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Foreword 

A working group meeting on Computer-generated Conjecture s fro m Grap h The -
oretic an d Chemica l Database s wa s held o n Novembe r 12-16 , 2001 at Rutger s Uni -
versity. W e woul d lik e t o expres s ou r appreciatio n t o Patric k Fowle r an d Pierr e 
Hansen fo r thei r effort s t o organiz e an d pla n thi s successfu l meeting . A  relate d 
public even t wa s hel d a s Grap h Theor y Da y 4 2 o n Novembe r 10 , 2001 , meetin g 
at Rutger s University , an d w e expres s ou r appreciatio n t o Michae l Gargano , Joh n 
W. Kennedy , Loui s V. Quintas , Fre d Robert s an d Me l Janowitz fo r organizin g an d 
planning tha t successfu l conference . 

These event s wer e par t o f th e 2001-200 6 Specia l Focu s o n Dat a Analysi s an d 
Mining. W e exten d ou r thank s t o Ada m Buchsbaum , Pierr e Hansen , Dian e Lam -
bert, Davi d Madigan , Mari o Szeged y an d th e lat e Yehud a Vard i fo r thei r wor k a s 
special focu s organizers . 

The workin g grou p an d worksho p brough t togethe r theoretician s an d practi -
tioners workin g i n th e fiel d o f "Computer-Aide d Conjectures " fo r th e purpos e o f 
formulating problems , sharin g idea s an d approaches , an d settin g a n agend a fo r 
further interactions . Th e represente d discipline s include d theoretica l an d applie d 
computer science , statistics , discret e an d non-discret e mathematics , chemistr y an d 
information science . 

Topics addresse d centere d aroun d th e interchang e o f ideas amon g th e differen t 
approaches t o th e us e o f computer s t o generat e scientifi c conjectures , mainl y i n 
graph theor y an d chemistry . Th e goa l wa s t o stimulat e furthe r researc h i n thes e 
areas. 

DIMACS gratefull y acknowledge s th e generou s suppor t tha t make s thes e pro -
grams possible. Specia l thanks go to the National Scienc e Foundation, th e Nationa l 
Security Agency , th e Ne w Jerse y Commissio n o n Scienc e an d Technology , an d t o 
DIMACS partner s a t Rutgers , Princeton , AT& T Lab s -  Research , Bel l Labs , NE C 
Laboratories America , an d Telcordi a Technologies , an d affiliat e partner s Avay a 
Labs, H P Labs , IB M Research , an d Microsof t Research . 

Fred S . Robert s 
Director 

Robert Tarja n 
Co-Director fo r Princeto n 





Preface 

This volum e resulte d fro m scientifi c discussion s o f th e DI M ACS "Workin g 
Group" o n "Computer-Generate d Conjecture s fro m Grap h Theoreti c and Chemica l 
Databases." A  "workin g group " a t DI M ACS consist s o f researchers wit h expertis e 
in th e fiel d and/o r i n one of the application s areas . DI M ACS bring s thes e workin g 
groups togethe r fo r a  first meetin g wit h informa l presentation s an d lot s o f time fo r 
discussion an d interaction . Ther e i s ofte n als o a  proximat e publi c worksho p wit h 
more forma l presentations . Workin g group s formulat e problems , shar e idea s an d 
approaches, an d se t a n agend a fo r futur e interaction s whic h ar e pursue d i n smal l 
subgroups, follow-u p meetings , an d individua l collaborations . 

The member s o f th e workin g grou p o n "Computer-Generate d Conjectures " 
represent th e variet y o f discipline s tha t hav e contribute d t o th e literatur e o f thi s 
subject. The y include theoretical an d applie d computer scientists , statisticians, dis-
crete and non-discrete mathematicians , chemists , information theorists , and others . 

