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Preface 

This volum e represent s th e firs t attemp t i n th e curren t literatur e t o elucidat e 
the importan t rol e tha t isomonodromi c deformation s pla y i n th e theor y o f inte -
g r a t e system s an d thei r application s i n physics . Ove r th e las t tw o decade s thi s 
area, whic h i s stil l know n t o th e genera l mathematica l communit y a s th e Inverse 
Scattering Transform  Method  o r Soliton  Theory,  ha s evolve d i n a  vas t variet y o f 
exciting ne w algebrai c an d analyti c direction s an d ha s foun d numerou s ne w ap -
plications. Th e method s an d application s rang e fro m quantu m grou p theor y an d 
exactly solvabl e statistica l model s t o rando m matrices , rando m permutations , an d 
number theory. Th e theory of isomonodromic deformations o f systems of differentia l 
equations wit h rationa l coefficients , an d mos t notabl y th e relate d apparatu s o f th e 
Riemann-Hilbert problem , underli e th e analyti c sid e o f this strikin g development . 

All the contribution s i n this volume ar e based o n lectures give n by the author s 
at th e workshop "Isomonodromi c Deformation s an d Applications i n Physics" whic h 
took plac e a t th e Centr e d e recherche s mathematiques , Universit e d e Montreal , 
May 1-6 , 2000 . Eac h contributio n deal s t o a  certai n exten t wit h bot h topics , i.e. , 
with th e theor y o f isomonodromi c deformations , a s wel l a s wit h it s moder n appli -
cations. Nevertheless , w e decided tha t i t woul d b e t o th e reader' s benefi t t o spli t 
the volume into two parts. Th e firs t part , whic h i s called Isomonodromic  Deforma-
tions, represent s mostly  th e mathematica l aspect s o f isomonodromic deformations . 
The secon d part , calle d Applications  in  Physics  and  Related  Topics,  deal s mostly 
with th e variou s appearance s o f isomonodromic deformatio n an d Riemann-Hilber t 
methods i n th e theor y o f exactly solvabl e quantu m fiel d theor y an d statistica l me -
chanical models , an d relate d issues . 

The firs t par t begin s wit h a n expositor y articl e b y A . Bolibruc h whic h gives  a 
mathematical introductio n t o th e theor y o f isomonodromi c deformations . I t als o 
presents a n essentially simplifie d versio n o f Malgrange's proo f o f the Painleve prop -
erty fo r th e generalize d Schlesinge r equations . Th e pape r b y J . Harna d show s ho w 
the Fredhol m determinant s o f certai n integra l operator s appearin g i n th e spectra l 
theory o f random matrice s ma y b e interprete d a s isomonodromic ta u function s an d 
how t o deriv e th e bilinea r differentia l equation s the y satisf y fro m th e dynamica l 
systems equation s o f Trac y an d Widom . Th e nex t paper , b y A . Kapaev , deal s 
with th e question o f classification o f al l nonequivalent La x pair s correspondin g t o a 
given Painleve equation . I n the pape r o f D. Korotkin a  class of inverse monodrom y 
problems explicitl y solvabl e i n term s o f Rieman n the t a-functions i s studied . I n 
particular, th e r-function s o f th e correspondin g solution s o f th e Schlesinge r equa -
tions ar e identifie d wit h th e determinant s o f Cauchy-Rieman n operator s actin g o n 
spinors define d o n hyperellipti c curves . 

xii i 



xiv PREFAC E 

Explicit solution s t o th e Schlesinge r equation s ar e als o discusse d i n th e pape r 
by Y. Ohyama . I t i s shown tha t unde r certai n symmetr y condition s th e Schlesinge r 
equations ca n b e solve d b y generalized hypergeometri c functions . Ohyama' s pape r 
is followe d b y th e articl e o f M . Olshanetsk y wh o suggest s a  generalize d isomon -
odromy deformatio n theor y o n algebrai c curve s i n which th e modul i o f generalize d 
complex structure s appea r a s the deformatio n parameters . I t i s shown tha t th e rel -
evant quasi-classica l limi t lead s t o Hitchin' s algebraicall y integrabl e system s (simi -
larly to the usual case of the punctured Rieman n sphere , in which the quasi-classica l 
limit o f th e Schlesinge r equation s lead s t o integrabl e system s o f th e typ e govern -
ing finite  ga p solution s i n solito n theory) . Thi s par t o f th e volum e i s complete d 
by th e expositor y pape r o f C . Trac y an d H . Wido m whic h explain s th e appear -
ance o f th e first  nontrivia l case s o f isomonodromi c deformatio n equations , i.e. , th e 
Painleve equations , i n th e theor y o f rando m matrices . Th e principa l ingredien t o f 
the "integrabl e system s approach " t o rando m matri x theory—th e theor y o f inte-
grable Fredholm operators —is outline d a s well . Thi s articl e als o provide s a  bridg e 
between th e tw o part s o f the book . 

