


Selected Title s i n Thi s Serie s 

39 Pau l W . Beani e an d Samue l R . Buss , Editors , Proo f Complexit y an d Feasibl e 

Arithmetics 

38 Rebecc a N . Wrigh t an d Pete r G . N e u m a n n , Editors , Networ k Threat s 

37 Bori s Mirkin , F . R . McMorris , Fre d S . Robert s , an d Andre y Rzhetsky , Editors , 

Mathematical Hierarchie s an d Biolog y 

36 Josep h G . Rosenste in , Debora h S . Franzblau , an d Fre d S . Roberts , Editors , 

Discrete Mathematic s i n th e School s 

35 Dingzh u D u , Ju n Gu , an d Pano s M . Pardalos , Editors , Satisfiabilit y Problem : 

Theory an d Application s 

34 Nathanie l Dean , Editor , Africa n American s i n Mathematic s 

33 Rav i B . Boppan a an d Jame s F . Lynch , Editors , Logi c an d rando m structure s 

32 Jean-Charle s Gregoire , Gerar d J . Holzmann , an d Doro n A . Pe led , Editors , Th e 

SPIN verificatio n syste m 

31 Nei l Immerma n an d Phokio n G . Kolait is , Editors , Descriptiv e complexit y an d finite 

models 

30 Sandee p N . Bhat t , Editor , Paralle l Algorithms : Thir d DIMAC S Implementatio n 

Challenge 

29 Doro n A . Peled , Vaugha n R . Prat t , an d Gerar d J . Holzmann , Editors , Partia l 

Order Method s i n Verificatio n 

28 Larr y Finkelstei n an d Wil l ia m M . Kantor , Editors , Group s an d Computatio n I I 

27 Richar d J . Lipto n an d Eri c B . B a u m , Editors , DN A Base d Computer s 

26 Davi d S . Johnso n an d Michae l A . Trick , Editors , Cliques , Coloring , an d 

Satisfiability: Secon d DIMAC S Implementatio n Challeng e 

25 Gilber t Baumslag , Davi d Epste in , Rober t Gi lman , Hamis h Short , an d Charle s 

Sims, Editors , Geometri c an d Computationa l Perspective s o n Infinit e Group s 

24 Loui s J . Billera , Curti s Greene , Rodic a Simion , an d Richar d P . Stanley , Editors , 
Formal Powe r Serie s an d Algebrai c Combinatorics/Serie s formelle s e t combinatoir e 

algebrique, 199 4 

23 Pano s M . Pardalos , Davi d I . Shalloway , an d Guol ian g X u e , Editors , Globa l 

Minimization o f Nonconve x Energ y Functions : Molecula r Conformatio n an d Protei n Foldin g 

22 Pano s M . Pardalos , Maurici o G . C . Resende , an d K . G . Ramakrishnan , Editors , 

Parallel Processin g o f Discret e Optimizatio n Problem s 

21 D . Fran k Hsu , Arnol d L . Rosenberg , an d Dominiqu e Sot teau , Editors , 

Interconnection Network s an d Mappin g an d Schedulin g Paralle l Computation s 

20 Wi l l ia m Cook , Laszl o Lovasz , an d Pau l Seymour , Editors , Combinatoria l 

Optimization 

19 Ingema r J . Cox , Pierr e Hansen , an d Be l a Julesz , Editors , Partitionin g Dat a Set s 

18 G u y E . Blel loch , K . Man i Chandy , an d Sures h Jagannathan , Editors , 
Specification o f Paralle l Algorithm s 

17 Eri c Sve n Ristad , Editor , Languag e Computation s 
16 Pano s M . Pardalo s an d Henr y Wolkowicz , Editors , Quadrati c Assignmen t an d 

Related Problem s 
15 Nathanie l D e a n an d Gregor y E . Shannon , Editors , Computationa l Suppor t fo r 

Discrete Mathematic s 

14 Rober t Calderbank , G . Davi d Forney , Jr. , an d Nade r Moayeri , Editors , Codin g 

and Quantization : DIMACS/IEE E Worksho p 

13 J in-Y i Cai , Editor , Advance s i n Computationa l Complexit y Theor y 

12 Davi d S . Johnso n an d Catherin e C . McGeoch , Editors , Networ k Flow s an d 

Matching: Firs t DIMAC S Implementatio n Challeng e 

11 Larr y Finkelstei n an d Wil l ia m M . Kantor , Editors , Group s an d Computatio n 

10 Joe l Friedman , Editor , Expandin g Graph s 

9 Wi l l ia m T . Trotter , Editor , Plana r Graph s 
(Continued in  the  back  of  this  publication) 



This page intentionally left blank



Proof Complexit y an d 
Feasible Arithmetic s 



This page intentionally left blank



DIMACS 
Series i n Discret e Mathematic s 

and Theoretica l Compute r Scienc e 

Volume 3 9 

Proof Complexit y an d 
Feasible Arithmetic s 

DIMACS Worksho p 
April 21-24 , 199 6 

Paul W . Beam e 
Samuel R . Bus s 

Editors 

NSF Scienc e an d Technolog y Cente r 
In Discret e Mathematic s an d Theoretica l Compute r Scienc e 
A consortiu m o f Rutger s University , Princeto n University , 