The Computer-Generate d Conjecture s Workin g Grou p hel d a  meetin g a t DI -
MACS o n Novembe r 12-16 , 2001 , preceded b y a  publi c meetin g o n Novembe r 10 , 
2001 in conjunctio n wit h th e Ne w Yor k Are a "Grap h Theor y Day " meetin g spon -
sored jointly with the New York Academy of Science. Th e organizers of the workin g 
group meeting were Patrick Fowle r and Pierre Hansen. Th e organizers of the Grap h 
Theory Da y even t wer e Michae l Gargan o an d Loui s Quinta s (Pac e University) , 
John W . Kenned y (Queen s College) , a s wel l a s Fre d Robert s an d Me l Janowit z o f 
DIMACS. 

Both event s involved som e very lively and productiv e discussions . Severa l ope n 
problems were resolved during these discussions, and a number of successful researc h 
collaborations wer e begun. Detail s o f al l this may be accessed throug h th e workin g 
group we b page . Thi s ca n b e foun d a t th e followin g address : h t t p : / / d i m a c s . 
r u t g e r s . edu/SpecialYears/2001_Data/Conj ec tures / index . 

The Proces s o f Discover y i n th e Mathematica l Science s 

The proces s o f scientifi c discover y i s a  ver y comple x one . Computer s ca n ai d 
human being s i n th e proces s and , a s ha s bee n a  goa l o f researcher s i n artificia l in -
telligence, sometimes i n an automati c way . I n the mathematica l sciences , discover y 
can b e though t t o hav e thre e components : developmen t o f conjectures , formatio n 
of ne w concepts , an d provin g o f theorem s o r disprovin g o f conjectures . Ther e ha s 
been a  larg e amoun t o f researc h don e o n automati c theore m proving . I n thi s vol -
ume, we concentrate o n the use of the compute r a s a tool i n generating conjectures , 
whether i n an automate d wa y o r a s a  tool use d interactivel y b y a  person . 

Over the years , a  variety o f programs hav e been writte n t o produc e mathemat -
ical conjectures, eithe r automaticall y o r interactively. Som e of these programs hav e 
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led t o ver y interestin g ne w conjecture s an d ne w theorems . A n are a o f particularl y 
widespread activit y an d interes t recentl y ha s bee n grap h theor y an d relate d area s 
of chemistry . Researcher s fro m a  variet y o f group s aroun d th e worl d hav e bee n 
working i n thi s are a an d ar e engage d i n th e task s o f usin g computationa l powe r 
to develo p ne w conjectures , eliminat e uninterestin g ones , publiciz e th e remainin g 
conjectures, an d ai d i n thei r solutio n b y working scientists , with o r without th e ai d 
of th e computer . Man y o f thes e effort s star t wit h larg e databases , fo r exampl e o f 
graph invariant s an d o f relations amon g them , o r o f chemica l structures . Thi s vol -
ume present s th e wor k o f a  variet y o f researcher s workin g o n computer-generate d 
conjectures fro m graph-theoreti c an d chemica l databases , includin g developer s o f 
some of the most importan t program s being used around the world. I t i s hoped tha t 
the volum e wil l introduc e man y othe r researcher s an d student s t o thi s fascinatin g 
field. 

Software fo r Automati c Generatio n o f Conjecture s 

The us e o f computer s i n scientifi c discovery , an d i n particula r i n th e develop -
ment o f mathematica l conjectures , i s no t new . Th e pape r b y Larso n [46 ] survey s 
automatic conjecture-generatin g software , tracin g i t bac k t o th e wor k o f Wan g i n 
the lat e 1950's . (Se e [51]. ) 

