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Preface 

This meeting took place in Halifax, Nov a Scotia , Canad a betwee n Jun e 4 t h an d 
June 9 th, 1999 . I t brough t togethe r som e sixt y scientist s fro m twent y countries . 
The progra m o f th e Worksho p consiste d o f two parts : 

• Tw o preliminar y day s o f invited lectures , the latte r bein g eac h o f two hour s 
duration an d intende d a s a n introductio n fo r non-specialist s t o th e subjec t 
of Darboux an d Backhan d transformations . 

• Th e mai n bod y o f technica l lecture s fo r thos e specialist s i n solito n theor y 
with a  research interes t i n its geometric underpinnings wit h emphasis on th e 
role o f Backlun d an d Darbou x transformations . 

Backlund an d Darbou x transformation s hav e a  long history an d bot h ow e thei r 
origin t o geometri c investigation s carrie d ou t i n th e 19 th century . Thus , Backlun d 
transformations initiall y aros e i n connection wit h th e constructio n o f pseudospher -
ical surfaces . Th e Gauss-Weingarte n syste m fo r th e latter , i n asymptoti c coordi -
nates immediatel y provide s a  contac t wit h solito n theor y i n tha t i t yields , vi a it s 
compatibility conditions , th e integrabl e sine-Gordo n equation . Th e latte r wa s ob -
tained originall y i n this geometri c contex t b y Edmond Bou r i n 1862 . Th e followin g 
year, Juliu s Weingarte n se t dow n anothe r integrabl e equation , namel y th e hyper -
bolic sinh-Gordon equatio n i n hi s treatise o n surface s o f constan t mea n curvature . 

Both pseudospherica l surface s an d surface s o f constan t mea n curvatur e ar e in -
cluded i n a  mor e genera l categor y o f surface s tha t ha d bee n introduce d i n 186 1 
by Weingarte n an d whic h ar e define d b y th e requiremen t tha t th e principa l cur -
vatures ar e functionall y dependent . Ribacou r i n 187 2 studie d suc h Weingarte n o r 
so-called W  surface s an d obtaine d result s whic h ar e aki n t o thos e derive d late r 
by Bianch i i n 187 9 i n hi s habilitatio n thesis . Therein , wha t ha s becom e know n 
as the Bianch i transformatio n fo r th e constructio n o f pseudospherical surface s wa s 
presented. Th e celebrate d Backlun d transformatio n fo r pseudospherica l surface s 
was subsequentl y derive d i n 188 3 and constitute s a  conjugatio n o f th e parameter -
independent Bianch i transformatio n an d a  Lie symmetry whic h serve s t o intrud e a 
vital "Backlund " parameter . Th e latter prove d essentia l t o the nex t majo r develop -
ment whic h took plac e i n 1892 . I n tha t year , unde r th e titl e Sulla  Transformatione 
di Backlund  per  le  Superficie  Pseudosferiche  th e Italia n geomete r Luig i Bianchi , 
in a  masterl y breakthrough , establishe d tha t th e Backlun d transformatio n a t th e 
level o f th e sine-Gordo n equatio n admit s a  commutativ e property . A  consequenc e 
of thi s i s a  nonlinea r superpositio n principl e embodie d i n wha t Bianch i terme d a 
permutability theorem . Th e evidenc e tha t Bianchi' s permutabilit y theore m ha s 
important applicatio n i n nonlinea r physic s ha d t o awai t th e wor k o f Seege r e t al . 
in 195 3 on crysta l dislocations . Therein , i n the contex t o f Frenkel an d Kontorova' s 

ix 
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dislocation theor y o f 1938 , th e superpositio n o f so-calle d "eigenmotions " wa s ob -
tained vi a th e permutabilit y theorem . Indeed , th e interactio n o f wha t toda y i s 
called a  breathe r wit h a  kink-typ e dislocatio n wa s bot h describe d analyticall y b y 
means o f th e permutabilit y theore m an d displaye d graphically . Th e typica l soli -
tonic feature s t o b e late r discovere d numericall y b y Zabusk y an d Kruska l i n 196 5 
for th e Korteweg-d e Vrie s equation, namel y preservatio n o f velocity an d shap e fol -
lowing interaction , a s wel l a s th e concomitan t phas e shif t wer e al l derive d vi a th e 
permutability theore m fo r th e sine-Gordo n equatio n i n thi s remarkabl e work . 

