


Data Depth : 
Robust Multivariat e Analysis , 

Computational Geometr y 
and Application s 



This page intentionally left blank



DIMACS 
Series i n Discret e Mathematic s 

and Theoretica l Compute r Scienc e 

Volume 7 2 

Data Depth : 
Robust Multivariat e Analysis , 

Computational Geometr y 
and Application s 

Regina Y . Li u 
Robert Serflin g 

Diane L . Souvain e 
Editors 

Center fo r Discret e Mathematic s 
and Theoretica l Compute r Scienc e 

A consortium o f Rutgers University , Princeto n University , 
AT&T Labs-Research, Bel l Labs (Lucen t Technologies) , 
NEC Laboratories America , an d Telcordi a Technologie s 
(with partners a t Avaya Labs , H P Labs, IB M Research , 

Microsoft Research , an d Steven s Institut e o f Technology) 

American Mathematica l Societ y 

https://doi.org/10.1090/dimacs/072



This DIMAC S volum e present s t h e proceeding s fro m t h e DIMAC S worksho p o n D a t a 
Depth : Robus t Mult ivar ia t e Stat is t ica l Analysis , Computa t iona l Geomet r y an d Applica -
t ions hel d a t Rutger s University , Ma y 14-16 , 2003 . 

2000 Mathematics  Subject  Classification.  P r i m a r y 60D05 , 62G10 , 62G30 , 62G35 , 62G99 , 
62H10, 62H15 , 62H30 , 65D18 , 68U05 . 

ISBN-10: 0-8218-3596- 3 
ISBN-13: 978-0-8218-3596- 8 

Copying an d reprinting . Materia l i n thi s boo k ma y b e reproduce d b y an y mean s fo r edu -
cational an d scientifi c purpose s withou t fe e o r permissio n wit h th e exceptio n o f reproductio n b y 
services tha t collec t fee s fo r deliver y o f document s an d provide d tha t th e customar y acknowledg -
ment o f th e sourc e i s given . Thi s consen t doe s no t exten d t o othe r kind s o f copyin g fo r genera l 
distribution, fo r advertisin g o r promotiona l purposes , o r fo r resale . Request s fo r permissio n fo r 
commercial us e o f materia l shoul d b e addresse d t o th e Acquisition s Department , America n Math -
ematical Society , 20 1 Charle s Street , Providence , Rhod e Islan d 02904-2294 , USA . Request s ca n 
also b e mad e b y e-mai l t o reprint-permission@ams.org . 

Excluded fro m thes e provision s i s materia l i n article s fo r whic h th e autho r hold s copyright . I n 
such cases , request s fo r permissio n t o us e o r reprin t shoul d b e addresse d directl y t o th e author(s) . 
(Copyright ownershi p i s indicate d i n th e notic e i n th e lowe r right-han d corne r o f th e first  pag e o f 
each article. ) 

© 200 6 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Copyright o f individua l article s ma y rever t t o th e publi c domai n 2 8 year s 

after publication . Contac t th e AM S fo r copyrigh t statu s o f individua l articles . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

Visit th e AM S hom e pag e a t http://www.ams.org / 

10 9  8  7  6  5  4  3  2  1  1 1 1 0 0 9 0 8 0 7 0 6 



Dedication 

Yehuda Vardi was one of the co-organizers o f this workshop. Regrettably , h e passed 
away i n Januar y 2005 . 

Yehuda was a leading statistician who had made outstanding contributions t o man y 
subjects, includin g biased-sampling , imag e analysis , network tomography , an d oth -
ers. Mor e recently , h e ha d bee n workin g i n th e are a o f dat a depth , wher e h e an d 
his collaborator s ha d pioneere d th e notio n o f L\  depth . 

Yehuda ha d bee n th e chai r o f th e Departmen t o f Statistic s o f Rutger s Universit y 
from 199 6 unti l th e tim e o f hi s death . H e le d th e departmen t wit h energ y an d 
vision. H e was a true champio n fo r interdisciplinar y research . W e will all miss him. 
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Foreword 

A worksho p o n Dat a Depth : Robus t Multivariat e Analysis , Computationa l 
Geometry an d Application s wa s hel d o n Ma y 14-16 , 2003 , a t Rutger s University . 
We woul d lik e t o expres s ou r appreciatio n t o Regin a Liu , Rober t Serfling , Dian e 
Souvaine, an d th e lat e Yehud a Vard i fo r thei r effort s t o organiz e an d pla n thi s 
highly successfu l conference . 