Graffiti, a  progra m develope d b y Siemio n Fajtlowicz , wa s introduce d i n 1986 . 
For a  give n se t o f invariants , conjecture s ar e automaticall y generate d an d teste d 
on a  databas e o f examples . Th e syste m discard s man y o f th e conjecture s au -
tomatically, fo r instanc e thos e implie d b y others . Th e mos t interestin g conjec -
tures ar e propose d t o th e communit y o f researcher s an d counterexample s tha t 
are produce d ar e adde d t o th e database . Ther e ar e no w ove r 90 0 conjecture s 
developed throug h Graffiti , man y i n grap h theor y an d relate d area s o f chem -
istry, bu t other s i n geometry , numbe r theory , an d othe r fields.  Se e th e UR L 
ht tp: / /www.math.uh.edu/~clarson/#f a j t . Thi s websit e provide s informatio n 
about th e curren t statu s o f thes e conjecture s -  open , refuted , o r prove d -  an d 
on development s relate d t o thes e conjectures , suc h a s ne w conjecture s o r theo -
rems. Earl y description s o f th e Graffit i syste m ca n b e foun d i n a  serie s o f paper s 
[29, 30 , 31 , 32 , 33] . Som e o f the world' s mos t distinguishe d grap h theorist s hav e 
worked o n th e conjecture s generate d b y Graffiti . The y includ e Nog a Alon , Bel a 
Bollobas, Fa n Chung , Pau l Erdos , Jerr y Griggs , Danie l Kleitman , Laszl o Lovasz , 
Paul Seymour , an d Joe l Spencer . (Se e [4 , 17 , 27 , 28 , 39 , 43 ] fo r examples. ) 
Among th e mor e excitin g product s o f Graffit i ar e conjecture s i n chemistr y o n th e 
structure o f fullerene s (a s represente d b y graphs) . Th e paper s b y Patric k Fowle r 
and colleagues , one, [37] , motivated b y Graffiti , sho w how some very simple ideas of 
symmetry, geometry , an d graph theory can be used to count, construct , an d classif y 
fullerenes an d mak e prediction s abou t th e type s an d structure s o f thei r chemica l 
derivatives. Se e [38] . A s a n aside , w e commen t o n th e chemistr y involved . Th e 
main poin t o f much o f the conjecture-generatin g softwar e w e are summarizin g i s t o 
use theory to give models and physical pictures that ca n be used to understand com -
plicated chemica l systems . Th e all-carbo n fullerene s giv e an example o f a  relativel y 
new clas s o f molecule s fo r whic h thes e conjecture-generatin g system s hav e alread y 
been ver y useful . Amon g th e question s o f interes t abou t thes e molecule s are : Ho w 
many fullerene s ar e there ? Whic h hav e greates t overal l stability ? Wha t ar e thei r 
likely pattern s o f reactivity ? Grap h theor y ca n b e use d t o answe r som e o f thes e 
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questions sinc e fullerene s ca n b e viewe d a s plana r cubi c graph s havin g onl y face s 
of size 5  or 6 . Collaboration s betwee n chemist s an d grap h theorist s i n th e workin g 
group follo w o n collaboration s stimulate d b y th e DIMAC S worksho p o n Discret e 
Mathematical Chemistr y [42 ] an d throug h workshop s o n computationa l chemistr y 
in th e DIMAC S Specia l Yea r o n Mathematica l Suppor t fo r Molecula r Biolog y (se e 
ht tp: / /dimacs.rutgers .edu/SpecialYears/1994_1995/index.html) . 

The syste m INGRI D wa s develope d b y Rober t Brigham , Ronal d Dutton , an d 
Felix Gome z i n th e lat e 1980's . INGRI D wa s use d t o generat e patterns , thu s sug -
gesting conjecture s t o it s users , wit h a n emphasi s o n parameter s o f grap h theory . 
This syste m an d result s obtaine d fro m i t ar e summarize d i n [5 ] and [8] . INGRI D 
automatically bounde d invariant s o f graph s fro m value s fo r som e give n invariant s 
stored i n a  database an d b y manipulation o f a  database o f formulas betwee n grap h 
invariants. A  summar y o f result s obtaine d b y INGRI D ca n b e foun d i n [6 , 7] . 
Whether o r no t INGRI D ca n b e sai d t o hav e "automaticall y generate d conjec -
tures" o r eve n t o hav e "generate d conjectures " i s a  poin t o f disput e t o whic h w e 
return below . 

