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What i s anatomy ? 

From Marc h 13t h t o 17th , 2006 , a  CR M worksho p o n the Anatomy  of  Integers 
was hel d a t th e Universit e d e Montreal , a s par t o f th e 2005-200 6 specia l yea r 
program, Analysis  in  Number  Theory.  Th e worksho p was attended b y roughl y 
ninety participant s fro m seventee n countries . Th e volum e contain s survey s 
based o n lecture s an d lectur e serie s give n a t th e workshop , a s wel l a s som e 
contributed papers . 

Multiplicative numbe r theor y ca n b e roughl y spli t int o tw o grea t area s -  th e 
study of L-functions an d their analytic properties, and the study of the prime factor s 
of integers and multiplicative an d additiv e functions o n integers. Muc h of the stud y 
of the latter are a depends on the details of the size and quantity o f the prime factor s 
of integers , o r goo d bound s o n the numbe r o f integers with differen t propertie s (fo r 
example, thos e wit h onl y larg e prime factors) . On e only ha s to loo k a t th e wor k of 
Paul Erdo s o r Srinivas a Ramanuja n t o see  many example s o f how such a n intimat e 
understanding ca n lea d t o fascinatin g an d unexpecte d consequences . 

Recently ther e ha s bee n muc h beautifu l wor k i n revealin g th e detail s o f th e 
composition o f prim e factor s o f integer s b y Hiidebran d an d Tenenbaum , an d o f 
their divisor s b y Ford . Siev e theor y ca n b e considere d t o b e par t o f thi s ques t t o 
understand th e detaile d structur e o f th e multiplicativ e propertie s o f integers , an d 
this include s th e recen t excitin g wor k o f Goldston , Pint z an d Yildirim . 

In mid-Marc h 2006 , ninet y o r s o researcher s fro m aroun d th e worl d gathere d 
together a t th e Centr e d e recherche s mathematique s i n Montrea l t o discus s thes e 
interesting topics . Th e followin g leadin g researcher s eac h gav e lectur e serie s o n 
their excitin g recen t work s i n thi s area : 

Kevin Ford : Counting  numbers  with  a  divisor  in  a  given interval. 
Dan Goldston : Small  Prime  Gaps. 
Carl Pomerance : Anatomy  of  Euler's  function  and  its  friends. 
K. Soundararajan : Pretentious  characters  and  the  Poly  a-Vinogradov 

theorem. Smooth  numbers. 

There wer e man y othe r invite d talk s beside s these . Thi s volum e reflect s som e 
of th e lecture s a t th e meeting , an d include s interestin g article s o n a  wid e variet y 
of subjects connecte d b y th e centra l theme . Th e firs t hal f o f the boo k correspond s 
to th e plenar y lecture s a t th e meeting , th e secon d hal f t o contribute d talk s an d 
papers. 

We would lik e to than k th e Centr e d e recherches mathematiques , NSER C (Canada) , FQRN T 
(Quebec), th e Nationa l Scienc e Foundatio n (USA) , an d th e Universit e d e Montreal , fo r thei r 
generous an d willin g suppor t o f ou r workshop . 

vii 



viii WHA T I S ANATOMY ? 

Anatomy (a-nat-o-my ) noun : The  science  of  the  shape  and  structure  of  an 
organism and  the  interrelation  of  its  various  parts;  a  separating  or  dividing  into 
parts for  detailed  examination. 

At this meeting we introduced a  word, anatomy,  tha t w e believe best articulate s 
the scope of this large part o f multiplicative numbe r theory . Mathematician s rarel y 
introduce ne w terminolog y -  ther e i s too muc h alread y an d i f everyone continuall y 
introduces mor e the n th e literatur e wil l becom e unreadable . Howeve r th e tim e i s 
occasionally rip e fo r ne w nomenclature . Geral d Tenenbau m ha s lon g sough t t o 
introduce th e excellen t wor d 

Friable ( f r i -a-ble) adjective : Easily  crumbled  or  broken;  crumble  into  small 
pieces, 
in plac e o f th e overuse d an d inadequat e wor d 

Smooth (sm-oo-th ) adjective : Free  from projections  or  unevenness of  surface; 
not rough;  of  uniform  consistency;  easy  and  uniform, 
to describ e integer s wit h onl y smal l prim e factors . Unfortunatel y th e latte r i s to o 
deeply embedde d throughou t th e literatur e t o b e easil y dislodge d (an d "friable " 
is a  mor e commo n wor d i n Frenc h tha n i n English) , whic h i s wh y i t ma y b e bes t 
to introduc e "anatom y o f integers " no w an d t o defin e it s technica l meanin g fro m 
forthcoming development s i n the subject . 

We hope tha t thes e proceedings wil l contribute t o th e developmen t o f our sub -
ject, th e Anatomy  of  Integers. 

This meetin g woul d no t hav e bee n possibl e withou t th e organizationa l skill s 
of Loui s Pelle t ier an d hi s team fro m th e Centr e d e P.echerche s Mathematiques , fo r 
which w e are ver y grateful . 

Jean-Marie D e Koninc k 
Andrew Granvill e an d 
Florian Luc a 
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