The worksho p wa s par t o f th e 2001-200 6 Specia l Focu s o n Dat a Analysi s an d 
Mining and the 2002-2005 Special Focus on Computational Geometr y an d Applica -
tions. W e extend ou r thanks t o Adam Buchsbaum , Pierr e Hansen , Dian e Lambert , 
David Madigan , Mari o Szegedy , an d th e lat e Yehud a Vardi , a s wel l a s Steve n For -
tune, Bernar d Chazelle , an d Bil l Steige r fo r thei r wor k a s organizer s o f thes e tw o 
special foci . 

The worksho p brough t togethe r a  grou p o f statistician s an d a  grou p o f com -
puter scientist s t o jointl y wor k o n geometri c aspect s o f multivariat e dat a analysi s 
and dat a dept h fro m thei r respectiv e vantag e points . The y investigate d compu -
tational efficienc y an d ne w algorithm s wit h application s t o suc h divers e area s a s 
statistical qualit y control , aviatio n safet y dat a analysi s an d gen e clustering . Geo -
metric interpretation s o f dat a dept h wer e use d t o develo p algorithm s tha t use d 
depth base d statistica l tests . 

DIMACS gratefull y acknowledge s th e generou s suppor t tha t make s thes e pro -
grams possible . Specia l thank s g o t o th e Nationa l Scienc e Foundation , th e Ne w 
Jersey Commissio n o n Scienc e an d Technology , an d t o DIMAC S partner s a t Rut -
gers, Princeton, AT& T Labs - Research, Bel l Labs, NEC Laboratories America , an d 
Telcordia Technologies , and affiliat e partner s Avay a Labs, HP Labs , IBM Research , 
Microsoft Research , an d Steven s Institut e o f Technology . 

Fred S . Robert s 
Director 

Robert Tar j an 
Co-Director fo r Princeto n 
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Preface 

This boo k i s a  collectio n o f som e o f th e researc h wor k presente d i n th e work -
shop on "DAT A DEPTH: ROBUST MULTIVARIATE STATISTICA L ANALYSIS , 
COMPUTATIONAL GEOMETR Y &  APPLICATIONS". Th e worksho p wa s hel d 
from Ma y 1 4 to 16 , 2003, a t Rutger s University in New Jersey, and i t was sponsored 
by DIMAC S wit h suppor t fro m th e Nationa l Scienc e Foundation . Th e worksho p 
was co-organized by Regina Liu, Robert Serfling , Dian e Souvaine and Yehuda Vardi. 
There wer e mor e tha n 10 0 participant s fro m variou s fields,  including : statistics , 
computer sciences , mathematic s an d operation s research . Thi s worksho p brough t 
together no t onl y two DIMACS specia l foci bu t tw o different communities : statisti -
cians and computational geometers . Th e result was a very exciting interdisciplinar y 
workshop tha t lai d th e foundation s fo r furthe r interface s an d collaborations . 

1. Goa l o f th e Worksho p 

Multivariate data analysis plays a role of ever-increasing importance in scientifi c 
studies. I n curren t development s o f multivariat e analysis , a  mor e geometri c poin t 
of vie w i s bein g emphasized . Descriptiv e measure s an d sampl e statistic s tha t ca n 
capture properl y th e higher-dimensiona l feature s o f multivariat e dat a ar e needed . 
Several geometri c approache s hav e been propose d recently . Especiall y promisin g i s 
the on e founde d o n th e concep t o f data  depth.  Thi s ne w concep t provide s center -
outward ordering s o f point s i n Euclidea n spac e o f an y dimension . I t als o provide s 
many ne w perspective s t o aspect s o f probabilit y a s wel l a s o f compute r science . 
In particular , th e developmen t o f implementabl e computin g algorithm s fo r depth -
based statistics has brought abou t man y new challenges in computational geometry . 
The extensiv e developmen t o f dat a dept h i n recen t year s ha s spawne d attractiv e 
depth-based tool s fo r nonparametri c multivariat e dat a analysis , wit h a  wide rang e 
of applications . Th e diversit y i n approaches , emphases , an d concepts , however , 
makes i t necessar y t o see k unifie d view s an d perspective s tha t woul d guid e th e 
further developmen t o f the depth-base d approach . 