The AutoGraphi X (AGX ) syste m wa s developed mor e recently b y Pierr e Han -
sen and co-worker s a t GERAD , HEC Montreal . Se e the pape r [14 ] for a n introduc -
tion t o thi s system . Th e AG X syste m i s designe d t o fin d (heuristically ) extrema l 
graphs fo r som e invariant . T o tha t effect , Capoross i an d Hanse n [14 ] hav e mad e 
use o f a  "variabl e neighborhoo d search " metaheuristi c withi n AGX , develope d b y 
viewing the conjectur e generatio n tas k a s a  combinatoria l optimizatio n proble m o n 
an infinit e famil y o f graphs . B y makin g us e o f parametrization , th e syste m pro -
duces a  se t o f presumably extrema l graph s i n a n automate d way . Conjecture s ca n 
then b e foun d eithe r interactivel y o r automatically . I n th e latte r case , th e proces s 
exploits a  numerical approach base d upon principa l components analysis , a  geomet -
ric approac h usin g th e notio n o f conve x hul l i n a  spac e o f chose n invariants , o r a n 
algebraic approac h base d o n grap h recognitio n an d know n relation s amon g familie s 
of graphs . I n application s i n grap h theory , AG X ha s bee n used , fo r example , t o 
obtain result s abou t th e larges t eigenvalu e fo r color-constraine d tree s (se e [22]) . I n 
applications relate d t o chemistry , th e syste m AG X has been use d t o obtai n bound s 
for th e connectivit y o f chemical trees and fo r th e "energy " o f a graph, a  problem fo r 
which muc h mor e complicated bound s ha d previousl y bee n obtained . Se e [12 , 13] . 
It ha s als o foun d tigh t bound s o n extrema l chemica l graph s fo r th e much-studie d 
Randic inde x (se e [13]) . 

An earlie r syste m we should mentio n i s called GRAP H (se e [19]) . Thi s system , 
due t o Drago s Cvetkovi c an d colleagues , i s aimed a t enhancin g th e capacit y o f th e 
graph theoris t t o explore graphs and families o f related graphs through computatio n 
of invariant s an d visualization . I n a n update d surve y [21 ] o n GRAP H i n thi s 
volume, b y Cvetkovi c an d Simic , 9 2 papers usin g i t ar e mentioned . Brie f mentio n 
should als o be mad e o f the syste m H R (fo r Hardy-Ramanujan ) tha t wa s develope d 
by Simon Colto n an d other s to form concepts , make conjectures, an d us e a theore m 
prover an d mode l generato r t o prov e o r disprov e thos e conjectures . H R ha s s o 
far produce d conjecture s i n grou p theory , numbe r theory , an d grap h theory . Se e 
[10, 11 , 181. 
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Other Relevan t Softwar e 

We mentio n a  numbe r o f othe r system s tha t d o no t generat e conjecture s au -
tomatically, bu t hav e bee n widel y use d a s tool s i n scientifi c discovery/conjectur e 
generation an d als o in educatio n i n discret e mathematics . 

The LIN K softwar e syste m wa s develope d a t DIMAC S startin g i n 1991 . (Se e 
paper [3 ] an d se e th e UR L ht tp : / /d imacs . ru tgers .edu/~berry j /LINK.html . ) 
LINK resulte d fro m th e DIMAC S worksho p o n Softwar e fo r Discret e Mathemat -
ics, durin g whic h DIMAC S brough t togethe r researcher s workin g o n softwar e fro m 
different point s o f view , usin g differen t platforms , emphasizin g differen t fields  o f 
discrete mathematics . (Se e [23]. ) LIN K i s a  softwar e syste m designe d t o b e a 
general-purpose environmen t fo r experimentatio n wit h discret e mathematics . Th e 
environment i s friendly enoug h fo r non-technica l user s t o be abl e to visualiz e prob -
lems easily , ye t powerfu l enoug h fo r compute r scientist s an d mathematician s t o 
express complicate d computations . Th e syste m i s designed t o suppor t educationa l 
pursuits, t o be used a s a research tool , and to be useful i n solving real-life problems . 
LINK gre w ou t o f th e experience s o f the author s o f Combinatorica , du e t o Steve n 
Skiena (se e [50]) , NETPAD , du e t o Nat e Dea n an d other s a t Bellcor e (se e [48]) , 
SetPlayer, du e t o Mar k Goldber g an d hi s students (se e [1]) , and GraphLab , du e t o 
Greg Shannon , e t al . (se e [49]) . Skiena , Dean , Goldberg , an d Shanno n cam e to -
gether throug h DIMAC S t o develo p LINK . Also , Jonathan Berry , the n a  DIMAC S 
postdoc, playe d a n importan t rol e i n developin g LIN K an d currentl y maintain s 
the LIN K website . LIN K ha s bee n use d a s a  too l t o develo p an d analyz e graph -
theoretical conjectures , a s wel l a s a  too l t o explai n graph-theoretica l concept s an d 
a too l fo r practica l application s o f grap h theor y an d discret e mathematics . Fo r 
example, Brend a Latk a ha s use d th e syste m t o generat e conjecture s abou t infinit e 
antichains o f tournament s (complet e directe d graphs ) ([16 , 47]) . O f some interes t 
are som e o f th e non-mathematica l use s o f LINK . Berr y an d Dea n [2 ] use d LIN K 
to analyz e correlation s betwee n purchase s usin g supermarke t data . A n interestin g 
offshoot o f LIN K ha s bee n it s adoptio n b y th e Interna l Revenu e Servic e i n frau d 
detection. Thi s resulte d fro m th e system' s abilit y t o detec t commo n patterns . 

