Vase k Chvata l (fro m Rutger s University ) gav e lecture s o n 
perfect graphs , a  topi c closel y relate d t o th e colourin g problem . Professo r An -
thony Hilto n (fro m Reading ) lecture d o n tota l colouring s o f graphs , an d Professo r 
Adrian Bond y (fro m Lyon ) o n the relationship betwee n colouring s an d orientation s 
of graphs . 

Graph colouring has many applications , some of whom arise from practica l con -
cerns an d other s fro m th e natura l o r socia l sciences . Professo r Hors t Sach s (fro m 
the Technica l Universit y o f Ilmenau , i n Germany ) presente d result s o n invarian t 
polynomials o f polyhedra an d thei r applicatio n t o chemistry . Dominiqu e d e Werr a 
(from th e Ecol e Polytechniqu e Federal e d e Lausanne ) gav e a  lectur e o n th e appli -
cation o f graph colourin g t o th e proble m o f register allocation , whic h arise s durin g 
the compilatio n o f compute r programs . Fre d Robert s (fro m Rutger s University ) 
presented a  varian t o f grap h colourin g use d i n th e modellin g o f socia l roles , an d 
related thi s concept t o other importan t concept s in the mathematica l model s of the 
social sciences . 

Finally, Mik e Carte r (fro m th e Universit y o f Toronto ) an d Bjarn e Tof t (fro m 
Odense University , i n Denmark ) lecture d o n application s o f grap h colourin g t o 
timetabling. Th e las t mai n lectur e was given by Bjarne Toft , wh o educated an d en -
tertained hi s audience by discussing the lif e and correspondenc e o f Julius Petersen , 
who gav e hi s nam e t o th e famou s Peterse n graph ! Th e theme s o f th e contribute d 
talks wer e simila r t o thos e o f th e mai n talks , an d th e worksho p wa s attende d b y 
46 researchers fro m eigh t countrie s (Canada , Unite d States , France , England , Ger -
many, Denmark , Switzerlan d an d Israel) . 

The article s o f thi s volum e spa n a  wid e spectru m o f topic s relate d t o grap h 
colouring: enumeratio n o f colouring s (Walsh) , list-colouring s (Dro r e t al.) , to -
tal colouring s (Hamilto n e t al.) , colouring s an d embedding s o f graph s (Collin s 
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and Hutchinson) , chromati c polynomial s (Arrowsmit h an d Essam) , characteristi c 
polynomials (Sachs) , chromati c schedulin g (d e Werra ) an d grap h colourin g prob -
lems related t o frequenc y assignmen t (Walsh , Harar y an d Plantholt , Marcott e an d 
Hansen). Al l th e article s publishe d i n thi s volum e wer e refereed . Th e proceeding s 
also includ e a  lis t o f open problem s suggeste d b y th e participants . 

To conclude thi s introduction , w e would lik e to expres s ou r heartfel t thank s t o 
Dr. Lu c Vinet , directo r o f the CRM , fo r suggestin g tha t th e worksho p b e hel d an d 
providing financial  support . W e would als o like to thank th e referee s wh o reviewe d 
the article s an d Dr . Yva n St-Aubin , deput y directo r o f the CRM , who took car e of 
the refereein g proces s fo r ou r ow n article . Finall y w e thank Mr . Loui s Pelletie r fo r 
taking car e o f al l aspect s concernin g th e organizatio n o f the workshop . 

Pierre Hanse n 
Odile Marcott e 
Organizers o f th e worksho p an d 
editors o f the proceeding s 

Montreal, Jul y 199 9 
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Centre d e Recherches Mathematique s 
CRM Proceeding s an d Lecture Note s 
Volume 23 , 199 9 

Open Problem s 

PROBLEM 1  (Sylvain Gravier) . Le t c(G) and x (^) be the clique numbe r and 
the chromati c numbe r o f a graph G.  I f c(G) <  x{G) doe s ther e exis t a n integer n 
such that th e join of G with a clique on n vertices is such that c(G-i-K n) =  x(G)+n ? 