AT&T Labs, Bel l Labs , an d Bellcor e 

American Mathematica l Societ y 

https://doi.org/10.1090/dimacs/039



This DIMACS volume contains paper s fro m th e DIMACS Worksho p on Feasible Arith -
metics an d Lengt h o f Proofs , whic h wa s par t o f th e DIMAC S Specia l Yea r o n Logi c an d 
Algorithms. Th e Worksho p wa s hel d o n Apri l 21-24 , 1996 . 

1991 Mathematics  Subject  Classification.  Primar y 03F20 , 03F30 , 03F50 , 68Q15 , 68R05, 
03D15, 03-06 , 68-06 . 

Library o f Congres s Cataloging-in-Publicatio n D a t a 

Proof complexit y an d feasibl e arithmetic s :  DIMAC S workshop , Apri l 21-24 , 199 6 /  Pau l W . 
Beame, Samue l R . Buss , editors . 

p. cm . —  (DIMAC S serie s i n discret e mathematic s an d theoretica l compute r science , ISS N 
1052-1798 ;  v. 39 ) 

Papers fro m th e proceeding s o f a  worksho p hel d i n Rutgers , N . J . 
Includes bibliographica l references . 
ISBN 0-8218-0577- 0 (alk . paper ) 
1. Proo f theory—Congresses . 2 . Constructiv e mathematics—Congresses . 3 . Computationa l 

complexity—Congresses. I . Beame , Pau l W. , 1959 - II . Buss , Samue l R . III . Series . 
QA9.54.P75 199 7 
511.3—dc21 97-2912 2 

CIP 

Copying an d reprinting . Materia l i n this book may be reproduced b y any means for educationa l 
and scientifi c purpose s withou t fe e o r permissio n wit h th e exceptio n o f reproductio n b y service s 
that collec t fee s fo r deliver y o f documents an d provide d tha t th e customar y acknowledgmen t o f th e 
source i s given. Thi s consen t doe s no t exten d t o other kind s of copying fo r genera l distribution , fo r 
advertising o r promotiona l purposes , o r fo r resale . Request s fo r permissio n fo r commercia l us e o f 
material shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n Mathematica l Society , 
P. O. Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o b e mad e b y e-mai l t o 
reprint-permissionQams.org. 

Excluded fro m thes e provision s i s materia l i n article s fo r whic h th e autho r hold s copyright . I n 
such cases , request s fo r permissio n t o us e o r reprin t shoul d b e addresse d directl y t o th e author(s) . 
(Copyright ownershi p i s indicate d i n th e notic e i n th e lowe r right-han d corne r o f th e firs t pag e o f 
each article. ) 

© 199 8 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

Visit th e AM S hom e pag e a t URL : http://www.ams.org / 

10 9  8  7  6  5  4 3 2  1  0 3 0 2 0 1 0 0 9 9 9 8 



Contents 

Plausibly har d combinatoria l tautologie s 
JEREMY AVIGA D 1 

More on th e relativ e strengt h o f counting principle s 
PAUL BEAM E AN D S 0 R E N RII S 1 3 

Ranking arithmeti c proof s b y implici t ramificatio n 
STEPHEN J . BELLANTON I 3 7 

Lower bound s o n Nullstellensat z proof s vi a design s 
SAMUEL R . BUS S 5 9 

Relating th e provabl e collaps e o f P  t o NC 1 an d th e powe r o f logica l theorie s 
STEPHEN COO K 7 3 

On PHP  st -connectivity, an d od d charge d graph s 
P E T E R CLOT E AN D ANTO N SETZE R 9 3 

Descriptive complexit y an d th e W  hierarch y 
RODNEY G . DOWNEY , MICHAE L R . FELLOWS , AN D KENNET H W . 