Briefly, her e ar e som e othe r system s o f interest . VEGA , o f whic h Tomas z 
Pisanski i s a  majo r developer , i s a  system fo r "doing " discret e mathematic s tha t i s 
based o n Mathematic a an d spring s fro m th e Combinatoric a syste m develope d b y 
Steve Skiena (se e [50] ) and the nauty system developed b y Brendan McKa y (se e the 
URL ht tp : / / cs .anu .edu .au :80/people /bdm/nauty ) . VEG A allow s researchers , 
teachers, an d student s t o quickl y tes t idea s o n smal l an d mid-siz e examples . (Se e 
the UR L h t tp : / /vega . i jp . s i /Htmldoc /v in fo .h tm . ) 

Plantri, develope d b y Brenda n McKa y an d Gunna r Brinkmann , i s a  progra m 
for generating planar triangulation s an d planar cubi c graphs. I t include s a  fulleren e 
generator fullgen , writte n b y Brinkmann . Fullerenes , a s w e hav e noted , ca n b e 
viewed a s planar cubi c graphs having only faces o f size 5 or 6 . Se e h t t p: / / c s. aim. 
edu. au/people/bdm/plantri fo r general information abou t plantr i and fullgen an d 
[9] fo r informatio n o n generatio n o f fullerenes . 

LED A (Librar y o f Efficien t Dat a Type s an d Algorithms ) wa s starte d i n 1988 . 
Stefan Naehe r i s a primary developer . LED A provides a  collection of data types an d 
algorithms fo r "combinatoria l computing" . (Se e ht tp : / /www2. informat ik .uni -
hal le .de/~naeher /Manual /Preface .html . ) Th e Grap h Theorist , GT , is an olde r 
system develope d b y Susa n Epstei n (se e [26]) . I t i s a  learnin g syste m tha t use s 
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algorithmic clas s description s t o discove r an d prov e relation s amon g mathematica l 
concepts. CABRI , develope d b y Jea n Mari e Laborde , ha s recentl y bee n aime d a t 
the us e o f th e compute r t o lear n abou t an d explor e concept s o f geometry . (Se e 
[44, 45]. ) However , i t ha s als o bee n widel y use d fo r explorin g graph s an d familie s 
of related graphs , a s summarized i n [15] . 