In 1967 , Lam b obtaine d th e classica l sine-Gordo n equatio n i n a n analysi s o f 
the propagatio n o f ultrashor t ligh t pulses . H e ha d becom e awar e o f th e earlie r 
work o f Seege r e t al . an d exploite d th e permutabilit y theore m associate d wit h th e 
Backlund transformation t o generate an analytic expression for pulse decompositio n 
corresponding t o th e two-solito n solution . Late r i n 1971 , he use d th e permutabil -
ity theore m t o analys e th e decompositio n o f 2NTT  ligh t pulse s int o N  stabl e 2IT 

pulses. Th e experimenta l evidenc e fo r suc h a  decompositio n behaviou r ha d bee n 
provided b y Gibb s an d Slushe r i n 197 0 wh o recorde d th e decompositio n o f a  6n 
pulse int o ther e 2n  pulse d i n a  Rb  vapour . I n th e sam e year , Scot t ha d note d 
how th e permutabilit y theore m ma y b e exploite d i n th e stud y o f lon g Josephso n 
junctions. 

It wa s in 1895 , that tw o Dutch mathematician s Kortewe g an d d e Vries had se t 
down the nonlinear evolutio n equation which now bears thei r name and which mod -
els lon g wav e propagatio n i n a  rectangula r channel . However , i t i s less well-know n 
that wha t i s no w calle d th e Korteweg-d e Vrie s (KdV ) equatio n had , i n fact , bee n 
set dow n earlie r b y Boussines q i n hi s memoi r o f 187 7 entitled Essai  sur  la  Theorie 
des Eaux  Courantes.  Indeed , a  pai r o f equation s equivalen t t o th e Kd V equatio n 
appeared a s earl y a s 187 1 i n tw o paper s b y Boussines q devote d t o th e stud y o f 
wave propagatio n i n rectangula r channels . Th e Kd V equatio n admit s a  simpl e 
wave solutio n whic h a t las t provide d a  theoretica l confirmatio n o f th e existenc e o f 
the "larg e wave of translation" observe d in 1834 by the Scottish engineer Joh n Scot t 
Russell o n th e Unio n Cana l nea r Edinburgh . I n 1973 , Wahlquis t an d Estabroo k 
demonstrated tha t th e KdV equation , lik e the sine-Gordon equation , admit s invari -
ance unde r a  Backlund-type transformatio n and , moreover , possesse s a n associate d 
permutability theore m whic h wa s use d iterativel y t o construc t multi-solito n solu -
tions. Interestingly , thi s nonlinear superpositio n principl e arise s elsewhere "mutati s 
mutandis" a s th e e-algorith m o f numerica l analysis . 

In 1974 , a  Backlund transformatio n fo r th e nonlinea r Schrodinge r (NLS ) equa -
tion wa s constructed b y Lamb vi a a  classica l metho d develope d b y Clairi n i n 1910 . 
It ma y als o b e generate d i n a  purel y geometri c manne r vi a a n intrinsi c formalis m 
used i n kinemati c studie s i n hydrodynamics . A  permutabilit y theore m ca n agai n 
be constructe d b y mean s o f th e Backlun d transformation . Th e NLS  equatio n ha s 
its root s i n a n analysi s publishe d i n 190 5 b y d a Rios , a  studen t o f Lev i Civita , 
of the three-dimensiona l motio n o f an isolate d non-stretchin g vorte x filamen t i n a n 
unbounded, invisci d fluid . Thus , da Rios obtained a  pair o f coupled nonlinea r equa -
tions fo r th e tempora l evolutio n o f the curvatur e an d torsio n o f the vorte x filamen t 
subsequently t o be rediscovered b y Betchov in 1965 . I t i s these nonlinea r equation s 
that wer e composed b y Hasimoto i n 197 2 to produce th e NLS equation. Th e latter , 
seems to hav e bee n firs t se t dow n explicitl y b y Kelle y an d Talano v i n 196 5 in inde -
pendent studie s o f th e self-focusin g o f optica l beam s i n nonlinea r Ker r media . I n 
geometric terms , th e wor k o f Hasimoto showe d tha t th e NL S equation i s generate d 
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by the evolution of an inextensible curve moving in space with loca l normal velocit y 
in th e directio n o f th e binorma l an d wit h velocit y magnitud e proportiona l t o th e 
local curvature . 