2. Dat a Dept h an d Statistic s 

There ha s bee n a  flurry  o f activitie s i n th e developmen t o f data  depth.  Dif -
ferent notion s o f dat a dept h include : th e projectio n o f half-space , th e countin g 
of rando m simplices , th e peelin g o f conve x hulls , th e summin g ove r volume s o f 
random simplices , th e summin g ove r absolut e distanc e amon g rando m pairs , an d 
others. Eac h notion o f data dept h provide s a  distinctive center-outwar d orderin g of 
sample point s i n a  multidimensiona l space . Th e probabilisti c geometr y underlyin g 
the definitio n o f eac h dat a dept h produce s a  particula r orderin g o f th e point s i n 
the space an d make s i t especiall y suitabl e fo r certai n type s o f applications. Variou s 

xi 
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studies hav e bee n carrie d ou t t o investigat e an d compar e th e structura l propertie s 
of variou s dat a depth s an d thei r correspondin g geometri c layou t suc h a s contour s 
and centra l quantiles . Dat a analysi s methodologie s base d o n dat a dept h hav e als o 
been develope d fo r constructin g confidenc e regions , computin g p-values fo r testin g 
hypotheses, constructin g ran k tests , an d regression , etc . Application s t o statistica l 
quality control , aviatio n safety dat a analysis , and gene clustering have been demon -
strated wit h success . Man y mor e applications ar e currently on-goin g or continue t o 
be discovered . Althoug h researc h o n th e subjec t o f dat a dept h ha s bee n on-goin g 
for mor e tha n a  decade , man y problem s ar e stil l open . Developin g efficien t an d 
implementable compute r algorithm s i s als o a  crucia l elemen t o f th e developmen t 
of dat a dept h analysi s methodology , an d i t require s specia l expertis e i n compute r 
science. Th e nee d fo r collaboration s betwee n statistician s an d compute r scientist s 
in thi s regar d i s eviden t an d s o wa s th e nee d fo r thi s specia l worksho p t o brin g 
together expert s fro m bot h communities . 

3. Computationa l Efficienc y an d Algorithm s 

The computationa l geometr y communit y ha s lon g recognize d tha t ther e ar e 
many importan t an d challengin g problems tha t li e at th e interface o f geometry an d 
statistics. Ther e ar e man y instance s i n whic h geometri c technique s hav e bee n uti -
lized to give efficient algorithm s for important problem s in statistics. However , some 
of thes e algorithms , whil e guaranteein g goo d theoretica l asymptoti c performance , 
are difficul t t o implemen t i n practice an d thu s ar e of limited utilit y fo r statistician s 
or genera l consumer s o f "scientifi c computing" . Ther e i s a  clea r deman d fo r modi -
fying o r creatin g implementabl e algorithm s wit h goo d theoretica l performanc e fo r 
statistical analysi s o f large scientifi c datasets . 

The concep t o f data  depth  ha s bee n develope d b y statistician s fo r nonpara -
metric multivariat e dat a analysis . Amon g th e numerou s differen t notion s o f dat a 
depth, th e so-calle d halfspace  depth  lend s itsel f nicel y t o th e creatio n o f conve x 
depth contours  withi n th e multivariat e dat a set . Computationa l geometer s an d 
statisticians hav e provided algorithm s an d cod e fo r computin g th e halfspac e dept h 
contours in two dimensions. Th e running time i s 0(n2 logn ) fo r a  dataset o f size n . 
The theoretica l resul t tha t require s onl y 0(n  lo g n)  doe s no t len d itsel f easil y t o 
implementation. Recen t improvement s hav e used either th e duality an d topologica l 
sweep of an arrangement o f lines in the dual or some randomized versions . Althoug h 
deepest points  hav e bee n widel y studie d i n th e computationa l geometr y literature , 
the bes t know n tim e fo r algorithm s fo r cente r point s i n hig h dimension s i s stil l o f 
0(nd+1). S o far mos t computationa l algorithm s ar e primaril y centere d aroun d th e 
halfspace depth  in lower dimensions . Efficien t computationa l algorithm s ar e neede d 
for othe r existin g notion s o f depth , especiall y fo r highe r dimensiona l settings . Th e 
main impedimen t t o the widespread us e of depth-induced dat a analysi s i s the com -
putational bottleneck . Exploitin g geometr y t o creat e implementabl e algorithms , 
both exac t an d approximate , woul d b e extremely valuable , a s evidenced b y severa l 
of the paper s i n thi s volume . 

4. Acknowledgement s 

This worksho p wa s hel d unde r th e auspice s o f th e DIMAC S Specia l Focu s 
on Dat a Analysi s an d Minin g an d th e DIMAC S Specia l Focu s o n Computationa l 
Geometry an d Applications , with support fro m NS F DMS 02-05136 and NSA MDA 
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04-02-0101. Man y peopl e i n DIMAC S an d th e Departmen t o f Statistic s o f Rutger s 
University ha d worke d har d t o hel p mak e thi s worksho p a  reality . I n particular , 
we would lik e to thank th e Departmen t o f Statistics o f Rutgers Universit y an d Ms . 
Pat Wol f fro m th e Departmen t o f Statistics , Rutger s University , fo r he r endurin g 
patience an d efficienc y i n handlin g al l the detail s fro m abstract s t o thos e paper s i n 
this volume . 
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