The first  pape r i n the secon d par t o f the volume, b y M. Bertola, deal s with an -
other recen t applicatio n o f isomonodromic deformations—thi s tim e in the theory of 
Frobenius manifolds . I t use s the apparatu s o f Jacob i group s t o generaliz e th e pre -
viously know n polynomia l solution s o f the WDVV equation s t o the ellipti c case . I n 
addition, a n application o f Jacobi forms to the study of WZNW model s on the toru s 
is discussed . Th e articl e o f P . Clarkso n an d C . Cosgrov e demonstrate s th e us e o f 
Lie's group-theoretic method s fo r the study o f integrable ordinar y differentia l equa -
tions beyond the Painleve class . Thes e equations include the Chazy equation, whic h 
is th e classica l exampl e o f a  thir d orde r OD E whos e solution s posses s a  movabl e 
natural boundary . Th e pape r b y F . Gohman n use s th e Riemann-Hilber t approac h 
to th e theor y o f integrable system s fo r evaluatio n o f the asymptotic s o f correlatio n 
functions o f the one-dimensiona l impenetrabl e electro n gas , which play s the rol e of 
a universa l mode l fo r lo w temperature physic s o f one-dimensional electrons . I n th e 
next, joint pape r b y F . Gohman n an d V . Korepin , a n explici t solutio n o f the quan -
tum invers e scatterin g proble m i s foun d fo r a  genera l cas e o f fundamenta l grade d 
spin models . Th e articl e b y Y . Nakamur a deal s wit h Toda-typ e equations , an d 
involves a n analysi s o f Hanke l an d Toeplit z determinant s vi a continue d fraction s 
techniques. Thi s topi c i s closel y relate d t o th e rando m matri x theor y discusse d i n 
the pape r o f C . Trac y an d H . Wido m an d t o th e theor y o f Schu r function s whic h 
is th e subjec t o f th e nex t contribution , b y A . Orlo v an d D . Scherbin . I n thi s pa -
per th e K P r-functio n i s (a ) writte n i n term s o f Schu r functions , (b ) represente d 
as a  certai n determinant , an d (c ) writte n i n terms o f Milne' s hypergeometri c func -
tions. A s a result, ne w determinant an d integra l formulae fo r certain serie s of Schur 
functions ar e obtained . Palmer' s pape r present s a  proof o f the Luther-Pesche l for -
mula fo r th e shor t distanc e asymptotic s o f the 2n  poin t correlatio n functio n o f th e 
Ising mode l below  th e critica l temperature . Th e metho d i s base d o n a n explici t 
solution o f th e relevan t invers e monodrom y problem , whic h i n tur n i s show n t o 
be equivalen t t o th e evaluatio n o f the Green' s functio n o f a  Dira c operato r o n th e 
punctured comple x plane . Finally , th e pape r o f N . Slavno v give s a  representatio n 
of th e partitio n functio n o f th e si x verte x mode l a s th e Fredhol m determinan t o f 
an integrabl e kerne l involvin g Laguerr e polynomials . Thi s representatio n put s thi s 
model i n th e sam e mathematica l contex t a s th e integrabl e rando m matri x mode l 
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problems describe d i n th e paper s o f C . Trac y an d H . Wido m an d J . Harnad . Th e 
representation i s also use d t o analyz e th e thermodynamic s o f the model . 

The participant s a t thi s worksho p benefite d fro m th e excellen t talk s give n b y 
the speaker s a s wel l a s fro m th e man y informa l discussion s thes e inspired . W e 
thank al l thos e wh o helpe d t o mak e th e worksho p a  success  an d hop e tha t thes e 
proceedings wil l b e a  usefu l resourc e fo r anyon e intereste d i n th e fascinatin g are a 
of isomonodromic deformation s an d it s man y applications . 

John Harna d an d Alexande r Its , worksho p organizers . 
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