Some Controversia l Issue s 

The literatur e i s filled wit h illustration s o f the fac t tha t i t i s extremely difficul t 
to defin e wha t constitute s "intelligence " an d exactl y wha t woul d constitut e "auto -
matic generation " o f new scientific ideas . Indeed , ther e i s even controvers y i n wha t 
it mean s fo r a  compute r t o "generate " ne w scientifi c ideas , le t alon e whethe r th e 
generation i s "automatic. " Fajtlowicz , i n a n earl y versio n o f [36] , argues : "Whe n 
the ac t o f 'makin g a  conjecture ' i s attribute d t o a  machine , th e autho r o f th e 
program shoul d b e expecte d t o clearl y explai n ho w th e program , a s oppose d t o 
its users , reache d thes e conclusions. " I n a n earl y versio n o f [36 ] an d elsewhere , 
he explain s ho w thi s wa s don e wit h Graffiti . Se e als o th e pape r b y Ermelind a 
Delavina [25 ] i n thi s volum e fo r a  descriptio n o f successiv e version s o f Graffit i an d 
demonstration o f thei r use . I n hi s pape r [40 ] i n thi s volume , Pierr e Hanse n argue s 
that severa l step s i n th e proces s o f findin g conjecture s wit h Graffit i (i.e. , mainly , 
but no t only , findin g an d addin g counter-examples ) ar e no t automated . H e there -
fore view s such conjecture s a s obtained interactively , wit h Graffiti , no t b y Graffiti . 
Siemion Fajtlowicz , i n earl y version s o f [35 , 36] , disagrees , viewin g suc h step s a s 
happening betwee n "rounds " o f the us e o f Graffiti . H e notes tha t a  system can , a s 
does a  mathematician , formulat e severa l successiv e conjecture s o n th e sam e topic , 
based o n increasin g knowledge . Fajtlowic z therefor e wishe s t o "attribut e t o Graf -
fiti al l o f it s conjectures" . I n thei r pape r [41] , also i n thi s volume , Hanse n an d hi s 
collaborators observe , usin g th e definitio n o f conjectur e i n Bouvie r an d George' s 
Dictionnaire des  Mathematiques,  tha t conjecture s i n grap h theor y ma y tak e man y 
different forms . A s a  consequence , the y vie w two of the si x functions o f the syste m 
INGRID, mentioned above , as providing conjectures automatically . Again , Siemio n 
Fajtlowicz disagrees . I n a n earl y versio n o f [36] , referring t o AGX , h e says : "I t i s 
self-evident tha t attributin g t o a program conjecture-making abilitie s automaticall y 
excludes fro m thi s categor y program s writte n fo r th e purpos e o f assistin g human s 
in making conjectures , o r fo r th e purpos e o f verification o r confirmatio n o f existin g 
conjectures." I t i s reasonabl e t o infe r tha t h e feel s th e sam e wa y abou t INGRID . 
The author s o f INGRID hav e never claime d tha t th e program generate s conjecture s 
without th e intervention o f human beings . However , whethe r o r not i t i s reasonable 
to refe r t o suc h a  progra m a s a  "conjecture-makin g program " remain s a  bon e o f 
contention. Neithe r thi s prefac e no r thi s volum e wil l resolv e th e issue . W e rec -
ommend tha t th e reade r perus e th e article s [34 , 35 , 36 , 40 , 41 ] t o ge t th e flavo r 
of th e debate . I n particular , th e reade r migh t wis h t o not e tha t ther e ar e furthe r 
arguments i n earl y draft s o f [36 ] tha t tak e issu e with th e comment s abou t Graffit i 
in [40] . 

Closing Comment s 

The primar y goal s o f th e workin g grou p hav e bee n t o foste r a n interchang e 
of idea s amon g thos e workin g o n differen t approache s t o th e us e o f computer s t o 
generate scientifi c conjectures , mainl y i n grap h theor y an d i n chemistry , an d t o 
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initiate ne w collaborativ e researc h i n thi s area . I t i s hope d tha t thi s volum e wil l 
contribute t o th e achievemen t o f these goals . 

We wish to acknowledge the suppor t provide d b y the Nationa l Scienc e Founda -
tion under Gran t No.0100921 to Rutgers University . Tha t gran t supporte d the work 
of the DIMAC S workin g grou p o n "Computer-Generate d Conjectures " tha t le d t o 
this volume . Additiona l suppor t fo r th e workin g grou p cam e fro m th e Ne w Jerse y 
Commission o n Scienc e an d Technolog y an d th e DIMAC S partne r institution s a t 
AT&T Labs , Bel l Labs , NE C Laboratorie s America , an d Telcordi a Technologies . 
Their hel p i s very muc h appreciated . 
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