PROBLEM 2  (Frank Harary) . Conside r the following two-person game on a 8 x 8 
chessboard wher e player s A  and B bot h hav e 4  queens: A  put s dow n a  queen , B 
puts dow n a  queen in an independent positio n (i.e. , not taken b y the queen o f A), 
A put s dow n a  second quee n i n an independent positio n (i.e. , not taken b y either 
of the 2 queens alread y o n the board), etc . The last playe r t o put down a  quee n 
wins. Claim:  A  can always win. 

PROBLEM 3  (Michae l Molloy) . Wha t i s the maximum valu e of t for which ev-
ery A-regula r simpl e grap h ha s a proper ( A + 1)-colourin g wher e ever y verte x has 
at leas t t  differen t colour s appearin g i n its neighborhood? 

PROBLEM 4  (Hors t Sachs) . Conside r 3  strings of unit length , knotte d i n some 
way suc h tha t ther e i s no knot betwee n al l 3 strings an d the set of strings i s con-
nected. Give n a  pair o f scissors one may cut a string, bu t not a knot. Claim:  one 
can alway s creat e a  string o f length >  1. 

PROBLEM 5  (Horst Sachs) . I f G is a cubic plana r grap h wit h n  vertices an d a 
2-factor whic h is a union of 2 circuits, then G  is edge 3-colourable . Thi s is a special 
case of the 4-colou r theorem ; find  a  shorter proof . 

PROBLEM 6  (Pau l Seymour) . I f G is loopless an d has no Kn+\ mino r an d n o 
induced od d circuit o f length >  5 or its complement, the n G  is n-colourable. 

©1999 America n Mathematica l Societ y 
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Errata 

Horst Sachs , Characteristic  polynomials  in  the  theory  of  polyhedra,  i n Grap h 
Colouring an d Application s (P . Hansen an d O . Marcotte,'eds.) , CR M Proceeding s 
& Lectur e Notes , vol . 23 , Amer. Math . Soc , Providence , RI , 1999 , pp . 111-126 . 

Page 118 , Lin e 13 : Chang e "Lemm a 10 " to "Lemm a 2" . 

Page 121 : Figur e 5  and Tabl e 4  ar e correc t a s printed . Replac e th e tex t o n 
this page b y the following : 

8. Th e Charac te r Scheme s o f th e Connecte d Subgraph s 

Let G  b e a  plan e undirecte d graph , u  e  Q(G)  an d X w =  X - Accordin g t o 
Proposition 2 , the correspondin g ske w characteristic polynomia l i s 

7x(G;x) =  / (G*;x ) =  x r{x2s +  a 2x
2s'2 +  - . . +  a 2s). 

By a  classica l theorem, th e coefficien t a 2a equal s the sum o f all principal minor s of 
order 2< j of A(G W). Thes e minor s ar e the determinant s o f the ( 2^) ske w adjacenc y 
matrices o f th e induce d directe d subgraph s o n 2a  vertice s o f G w. I f H " i s such a 
subgraph tha t i s no t connected , the n th e correspondin g mino r i s th e produc t o f 
those minor s tha t correspon d t o th e component s o f H" \ Therefore , i t i s desirabl e 
to kno w mor e abou t th e characte r scheme s of the connecte d subgraph s o f G u. 

THEOREM 2 . Let  G  be  a plane undirected  graph  and  G  a  (not  necessarily  in-
duced) connected  subgraph  ofG.  For  any  face  F  ofG,  let  F*(F) and  v(F)  denote 
the set  of  those faces  of  G that  are  contained in  F,  and  the  number  of  those vertices 
of G that  lie  in  the  interior  of  F} respectively.  Then,  for  any  orientation  ujofG 

Page 123 : Th e "dodecahedron " lin e o f Table 5 , should appea r a s follows : 

j dodecahedron | ( x + 2) 4 x 
! x 4 ( x - l ) 5 x 

( x - 3 ) ( x 2 - 5 ) 3 

x ( x - 2 ) 5 x 
( x - 3 ) 4 ( x - 5 ) 4 x 
(x2 -  6 x + 4) 3 

(x2 +  6) 4(x2 +  l ) 6 