In 1973 , the celebrate d AKN S spectra l schem e wa s introduce d b y Ablowit z e t 
al. A  broad spectru m o f 1  + 1-dimensiona l nonlinea r evolutio n equation s amenabl e 
to th e Invers e Scatterin g Transfor m wer e encapsulate d thereb y a s compatibilit y 
conditions. Th e linea r structur e o f th e AKN S syste m permit s th e applicatio n i n 
soliton theor y o f anothe r importan t clas s o f transformation s wit h thei r origi n i n 
the 19 th Century , namel y Darbou x transformations . Th e latte r aros e i n a  studie s 
by Darbou x i n 188 2 bot h wit h regar d t o Sturm-Liouvill e problem s an d i n th e 
theory o f surfaces havin g spherica l representation . I n actualit y Darboux' s classica l 
transformation i s but a  special case of a result du e to Moutard a s earlier reported b y 
the geometers Bertrand an d Bonne t i n Comptes Rendus in 187 0 but onl y publishe d 
by Moutar d i n 1878 . 

Iterated Darboux transformations wer e subsequently late r constructed b y Cru m 
in 195 5 i n connectio n wit h connecte d Sturm-Liouvill e problems . Twent y year s 
later, th e Cru m transformation wa s taken u p by Wadati e t al . an d use d t o generat e 
multi-soliton solution s o f integrabl e equation s associate d wit h th e AKN S system . 
In geometri c terms , thes e iterate d version s o f Darbou x transformation s aris e i n 
the classica l theor y o f surface s a s Lev y sequence s an d ar e describe d i n Eisenhart' s 
Transformations of  Surfaces.  I n a  simila r manner , th e binar y Darbou x transfor -
mation o f solito n theor y i s nothin g bu t th e fundamenta l transformatio n (F)  o f 
conjugate net s agai n discusse d extensivel y i n the treatis e o f Eisenhart . 

By 1974 , the Backlund transformation s fo r the canonical 1  + 1-dimensional soli -
ton equations , namel y th e sine-Gordon , Kd V an d NL S equations wer e al l i n place . 
Moreover the derivation of the AKNS scheme had opened the way to the applicatio n 
of th e classica l Darbou x transformatio n an d it s variant s t o th e linea r representa -
tions generi c t o solitoni c equations . Thu s i t wa s timel y tha t i n 197 4 a  Nationa l 
Science Foundatio n meetin g wa s convene d a t Vanderbil t Universit y i n th e US A t o 
assess th e statu s an d potentia l rol e o f Backlun d an d associate d transformation s i n 
soliton theory . 

In th e quarte r o f a  centur y tha t ha s passe d sinc e tha t Meetin g i t ha s becom e 
evident tha t th e privilege d classe s of surfaces tha t admi t Backlund-Darbou x trans -
formations ar e intrinsically tie d t o the privileged classe s of nonlinear equation s tha t 
admit solitoni c phenomena . I t i s thi s remarkabl e fac t tha t prompte d th e organi -
sation o f th e presen t internationa l meeting . Th e titl e an d scop e o f th e Worksho p 
was motivate d b y the geometri c origin s o f Backlund an d Darbou x transformation s 
and thei r subsequen t importan t application s i n solito n theory . Th e mai n objectiv e 
of th e Worksho p wa s t o brin g togethe r i n a n activ e forum , leadin g internationa l 
experts i n the area s o f Backlund an d Darbou x transformation s an d th e underlyin g 
geometry o f soliton theor y t o discus s moder n development s bu t se t i n a n historica l 
context. Th e latte r aspec t wa s regarde d a s o f particula r importanc e sinc e i t ha s 
only recentl y becom e apparen t tha t man y othe r classe s o f surface s tha t aris e i n 
classical studies , suc h as , th e isothermi c syste m an d associate d Calaps o equation , 
the Dcmouli n syste m o f projective geometr y an d th e Lam e syste m ar e solitoni c i n 
nature. Indeed , Bianch i diagram s associate d wit h classica l permutabilit y theorem s 
for such systems can be interpreted a s quadrilaterals o n integrable discrete surfaces . 

The broa d scop e o f the lecture s presente d a t th e Workshop bear s eloquen t tes -
tament t o th e vigou r o f th e subject . I t support s th e underlyin g convictio n tha t 
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Backhand an d Darbou x transformation s an d th e stud y o f th e surfaces , bot h con -
tinuous an d discrete , tha t admi t suc h transformation s hav e a  permanen t plac e i n 
that importan t are a o f nonlinear physic s tha t ha s becom e know n a s soliton theory . 

The proceeding s follo w th e structur e o f the meetin g itself . Par t 1  contains fou r 
of th e si x lectur e serie s presente d durin g th e introductor y par t o f th e workshop . 
Part 2  contains 36 of the 47 contributions presented a t the AARMS-CRM workshop . 
All contribution s wer e refereed . Fo r multiauthore d contribution s th e nam e o f th e 
author wh o presente d th e tal k i n printe d i n italics . I  som e case s tw o speaker s 
combined thei r contribution s int o on e article . The n bot h name s appea r i n italics . 