REGAN 11 9 

Lower bound s o n th e size s o f cuttin g plan e proof s fo r modula r colorin g 
principles 
XUDONG F u 13 5 

Equational calcul i an d constan t dept h propositiona l proof s 
JAN JOHANNSE N 14 9 

Exponential lowe r bound s fo r semanti c resolutio n 
STASYS JUKN A 16 3 

Bounded arithmetic : Compariso n o f Buss ' witnessin g metho d an d Sieg' s 
Herbrand analysi s 
BARBARA KAUFFMAN N 17 3 

Towards lowe r bound s fo r bounded-dept h Freg e proof s wit h modula r 
connectives 
ALEXIS MACIE L AN D TONIAN N PITASS I 19 5 

A quantifier-fre e theor y base d o n a  strin g algebr a fo r NC 1 

FRANgois P I T T 22 9 



viii CONTENT S 

A propositiona l proo f syste m fo r Ri 2 

CHRIS POLLET T 25 3 

Algebraic model s o f computatio n an d interpolatio n fo r algebrai c proo f 
systems 
PAVEL PUDLA K AN D JIR I SGAL L 27 9 

Self-reflection principle s an d NP-hardnes s 
DAN E . WILLAR D 29 7 



Foreword 

The DIMAC S Worksho p o n "Feasibl e Arithmetic s an d Lengt h o f Proofs" hel d 
in April 1996 was part o f DIMACS Special Year on Logic and Algorithms. W e would 
like t o expres s ou r appreciatio n t o Pau l Beam e an d Sa m Bus s fo r thei r effort s t o 
organize an d pla n thi s successfu l worksho p a s well as editing this volume of papers. 

The worksho p wa s par t o f th e broade r Specia l Yea r o n Logi c an d Algorithm s 
program whic h focuse d o n compute r aide d verification , finite  models , an d proo f 
complexity. Th e specia l yea r encourage d collaboration s amon g ver y differen t re -
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Preface 

The complexit y o f proof s i n propositiona l logi c an d th e propertie s o f feasibl e 
theories of arithmetic ar e closely related an d give important an d strong connection s 
between logica l propertie s an d th e propertie s o f computationa l complexit y classes . 

Defining th e proo f complexit y o f logica l formula s require s th e specificatio n o f 
a particula r proof  system  tha t determine s th e expressiv e powe r o f and th e relation -
ships betwee n th e object s tha t ma y b e use d i n thei r proofs . I n addition , a  proo f 
system include s a n efficien t mechanis m fo r checkin g th e validit y o f proofs . Withi n 
such a  proof system , th e proo f complexit y o f a formula i s typically measure d a s th e 
amount o f spac e require d t o writ e dow n a  proof . Th e stud y o f proo f complexit y 
seeks to understan d th e complexit y o f proofs o f formulas i n specifi c proo f systems , 
classify th e relative complexity o f proofs o f formulas withi n differen t proo f systems , 
and t o develo p bette r proo f systems . Fo r example , a  majo r ope n questio n i n proo f 
complexity, equivalen t t o th e N P versu s co-N P problem , i s whether o r no t ther e i s 
a proo f syste m i n which al l propositiona l tautologie s hav e polynomial-siz e proofs . 

Feasible theorie s o f arithmeti c ar e first-orde r theorie s o f arithmeti c designe d 
to hav e proof-theoreti c strengt h closel y correspondin g t o low-leve l computationa l 
classes from th e polynomial-time o r NC hierarchies . Th e mos t natura l feasibl e the -
ories of arithmetic hav e the propert y tha t th e function s whic h ar e provably tota l i n 
the theor y ar e precisel y th e function s whic h ar e computabl e in some give n natura l 
complexity class . Furthermore , i t i s frequentl y th e cas e tha t first-orde r proof s i n 
feasible theorie s o f arithmeti c ca n b e translate d directl y int o propositiona l proofs . 
The primar y goal s of the stud y o f feasible theorie s o f arithmetic ar e t o understan d 
the computationa l implication s o f variou s proof-theoreti c construction s an d us e 
these t o characteriz e complexit y classes , an d t o establis h connection s betwee n th e 
logical properties of feasible theorie s and open problems i n computational complex -
ity. I t i s hope d tha t th e stud y o f feasibl e theorie s wil l ultimatel y yiel d usefu l ne w 
complexity results . 

Over the las t doze n years there has been substantial progres s in proof complex -
ity an d feasibl e arithmeti c a s the tw o hav e grown togethe r an d hav e als o benefite d 
from a  ver y productiv e cross-fertilizatio n o f technique s wit h Boolea n circui t com -
plexity. Thi s progres s ha s significantl y broadene d an d deepene d man y connection s 
of proo f complexit y an d feasibl e arithmeti c wit h computationa l complexit y an d 
greatly enriche d bot h areas . 

The paper s i n thi s volum e represen t th e proceeding s o f a  worksho p o n "Feasi -
ble Arithmeti c an d Proo f Complexity " hel d a t th e DIMAC S Institut e a t Rutgers , 
New Jersey o n Apri l 21-24 , 1996 . Th e principa l speaker s a t thi s workshop include d 
J. Avigad , P . Beame, S. Bellantoni, S . Buss, J.-Y. Cai , A. Carbone, P . Clote, F. Fer -
reira, X . Fu , R . Impagliazzo , J . Johannsen , B . Kauffmann, J . Krajicek , D . Leivant , 

xi 
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A.A. Razborov , K . Regan , S . Riis , T . Pitassi , P . Pudlak , S . Rudich , G . Takeut i 
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