A. Coley , D . Lev i 
R. Milson , C . Roger s 
P. Winternit z 

Montreal, 200 1 



Albert Victo r Backlun d 

Born: Vasby , Swede n 184 5 
Died: Lund , Swede n 192 2 

Backlund receive d hi s tertiar y educatio n a t th e Universit y o f Lund . I n 1864 , 
he wa s appointe d a s a n assistan t a t th e Astronomica l Observator y wher e h e be -
came a  studen t o f Professo r Axe l Moller . I n 1868 , Backlun d receive d hi s Dokto r 
Philosophiae fo r a  thesi s concernin g th e measuremen t o f latitud e fro m astronomi -
cal observations. Backlun d thereafte r turne d t o geometr y and , i n particular , t o th e 
work o f the Norwegia n mathematicia n Sophu s Lie . 

In 1874 , Backlun d wa s awarde d a  governmen t trave l scholarshi p t o pursu e hi s 
studies o n th e Continen t fo r si x months . H e spen t mos t o f hi s time i n Leipzi g an d 
Erlangen wher e h e met bot h Klei n an d Lindemann . Idea s Backlun d gaine d i n thi s 
period inspire d hi s late r wor k o n geometr y o n wha t hav e com e t o b e know n a s 
Backlund transformations . 

In 1878 , Backlund wa s appointed t o the new Extraordinary Chai r i n Mechanic s 
and Mathematica l Physic s a t Lund . H e was elected a  Fello w o f the Roya l Swedis h 
Academy o f Science s (KVA ) i n 1888 . I n 1897 , Backlun d wa s awarde d th e Chai r 
in Physic s a t th e Universit y o f Lund wher e h e was subsequently Recto r durin g th e 
period 1907-1909 . Backlun d retire d i n 191 0 bu t continue d hi s scholarl y researc h 
until hi s death . 

Backlund i s usually associate d wit h the typ e o f transformation o f surfaces tha t 
bears hi s name , th e extension s o f whic h hav e ha d majo r impac t i n solito n theory . 
Backlund's geometri c wor k i n thi s are a wa s originall y motivate d b y a n attemp t t o 
extend Lie' s theor y o f contac t transformations . Backlun d als o mad e a  significan t 
incursion int o th e theor y o f characteristic s whic h originate d i n th e wor k o f Mong e 
and Ampere . Indeed , Backlun d wa s regarde d b y bot h Goursa t an d Hadamar d a s 
the founde r o f the moder n theor y o f characteristics . 
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1. C . W . Osee n an d A . V . Backlund , Yea r boo k o f the Roya l Swedis h Academ y o f Sciences , 192 4 
(Swedish); Germa n transl. , Jahresber . Deutsch . Math . Verei n 3 8 (1929) , 113-152 . 
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Gaston Darbou x 

Born: Nimes , Franc e 184 2 
Died: Paris , Franc e 191 7 

Darboux entere d th e Ecol e Normale Superieur e i n 186 1 and complete d hi s doc-
toral thesi s su r "Le s surfaces orthogonales " (1866) . Betwee n 187 3 and 187 8 he was 
suppleant t o Liouvill e i n th e chai r o f rationa l mechanic s a t th e Sorbonn e an d i n 
1880 succeeded t o a  chai r o f higher geometr y previousl y hel d ther e b y Chasle s an d 
retained i t unti l hi s death . I n 1884 , h e becam e a  membe r o f th e Academi e de s 
Sciences. I n 190 2 he wa s electe d a  Fello w o f the Roya l Societ y o f Londo n an d wa s 
awarded it s Sylveste r Meda l i n 1916 . 

Darboux's primar y contribution s wer e t o geometr y althoug h h e als o mad e im -
portant incursion s int o analysis . H e produce d extensiv e work s o n orthogona l sys -
tems o f surfaces , notabl y hi s "Legon s su r l a theori e general e de s surfaces" , vol . I -
IV (1887-1896 ) an d th e "Legon s su r le s systeme s orthogonau x e t le s coordonnee s 
curvilignes" (1898) . Th e latte r contain s result s o n cyclide s relevan t t o moder n 
soliton theory . 

Selective Bibliograph y 

1. L . P . Eisenhart , Darboux's  contribution  to  geometry.  Bull . Amer . Math . Soc . (N.S. ) 2 4 (1918) , 
227-237. 

2. D . Hilber t an d G . Darboux , Act a Math . 4 2 (1919) , 269-273 . 
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